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Abstract

Under the real options approach to investment under uncertainty, agents formulate optimal
policies under the assumption that firms’ growth prospects do not vary over time. This paper
proposes and solves a model of investment decisions in which the growth rate and volatility of
the decision variable shift between different states at random times. A value-maximizing
investment policy is derived such that in each regime the firm’s investment policy is optimal
and recognizes the possibility of a regime shift. Under this policy, investment is intermittent
and increases with marginal ¢g. Moreover, investment typically is very small but, in some states,
the capital stock jumps. Implications for marginal ¢ and the user cost of capital are also
examined.
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1. Introduction

The notion that regime shifts are important in explaining the cyclical features of
real macroeconomic variables as proposed by Hamilton [15] is now widely accepted.
Motivated by anecdotal evidence, a pervasive manifestation of this view is that
regime shifts, by changing firms growth prospects, affect capital accumulation and
investment decisions. On economic grounds, there are indeed reasons to believe that
regime shifts contain the possibility of significant impact on firms policy choices. For
example, business cycle expansion and contraction ‘“‘regimes” potentially have
sizable effects on the profitability or riskiness of investment and, hence, on firms’
willingness to invest in physical or human capital. Yet, despite these potential effects,
we still know very little about the relation between regime shifts and investment
decisions.

The idea that shifts in a firm’s environment can have first-order effects on its
investment policy can be related to the burgeoning literature on investment decisions
under uncertainty (see the survey by Dixit and Pindyck [9]). In this literature,
investment opportunities are analyzed as options written on real assets and the
optimal investment policy is derived by maximizing the value of the option to invest.
Because option values depend on the riskiness of the underlying asset, volatility is an
important determinant of the optimal investment policy. Despite this observation,
models of investment decisions typically presume that this very parameter is fixed. It
is not difficult to imagine however that as volatility changes over the business cycle,
so does the value-maximizing investment policy.

This paper develops a framework to study the behavior of investment when the
dynamics of the decision variable are subject to discrete regime shifts at random
times. Following Hamilton, we define shifts in regime for a process as ‘“‘episodes
across which the behavior of the series is markedly different”. To emphasize the
impact of regime shifts on investment decisions and capital accumulation, we
construct a simple model of capacity choice that builds on earlier work by Pindyck
[26] and Abel and Eberly [3]. Specifically, we consider an infinitely lived firm that
produces output with its capital stock and variable factors of production. The price
of the firm’s output fluctuates randomly, yielding a stochastic continuous stream of
cash flows. At any time ¢, the firm can (irreversibly) increase capacity by purchasing
capital. Investment arises when the marginal valuation of capital equals the purchase
price of capital.

Models of investment decisions under uncertainty generally presume that the
firm’s operating profits are subject to a multiplicative shock that evolves according to
a geometric Brownian motion.' Implicit in this modeling is the assumption that the

I'Statistical tests of the option theory of irreversible investment typically are specified under this
assumption (see for example [18]). In fact, Harchaoui and Lasserre note that “‘the empirical experiment in
which agents respond to changes in « [the drift rate] or ¢ [volatility]”” cannot be experimented within their
econometric model because the theoretical model does not yield any analytical solution for this underlying
process. In this paper, we provide such a solution. In his survey paper, Chirinko [8, pp. 1905-1906] also
points out the importance of the time-varying volatility for the econometric specification of investment
equations.
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firm’s growth prospects do not vary over time. This paper solves for the value-
maximizing investment policy when the growth rate and volatility of the marginal
revenue product of capital are subject to discrete regime shifts. The analysis
demonstrates that, in contrast with standard models of investment, the optimal
decision rule is not described by a simple threshold for the marginal revenue product
of capital. Instead, the optimal investment policy is characterized by a different
threshold for each regime. Moreover, because of the possibility of a regime shift, the
value-maximizing threshold in each regime reflects the possibility for the firm to
invest in the other regimes. That is, a value-maximizing policy is derived such that in
each regime the firm’s investment policy is optimal, conditional on the optimal
investment policy in the other regimes.

An important question is whether regime shifts actually affect growth and capital
accumulation. To answer this question, we examine the implications of the model for
the optimal rate of investment. These implications are generally consistent with
recent evidence on firms’ investment behavior (see [1] or [7]). In particular, the model
predicts that investment is intermittent and increasing with marginal ¢. Moreover,
the state space of the dynamic investment problem can be partitioned into various
domains including an inaction region where no investment occurs. Outside
of this region, the optimal rate of investment can be in one of two regimes:
infinitesimal or lumpy. Investment is infinitesimal at the investment threshold.
Investment is lumpy in the transient region and at the initial date if the state of the
system is in the action region. Also, while it is always optimal to invest in the action
region, the optimality of investment is regime dependent in the transient region. That
is, regime shifts generate some time-series variation in the present value of future
cash flows to current cash flows that may induce the firm to invest following a regime
shift.

The analysis in the present paper relates to two different strands of literature.
First, from an economic point of view, it relates to the investment literature that
combines real options features—irreversibility and a continuous stochastic process—
with neoclassical features—no indivisibilities. In these models, investment is
intermittent and, in the absence of fixed adjustment costs, involves marginal
adjustments in the stock of capital (see [26,2,6,13]). When fixed adjustment costs are
introduced, investment is intermittent and lumpy, and the optimal policy involves
impulse control techniques (see [4] or [7]). In the present paper, there are no fixed
adjustment costs. Yet, the optimal investment policy involves both marginal
adjustments and jumps in the stock of capital.

From a technical view point, the present paper relates to a series of recent papers
on option pricing with regime shifts (see [15,16,10]). One of our main contributions is
the extension of techniques in these papers to the case of stochastic control problems
where control policies change the underlying diffusion process. In particular, we use
the solution to the optimal stopping problem derived by Guo [15] to analyze the
recurrent investment decision of a firm with divisible capital. Because the firm’s
problem is homogeneous, the recurrent model displays a structure that is similar to
the stopping problem except that the firm obtains a new investment option whenever
it stops.
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The paper that is most closely related to the present analysis is Driffill and Sola
[11]. These authors also analyze investment decisions when the dynamics of the state
variable can shift between several regimes. One essential difference between the two
papers is that we examine capacity choice and the valuation of interrelated options
whereas they focus on the valuation of a single investment opportunity (in the spirit
of McDonald and Siegel [24]). Another important point of departure is that we solve
our model analytically whereas they solve their model numerically. Finally, we derive
implications for capital accumulation, marginal ¢, and the user cost of capital, which
are not examined in their paper.

The remainder of the paper is organized as follows. Section 2 presents the basic
model of investment decisions with regime shifts. Section 3 derives the firm’s
objective function and optimality conditions. Section 4 determines the value-
maximizing investment policy. Section 5 presents simulation results. Section 6
investigates the implications of the optimal investment policy for capital accumula-
tion and growth. Section 7 analyses marginal ¢ and the user cost of capital. Section 8
concludes.

2. The model

This paper provides an analysis of investment decisions under uncertainty when
the dynamics of the state variable shift between different states at random times.
Throughout the paper, agents are risk neutral and discount cash flows at a constant
rate p. Time is continuous and uncertainty is modeled by a complete probability
space (Q, F, P). For any process (), defined on (Q, F, P), 7 = (F7),, denotes
the P-augmentation of the filtration (o(ys;s<1)),5, generated by y.

Technology: Consider an infinitely-lived firm that produces output with its capital
stock and variable factors of production. Assume for simplicity that the good
produced by the firm is not storable so that output equals demand. In addition,
suppose that the firm’s capital stock depreciates at a constant exponential rate 6 >0
and that its operating profit is given by a linearly homogenous function 7 : R, X
R,y — R, satisfying:

7(xy, ki) :ﬁxfk,]_ﬂ ae(0,1), (1)
where (k;),~, is a nonnegative process representing the firm’s capital stock, and
(X1) ;= 1s a demand shock with law of motion specified below. As shown by Abel and
Eberly [3] and Morellec [25], Eq. (1) is consistent with a price taking firm whose
technology exhibits decreasing returns to scale or with a monopolist facing a
constant returns to scale technology and a constant elasticity demand curve.

At any time ¢, the firm can increase capacity by purchasing capital at the price p.
The capital input is homogenous and perfectly divisible and the firm is a price-taker
in the market for capital goods. The optimality of the decision to invest depends on
the incremental profits associated with an increase in the capital stock and the price
of capital. It also depends on other dimensions of the firm’s environment such as
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ongoing uncertainty in profits or the firm’s ability to reverse its decisions. Following
Pindyck [26], Abel and Eberly [3], and Grenadier [14], we consider that investment is
irreversible.” In contrast to these studies, we do not assume that (x;),-, is governed
by a Markov process with constant drift and volatility but instead characterize
capital accumulation and investment decisions when the dynamics of the demand
shock shift between different states at random times. As shown below, this
specification introduces some interesting, yet tractable, variations in the firm’s
growth prospects.

Dynamics of the demand shock: Throughout the paper, the dynamics of the
demand shock (x/),, are governed by a Markov regime switching model. Within
the current setting, such a model may reflect the impact of the business cycle on the
cash flows generated by the firm’s assets. Depending on the state of the economy, the
dynamics of the demand shift parameter for the good produced by the firm shift
from one state to another, in turn changing the dynamics—growth rate and
volatility—of the firm cash flows.

Specifically, we presume that the dynamics of (x;),, can shift between two states
and are governed by the process:’

dx, = #s(r)xtdf + oy X dWy, x>0, (2)

where (W;),5, is standard Brownian motion defined on (@, F, P) and (&),5, is a
Markov process independent of (W), . The pair (g, ), 0.()) takes different values
when the process (&) is in different states. For each state i, there is a known drift
parameter y; and a known volatility parameter o;>0. Moreover, while (x;), is not
a Markov process, (z;),5 = (X1, &1),5 is jointly Markovian if at any time ¢ the state
of ¢ 1s known.

Regime shifts: Assume that (¢), is observable and that the transition probability
of (&),5, follows a Poisson law, such that (¢),5, is a two-state Markov chain
alternating between states 1 and 2. Let 4;>0 denote the rate of leaving state i and ;
the time to leave state i. Within our model, the exponential law holds

Pui>t)=e "' i=1,2 (3)
and the process &(¢) has the transition matrix between time ¢ and ¢ + Ar:
1—21At 1At
A At 1 — At .

2 A natural way to introduce irreversibility within the present model is to consider that capital has no
resale value. Because the marginal revenue product of capital is bounded from below by zero, it is never
optimal for the firm to sell assets. The model can be extended to consider costly reversibility,
abandonment, and the interaction between financing and investment policies. To focus more clearly on the
regime shift aspect, we keep these complications out of this paper.

3This process has been introduced by Guo [15,16] in a model that addresses the pricing of perpetual
lookback options. Our paper extends her analysis to the valuation of multiple interrelated options.
Obtaining the exact solution (which is of the viscosity type) to the Hamilton—Jacobi-Bellman equation in
our case is analytically more challenging. The nature of the optimal policy is of singular control type,
which is similar in spirit to the threshold type stopping rules in [15].
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The above set of assumptions captures the idea that both the drift and volatility
parameters of the demand shift may change over time at random dates. That is, unlike
traditional models of investment, the present model allows for stochastic regime shifts
in the parameters of the underlying state variable. In particular, during an infinitesimal
time interval A¢, there is a probability 4 At that these parameters shift from (y,01) to
(1t5,02) and a probability 2,A¢ that they shift from (uy,02) to (uy,01).*

Statement of the problem: The firm’s objective is to determine the investment
policy that maximizes the present value of future profits net of investment costs.
Given the properties of the profit function (1), this investment policy takes the form
of a trigger policy that can be described, for every x €[k, +o0) and in each regime i,
by a first passage time of (x;),5, to a constant threshold x(x). While the trigger
policy is common to previous models of investment decisions under uncertainty, two
major differences arise within the present model. First, because the dynamics of the
demand shock depend on the current regime, so does the value-maximizing
investment policy. In other words, there exists a different trigger threshold x} (i) for
each regime i. Second, because of the possibility of a regime shift, the optimal trigger
threshold in each regime reflects the possibility for the firm to invest in the other
regime. That is, the firm has to determine an investment policy in each regime, while
taking into the optimal investment policy in the other regime.

3. Capacity choice with regime shifts

This section derives optimality conditions for investment when the firm’s profit
function satisfies Eq. (1) and changes in the demand shock are governed by (2). We
start by specifying the firm’s objective function.

Firm’s objective function: The firm’s objective is to determine the investment policy
that maximizes the expected present value of profits net of investment costs.
Following Bertola and Caballero [6], we denote by (G;),-, the right continuous,
nonnegative process that represents cumulative gross investment at time f. Assume

that (G,),, is progressively measurable with respect to (Fi*),_,. Within the
present model, the net change of capital stock at time ¢ satisfies dk, = dG, — ok,dt
and firm value can be written in each regime i as

+ 0
V(x, ki) = max E{ / e P (X K )it — pdG,+u]|}"§x"3)}. (4)
{dG1, >0} 0

In this equation, E(.|F Ex,e)) is the expectation operator associated with the measure P
conditional on the information available at time 7. Moreover, since G; is not
differentiable, the last term in Eq. (4) has to be interpreted as a Stieltjes integral.
Because the demand shift (x;),., is governed by the Markov regime switching
process (2), the relevant state space is {(x,¢) : xe R, , e = 1,2}. This implies that the

4The assumption of 2-state regime shifts is made here for tractability. Hamilton [17], Bansal and Zhou
[5] and Guo [15] also model the regime shift process as a finite state Markov process.
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optimization problem (4) is more difficult to solve than traditional models of
investment (see [26]) since there can be a discontinuous jump over the investment
boundary when the process (&), shifts from one state to another. This also implies
that the model can generate richer investment strategies than one-regime models. In
particular, we show below that the firm may increase capacity either following an
increase of the demand shock in a given regime or following a regime shift.

Solution technique: Let x(k) be the value of the demand shock that triggers
investment in regime i. Depending on parameter values, the two thresholds may be
ordered differently. For expositional purpose, we analyze the case where
x5(1c)>x7(x) for xelk,+o00). However, we present a complete characterization of
the solution in Theorem 1.

Using standard techniques, it is possible to show that the Hamilton—Jacobi—
Bellman equation associated with the optimization problem (4) is

pV (X, ki, e0) =m(xe, ki) — Ok Vi (Xs, kiy &) + Mg, X Vil ki, er)

+ %Gixz Vix(Xp, ks 0) + A, [V (X4, ki, 3 — &) — VI(xp, kyy&0)], (5)
where the Kuhn-Tucker conditions for the maximization are Vi(x;,k;, ¢ )<p,
dG, =0 and [Vi(x,, k&) — pldG, = 0, Vt=0. The left-hand side of (5) reflects the
required rate of return for investing in the firm. The right-hand side is the expected
change in firm value in the region for the state variable where the firm does not
invest. This equation is similar to that obtained in one-regime investment models
where the state variable is governed by a diffusion process.” However, it contains an
additional term A, [V (x;, k3 — &) — V(x1, kiy )], that reflects the impact of the
possibility of a regime shift on the value function. This term corresponds to the
probability weighted change in firm value due to a regime shift.

Eq. (5) holds identically in k. Thus, the partial derivative of the left-hand side with
respect to k equals the partial derivative of the right-hand side with respect to k.
Performing this partial differentiation yields:

pVie(Xe, kpye0) = mc(Xe, ki) — O Vie (X, by &) + b Vige(Xe, ki 81)]

2

o
+ U, X Vik (xn ki, 5;) + %xz Vxk (xt, ki, St)

+ ié),[Vk(xf7k[73 - ‘91) - Vk(xlvkl‘v'gl)]' (6)

°In the diffusion case, the demand shift parameter is governed by the geometric Brownian motion
dx, = px,dt + ox,dW,. By an application of [td’s lemma, the expected change in firm value per unit of time
is then given by
1 1
EE[a’V(x7 k)] = —0kVi(x, k) + uxVi(x, k) + 3 X V2 (x, k),

where subscripts denote partial derivatives. The equilibrium expected return on firm value is p. Combining
this condition with the above equation gives the differential equation:

pV(x,k) = n(x, k) — kVi(x,k) 4+ uxVy(x, k) +%0’i)€2 Vix(x, k),

which is solved subject to appropriate boundary conditions.
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To solve Eq. (6), we will use the fact that the value function V" is homogenous of
degree one in x and k. This property of the value function implies that the marginal
valuation of capital V} is homogenous of degree zero in x, and k, and, hence, can be
written simply as a function of y,, the ratio of x, to k,. Define y; = xj(k)/k. Then
x5 (k) > x7 (k) implies y} > yj. Define the marginal valuation of capital in regime i by:

ql(y) = Vk(x7k7i)' (7)

Differentiating this equation and using the definition of y yields expressions for the
partial derivatives of the value-function. Substituting the definition of ¢(y) and its
partial derivatives in Eq. (6) yields the following system of second-order ordinary
differential equations for the marginal valuation of capital ¢;(y):

® On the region y <7,

(p+0)q1(y) ="+ ( +0)yqy () + % oV’ d{(v) + M) —a ()], (8)

(p+0)q2(y) =" + (12 + 9)ygr(y) + % V) + () — (). 9)

® On the region y} <y<y3,

(p+0)q2(y) = y* + (1o + 0)yg5(») + % oV (») + 22lp — 2 ()] (10)

The sets (0,yi] and [y3, c0) are the inaction region and the action region,
respectively. We follow Guo [14] and call the set [y}, 3] the transient region. Fig. 1
illustrates these regions.

By definition of the barrier policy (see [19]), the firm makes a discrete adjustment
in its capital stock, from k to k, at the time of a shift from regime 2 to regime 1 on the
region yj <y <y} with:®

k =sup{rxelk,+0): Vi(x,x,1)=p}. (11)

©Heuristically, one can derive the optimality of this policy following the arguments of Dixit and Pindyck
[9] for impulse control of Brownian motion. Consider a small time interval df. Since decisions are made
continuously, we will be interested in the limit as df— 0. Suppose that the firm does not adjust capacity
over the time interval df and then increases capacity to k at the end of this interval. The resulting value is

(X2, ey e)dt + € PV E [V (Xpyar ke evar) — pk — ko))
Because the profit function #(.) is concave in k, so is the value function ¥(.). This concavity property
ensures that the solution to the firm’s optimization problem can be found using the familiar Kuhn—Tucker
conditions. The derivative of the above expression with respect to k is

e PMEVie(Xerar k., var) — p)-
As dt—0, this expression tends to Vi (x;, k, &) — p. Note that irreversibility requires k> k. Suppose that at
the time of a regime shift we have Vi (x;,k,&/)>p. Since the value function is concave in k, this in turn
implies that the optimal policy is to set k at the level defined by the first-order condition Vi (x,, k, &) = p by
instantaneously installing the amount of capital k — k.
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XA
Action X3 (K)
Region
Region
Inaction
Region
(a) |
X A
X3-1 (9
Impulse control X (k)
—_— >
Vi) = p
Barrier Vi(xki) < p
control
(b) > k

Fig. 1. Regime shifts and investment policy. (a) Represents the value-maximizing investment policy as a
function of k. This investment policy requires the firm to invest in regime i if x, exceeds x}. There exists a
region for the state variable x for which a shift from regime 3 — i to regime i triggers investment. This
region is called the transient region. (b) Represents the optimal investment policy in regime i. This
investment policy is a mixture of impulse control in the transient region and barrier—or diffusion—
control at x; (k).

That is, when y = x/k e[y}, y3], it is optimal for the firm to have a lumpy adjustment
in capacity following a regime shift by moving the point (x,k) horizontally to the
curve xj(x). Using the equality

V(x, k1) +plk—k)=V(x,k, 1), k<k, (12)

which reflects the fact that the value function is just the known value function at the
terminal point of the jump minus the cost of investment, it is immediate to see that
Vi(x,k,1) =p, or ¢q;(y) = p on the region [y}, y5]. Sections 5 and 6 will provide a
more detailed analysis of the nature of the optimal investment policy.

The optimization problem (4) can be solved using the set of ODEs (8)—(10) and
appropriate boundary conditions. One boundary condition is given by requiring
that, as the demand shift decreases, the marginal valuation of capital remains finite.



46 X. Guo et al. | Journal of Economic Theory 122 (2005) 37-59

This condition can be written as

lim ¢;(y)<oo, i=1,2. (13)
ylo

Now, suppose that the firm exercises its expansion option when the state variable y
reaches a trigger value y; = x}/k. At that time, k increases by the infinitesimal
increment dk and the firm pays pdk. Thus, the following condition is satisfied:
V(xi, ki) =V(x};, k+dk,i)— pdk, i=1,2. Dividing by the increment dk, these
conditions can be written in derivative form as

q:;)=p, i=12. (14)

As shown by (14), the marginal valuation of capital equals the purchase price of
capital when the firm is undertaking investment. To ensure that investment occurs
along the optimal path, we also require a continuity of the slopes at the endogenous
investment thresholds: Vy(x},k,i) = Vi(x},k+dk,i), i=1,2. These high-contact
conditions can be written in derivative form as (see [12]):

¢:(v)) =0, i=1.2. (15)
Finally, because the marginal revenue product of capital mi(.) is a (piecewise)
continuous, borel-bounded function, the marginal value-functions ¢;(.) are piecewise

C? (see [22, Theorem 4.9, p. 271]). Therefore, the marginal valuation of capital is C°
and C! and satisfies the following conditions:

lim ¢:(y) = lim ¢2(), (16)
yivy i
lim ¢5(y) = lim ¢5(»), (17)
»iv I

which ensure the smoothness of the marginal value function ¢,(.) at the boundary
between the inaction region and the transient region.

4. Value-maximizing investment policy

Using the set of ODEs (8)-(10) and the boundary conditions (14)—(17), it is
possible to characterize the value-maximizing investment policy. Before presenting
the solution to the firm’s optimization problem, we introduce the following
notations. Let y; and y, be the two positive real roots of the quartic equation

H\()Ha(y) = Ja/2 (18)
and let f; and 8, be the two real roots of the quadratic equation
Hy(B) =0 (19)

and El and Bz be the two real roots of the quadratic equation
H, (ﬁ) =0,
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where
1
Hi(y) = p+ 0+ =7t +0) =3 077( = 1). (20)

Define /;, l,-, and F;, i=1,2, by

1 1
IE;—[/)+5+/11—%(M1+5) 37 = 1) 2} (21)
~ 1 1 5
li = =% p+0+ 2 —=9i(uy +0) —57:(y; — Do |, (22)
F_p+5+A1+A2—0€(#31+5) 303 oo —1) (23)

Hy (o) Ha (o) — 412

The following results.

Theorem 1. Assume that H;(o) >0, F;>0. If there exists a solution Re(0,1) to the
nonlinear equation
B RPI—BRP2 p45 a by —hy
Ba—B1  ptot+in T Tk + 727
(a—B1)RP2—(a—py) RA [F _;r_ll(d*/z) h(a— ’])F 1 ]R“

(B2—PB1)Ha () 7271 L O))
BBy (RI—RP2) pis5 | yypa(h=h)
_ Br—Pi ptot+iy 2= (24)
Ba(a—B1)RP2—pBy (a—py) RP1 1h(e=y)=1be—1)r o ’
e R L

then the investment policy that maximizes firm value is characterized by the investment
thresholds y} and y} satisfying

y =Ry (25)
and
BRI B RP2  p+ts

o\ - 047
(yz)% =p Br—B1  p+ot+ip

+ 22 _ hyi=hy
ptot+sn Y271

(“*ﬂl)RﬁZ*(“*ﬁz)Rﬁl [F _|_11(“ v2)—h(a— Vl)F _ :|Rot (26)
(B2—PB1)Hy(2) 72771 1 (“)

Otherwise, there exists a solution Re(0,1) to the nonlinear equation:

o~ o~

ﬁzRfi‘*/ﬁ\lRﬁz p+0 + A _‘_lz”y'l*ll"/z

By ﬁ] pHo+i1 1 p+o+iy 72-71
(1B R — (1) RO o) -bo—n) g 1
b {F e H‘(“J a
ﬁlﬂz(Rﬁl —RP2) pts + 7172(/1;*/1;)
ﬁ ﬁ p+o+i 727N

) RP2— ( ﬂz)Rﬂ‘ oF +/111(“ 72)— rzlz F . R
(E Brge el XTI
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and the optimal investment policy is characterized by the thresholds y| and y; defined
by

¥, = Ry 28)
and
/ﬂ\zRﬂl —El RA2 p+o M /l;}’l _/1}"2
( *)“ /ﬁ\z:li pFo+41 + p+o+4 T }'2*71'
Yi) =P———= ~ = -~ -~ '
w + |F + ho=y))=h(e=1) y — _L _|Rx
(Ba—F1) i () n e

Proof. See Appendix A. O

Remark. Eq. (18) must have two positive real roots. To see this, define
h(y) = Hi(y)Ha(y) — A1 2. (29)

Then, % is continuous and satisfies #(0)>0, h(—o0)>0, h(o0)>0, and A(f;) =
—A172<0, i=1,2. Since BB, = —2(p + & + /2)/a5 <0, it follows that the equation
h(y) = 0 has two positive roots by the intermediate value theorem.

5. Discussion and simulations

Theorem 1 characterizes the investment policy that maximizes firm value when the
dynamics of the demand shift are governed by (2). This investment policy takes the
form of a trigger policy and there exists one trigger threshold for each regime. Since
the two regimes are related to one another (through the persistence parameters /;),
the trigger function in each regime has to reflect the possibility for the firm to adjust
capacity in the other regime. In other words, the firm has to determine an exercise
strategy for its options to adjust capacity in each regime, while taking into account
the optimal investment strategy in the other regime.

Theorem 1 demonstrates that when determining the timing of investment, the firm
balances the marginal increase in expected cash flows with purchase price of assets.
This trade-off shows up for example in Eq.(26) which can be written as
(remembering by (1) that m; = »*):

Fym (x5, ki) = pO (30)

in which x5 = y3/k, F> is defined in Eq. (23), and © is a positive constant. The left-
hand side of Eq. (30) accounts for the change in the expected present value of the
firm cash flows associated with a marginal increase of capacity in regime 2 when
x = x3. That is, using the Feynman Kac theorem, it is possible to show that the
following equality holds:

+ o0 §
Fink(xnkt) = Ex“i{/ e_(/“'())”nk(mekHu)du}, (31)
0
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where E*/(.) is the expectation operator associated with the measure P conditional
on x, = x and & = i. The right-hand side of (30) is the cost associated with an
increase in capacity. As usual for investment decisions under uncertainty, this cost
has two components: The purchase price of capital p and the value of waiting to
invest represented by ©. Thus, for a given productivity of assets, the investment
threshold should decrease with those very parameters that increase @. At the same
time, the decision to invest should be hastened by smaller costs of exercising the
option. This second effect is directly illustrated by Theorem 1 that shows that the
thresholds y}, i = 1,2, are linearly increasing in the purchase price of capital p.

An analogy with option pricing theory tells us that input parameters such as the
drift, volatility, and the persistence in each regime should enter the decision to invest.
Consider first the impact of the persistence in regimes on the optimal investment
strategy. Because the persistence in regimes reflects the opportunity cost of investing
in one regime vs. the other, the ratio of the two investment thresholds is affected by
its changes. Specifically, a lower persistence of regime i (i.e. a higher 4;) reduces the
opportunity cost of investing in regime i, and hence narrows the gap between the
investment thresholds in the two regimes.

Consider next the impact of the drift and volatility parameters. Traditional
investment models show that the option of waiting to invest has more value when
uncertainty is greater (see [24] or [26]). This implies that in each regime i the
investment threshold y} increases with o;. This also implies that the ratio yj/y} (resp.
¥ /y5) increases with the volatility of regime 2 (resp. regime 1) and decreases with the
volatility of regime 1 (resp. regime 2). Additionally, the ratio y;/y} decreases with the
drift of the gain process in regime 1 and increases with the drift of the gain process in
regime 2. (This effect essentially arises because of the impact of the drift parameter
on F;.) Finally, two additional results are worth being mentioned. First, the impact
of the drift and volatility parameters on the value-maximizing investment thresholds
is not as important as in traditional real options model because of the possibility of a
regime shift. Second, whenever 4; #0, changes in the dynamics of the demand shock
in regime i affect not only the investment threshold in that regime (y}) but also the
investment threshold in the other regime (y5_,).

Table 1 provides a number of simulation results relating the ratio R = y} /% of the
two trigger thresholds to input parameter values. The base case environment is as
follows: The risk-free interest rate p = 6%, the depreciation rate 6 = 0, the drift and
volatility parameters in the first regime p; =0.04 and o, = 0.2, the drift and
volatility parameters in the second regime ¢, = 0.01 and o, = 0.3, the persistence of
the gain process A; =0.15 and A, = 0.1, and the productivity of assets in place
1 —a = 0.47.7 Results in Table 1 are consistent with the above discussion. They also

"The profit function described by Eq. (1) can be approximated as follows. Let the firm production be
Cobb-Douglas and homogeneous of degree one with respect to capital and labor, with capital share 1 — ¢.
Let the demand faced by the firm be isoelastic, with price elasticity 1/(60 — 1). It follows from this
specification that the share of profits going to capital depends on ¢ and 6 through the following relation:
l—o=(1-0)¢/(1—0¢). Labor’s share of national income in U.S. postwar data has been relatively
constant over time at ¢ = 0.64 despite the increase in real wages (see [23]). If 6 = 0.5, we have 1 — 0~ 0.47.
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Table 1

Simulation results

o 4% 5% 6% 7% 8% 9%

R 0.7612 0.7704 0.7784 0.7856 0.7920 0.7978
I 0.02 0.03 0.04 0.05 0.06 0.07
R 0.8064 0.7917 0.7784 0.7664 0.7557 0.7462
I 0.04 0.08 0.12 0.16 0.2 0.24
R 0.8236 0.8830 0.9373 0.9834 1.0177 1.0434
a1 0.1 0.2 0.3 0.4 0.5 0.6

R 0.6596 0.7784 0.9427 1.1675 1.4557 1.8153
o) 0.1 0.2 0.3 0.4 0.5 0.6

R 1.1545 0.9447 0.7784 0.6397 0.5249 0.4307
A 0.05 0.1 0.15 0.2 0.25 0.3

R 0.7309 0.7581 0.7784 0.7944 0.8073 0.8181
Ao 0.05 0.1 0.15 0.2 0.25 0.3

R 0.7658 0.7784 0.7890 0.7982 0.8062 0.8132

The Table provides comparative statics regarding the ratio of the investment thresholds R = y}/y5. Input
parameter values are set as follows: The risk-free interest rate r = 6% the depreciation rate § = 0, the drift
and volatility parameters in regime 1: 4; = 0.04 and o, = 0.2, the drift and volatility parameters in regime
2: u, =0.01 and o, = 0.3, the persistence of the demand shock 4; =0.15 and 4, =0.1, and the
productivity of assets in place o = 0.53. The effects of changing these parameters are also examined.

reveal that depending on parameter values, the two investment thresholds may
switch orders.

Some of the effects discussed above are also depicted in Fig. 2 which plots the ratio
R~!' = y3/y} as a function of the volatility and persistence of the gain process in the
base case environment (where input parameters are such that y; > y7).

Consistent with the above arguments, Fig. 2 reveals that for a given
degree of persistence in regimes, a higher volatility of the demand shift parameter
in regime 2 increases the gap between the investment thresholds in the two regimes.
For a given volatility of the demand shift parameter, a decrease in the degree of
persistence in regimes (i.e. an increase in A;) narrows the gap between the two
thresholds.

6. Implications for capital accumulation

Theorem 1 characterizes the investment policy that maximizes firm value when the
dynamics of the demand shock shift between two states at random times. While this
investment policy takes the form of a trigger policy as in traditional one-regime
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Fig. 2. Ratio of the investment thresholds. The figure plots the ratio R = y}/y} relating the investment
thresholds in the two regimes as a function of the volatility and persistence of the marginal revenue
product of capital. Input parameter values for the base case environment are set as follows: The risk-free
interest rate r = 6%, the depreciation rate J = 0, the drift and volatility parameters in regime 1: y; = 0.04
and o = 0.2, the drift and volatility parameters in regime 2: y1, = 0.01 and ¢, = 0.3, the persistence of the
demand shock 4; = 0.15 and /2, = 0.1, and the productivity of assets in place & = 0.53. In this environment
we have y5>y% and R™!>1. (a) Investment threshold ratio R™! as a function of a3; (b) investment
threshold ratio R~! as a function of ,.

models, two major differences arise within the present model. First, this optimal
investment policy is characterized by a different trigger threshold x}(k) for each
regime i. This implies that, while there exists a region of the state space, the action
region, where it is optimal to invest independently of the current regime
(A={(x,e)eRyy x {1,2}: Vi(x,k,&)=p}), there exists another region, the tran-
sient region, where it is only optimal to invest if ¢ is in state 1 (R = {(x,¢)e Ry x
{1,2} : Vi(x,k, 1) = p, Vi(x,k,2)<p}). Second, because of the possibility of a
regime shift, the optimal trigger threshold in each regime reflects the possibility for
the firm to invest in the other regime. In particular, the transient region R is non
empty whenever 1;#0, i =1,2.

An important question is whether regime shifts actually affect growth and
capital accumulation. To answer this question, it is necessary to examine the
implications of the value-maximizing investment policy for the rate of investment.
One important prediction of the present model is that discrete adjustments in the
firm’s capital stock can occur several times throughout the lifetime of the firm, even
though there are no fixed adjustment costs in the model. This is in contrast with
traditional models of capacity adjustment in which investment is infinitesimal in the
absence of fixed costs and such a discrete adjustment may occur only at the initial
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instant if the state of the system is above the optimal investment curve x}(k).® For
instance, Dixit and Pindyck [9, p. 362] note: ““At the initial instant the point [of the
system] may be above the [investment] curve either because nonoptimal policies were
followed in the past or because some unexpected shock just moved the curve”.

The analysis in Sections 3 and 4 shows that when the demand shock follows the
Markov regime switching model (2), such ‘“‘unexpected shocks” may arise at random
times in the future, inducing lumpy adjustments in capacity. In other words, the
optimal investment behavior of the firm can be potentially characterized by three
regimes. When the demand shock is below the investment curve x} (k) in regime 7, the
optimal rate of investment is zero. When the demand shock reaches this curve from
below, it is optimal to adjust marginally the capital stock. When the demand shock
reaches the lowest of the two investment curves from above, the adjustment of
capacity follows a regime shift and is discrete. This investment policy is consistent
with the evidence reported by Abel and Eberly [1]. Using panel data to estimate a
model of optimal investment, they find that there is a temporal concentration of
investment—investment is intermittent—and that the rate of investment typically is
very small but occasionally exhibits some spurts of growth.

Interestingly, there is an asymmetry between the highest investment curve and the
lowest one. In fact, because we presume that investment is irreversible, a shift in
capital only occurs if the situation brightens up (a shift from the regime with the
highest curve to the regime with the lowest curve). In addition, the size of the jump in
capacity following a regime shift is not constant but depends on the value of the
demand shock at the time of the regime shift as well as current firm size. This
property of the optimal investment policy provides an important step towards the
“realistic and empirically important feature that units do not always wait for the
same stock disequilibrium to adjust, and that adjustments are not always the same
size across firms and for the same firm over time [...]” [7]. To see this, assume that
parameter values are such that H;(o)>0, F;>0, and x}>x}. In addition, suppose
that the state is currently in regime 2, &(¢) = 2, and belongs to the transient region,
x:€[x}(k),x5(k)]. Then, a shift in regimes induces a discrete adjustment in firm size
from k to k, in which k satisfies:

k={xelk,o0): xj(x) =x}. (32)

Eq. (32) shows that the jump in capacity following a regime shift in the transient
region is given by k — k, where k is the capital stock on the curve xj(x) such that the
point (x;, k) moves horizontally to this curve. This feature of the optimal investment
policy can be better understood by reformulating the optimal policy in terms of
marginal revenue product of capital (see Section 7). Optimality requires the firm to
adjust its capital stock as needed to maintain the marginal revenue product of capital

8 Models that include fixed costs of adjustments also have jumps in the capital stock. See for example [4]
or [7]. The former paper generalizes the results in Hayashi [20] to the stochastic case and characterizes the
optimal investment policy in the presence of adjustment costs. The latter develops an (S,s) model of
investment in which adjustment costs are time-varying and capacity adjustments are lumpy and differ in
size.
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»* = (x;/k)”" equal to (y})” given in Theorem 1. Using (32), we see that optimality

then implies an increase in capacity from k to k defined by
xo_xi(k) .

k- K =N

or

1
(=B RP2 —(a—py) RP ( he=y)=h(e=y) 1 ) K
P 78 02 O SO P TR 10
= R ByRPL—B RE2  pt5 J by —ly

]7( : ﬂz*/}: ﬂfr)éJriz + p+5iiz + 2?’;*1’]1 2)

(33)

Thus, an additional implication of the model is that the size of the jump following a
regime shift is increasing with the contemporaneous value of the demand shock x.
Since marginal ¢ also increases with x, this in turn implies that the size of the jump
increases with marginal g.

7. Marginal Q and the user cost of capital

The analysis so far has focused on the characterization of the dynamic behavior of
investment when changes in the demand shift parameter are governed by (2).
Another question of interest relates to the determinants of marginal ¢ and the user
cost of capital in such an environment.

Marginal ¢q: Section 4 characterizes the investment policy that maximizes
firm value. This investment policy relies on the boundary conditions (14)
and (15) that ensure the smoothness of the marginal value functions at the
selected trigger levels. In addition to providing a solution to the firm’s problem,
the system of ODEs (14) and (15) allows for a determination of the marginal
valuation of capital, i.e. scaled marginal ¢g. In particular, we have the following
result.

Theorem 2. Assume that Hi(o) >0, F; >0, and y3 >y} where the trigger levels y| and
V5 are defined in Theorem 1. Then, the marginal valuation of capital in regime i is given
by

Vk(xakvl) :ql(y)a = 1727 (34)
where
A+ Aoy + Fryt, y<o,
0= { ! (39)
p? y>y1 )
and
LAY + LAxy™ + F>)”, Y=<y,
* A
@) = Cbr+ Cophr 42 P yi<y<os (36)

+ )
Hy(a)  p+0+1s
D, y=y5.
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In Egs. (35) and (36) the factors H;, y;, B; and I; are determined by Egs. (18)—(20). In
addition, the factors Ay, A, C) and C, are defined by

4= m[vw 4 (@ — )R (7)), 37)

Az = mmp + (o — ) F () (38)
and

Clwz-éxﬁwiwliﬁfpl*?YSfZ} (39)

“ (B — ﬁlz)(yﬁ)ﬁ2 [(“ _H/il(ic()y;)m i ilip;jiﬂ ' (40)

Discussion: Theorem 2 provides a characterization of the marginal valuation of
capital when the dynamics of the gain process are governed by the Markov regime
switching model (2) and the firm follows the investment policy derived in Theorem 1.
These expressions generalize those that characterize marginal ¢ in the diffusion case
to incorporate possible regime shifts in the dynamics of operating profits. Indeed, it
is immediate to see that when A; = 4, = 0, Eqgs. (35) and (36) simplify to (see for
example the value of marginal ¢ in the transient region):

o

7Y y
=A== 4 41
1) =4(77) b0 alnt o) Loaa 1) &
in which
o
A=——p<0
o —
and y* is the value-maximizing investment threshold defined by
o 1
0 =5 lo o= st ) - Setaa - (42)

where f is the positive root of the quadratic equation

P01+ O — 3 BB~ 1) = 0. (43)

Eq. (41) shows that in traditional models of capacity choice,’ the marginal valuation
of capital has two components: The contribution of this marginal unit to the profit
flow (second term on the right-hand side) and the marginal option value to adjust
capacity (first term on the right-hand side). Note that this second component is
negative since when the firm invests in a marginal unit of capital it gives up the
valuable option of waiting to invest in this unit.

°See for example [26,3,6].
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Theorem 2 reveals that the expression for marginal ¢ is more complex when
changes in demand shift parameter are governed by Eq. (2). In the inaction region
for example, marginal ¢ has three components. First, it incorporates the expected
present value of the profits generated by the marginal unit of capital. Second, it
reflects the change in marginal ¢ due to a potential regime shift. Third, it captures the
change in marginal ¢ arising if and when the decision variable reaches the investment
boundary y}.

In the transient region [y},»3], the marginal valuation of capital has four
components and can be written as

02 (y) = CoyP' + CoyP2 + y* JHo () + Jap/ (p + 6 + 1) -
M @ G) @

The first term on the right-hand side of this equation accounts for the change in
value arising if and when the demand shift parameter reaches the investment
boundary y;. The second term represents the change in value arising if and when the
demand shift parameter reaches the lower boundary of the transient region. The
third term is the expected present value of the profits generated by the marginal unit
of capital. The fourth term reflects the probability weighted change in value arising
from a regime shift.

Finally, it is interesting to note that when the state variable reaches the lower
boundary of the transient region, there is a single exogenous change in the marginal
valuation of capital. This change in value arises from the fact that a switch in the
process &(¢) does not trigger the investment in the inaction region whereas it triggers
investment in the transient region. When the value of the state variable reaches the
action region, this exogenous change is accompanied by an endogenous change. In
that case, the firm exercises its option to adjust capacity marginally and the value-
maximizing policy is determined in Theorem 1.

User cost of capital: In standard neoclassical models, the capital stock is adjusted
continuously so as to maintain the marginal revenue product of capital equal to the
user cost of capital. With irreversibility and uncertainty, there exists a user cost of
capital ¢* for purchasing capital and the optimal policy is to purchase capital as
needed to prevent the marginal revenue product of capital from rising above ¢*.
Within the present model, the user cost of capital is defined by

o= (p+ D)) — 7 EVdg(), i=1,2 (44)

As noted by Abel and Eberly [3], with uncertainty and irreversibility it is not the
purchase price of capital which is relevant for the user cost of capital but rather its
shadow price, ¢(y). Moreover, as shown by Eq. (14), these two prices differ unless
the firm is actually purchasing capital'®. Applying Itd’s lemma to q:(y) yields:
1
¢ = (p+0)gi(y) = (1 + 0yqi(v) = 5037/ ) = Al () — @) (45)

1T the analysis of Jorgenson [21], investment is costlessly reversible and marginal ¢ is always equal to
the purchase/sale price of capital.
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Plugging this expression for the user cost of capital in the system of ODEs yield
=y, i=1,2. (46)

Eq. (46) demonstrates that, for a given value of the demand shift parameter in the
inaction region, the user cost of capital does not depend on the current regime. By
contrast, the potential range of values for the user cost of capital is regime
dependent. In particular, the user cost of capital relevant for purchasing capital is
¢; = (¥})" in regime 1 whereas it is ¢ = (y4)*> ¢} in regime 2. This feature of the
model in turn implies that the marginal revenue product of capital belongs to (0, ¢;]
in regime i. In other words, the set of values for the marginal revenue product of
capital in regime 1 is strictly included in the set of values for the marginal revenue
product of capital in regime 2. In addition, for ye[y}, 5] the ratio of the marginal
revenue product of capital in regime 2 to the marginal revenue product of capital in
regime 1 deviates from 1 and increases with y until the point y = »5 where it reaches a
maximum of R™* with R = y}/yj;. Because the ratio of the two investment thresholds
depend on the drift and volatility parameters of the two regimes and the persistence
in regimes, so does the ratio of the two marginal revenue product of capital in the
transient region. This result again emphasizes the regime-dependent nature of the
optimal policy.

8. Conclusion

This paper has analyzed investment decisions under uncertainty when the
dynamics of the decision variable—growth rate and diffusion coefficient—shift
between different states at random times. The main analytical result of the paper is
that the value-maximizing investment policy is such that in each regime the firm’s
investment policy is optimal, conditional on the optimal investment policy in the
other regimes. This optimal investment policy is characterized by a different
investment curve for each regime. Moreover, because of the possibility of a regime
shift, the investment curve in each regime reflects the possibility for the firm to invest
in the other regime.

To determine the implications of the model for investment decisions and capital
accumulation, we showed that the state space of the dynamic investment problem
can be partitioned into various domains including an inaction region where no
investment occurs. Outside of this region, the optimal rate of investment can be in
one of two regimes: infinitesimal or lumpy. Investment is infinitesimal following an
increase of the firm cash flows in a given regime. Investment is lumpy following a
shift from the regime with the highest investment curve to the regime with the lowest
one. That is, the model predicts that with irreversibility and regime shifts investment
is intermittent and increases with marginal ¢. Moreover, the optimal rate of
investment typically is very small but occasionally exhibits some spurts of capacity
expansion. These predictions are generally consistent with the available empirical
evidence on firms’ investment behavior (see [7] or [1]). The paper also provided an
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analysis of the determinants of marginal ¢ and the user cost of capital in such an
environment.
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Appendix A. Proof of Theorem 1

We present the case where y;>y]. The other case follows from a symmetric
argument. The general solutions to Egs. (8) and (9) are

4
qi(y) = Z Ay + Fy*, i=1,2. (A1)
=1
We set y;>0 for j=1,2 and 7;<0 for j=3,4 by convention. The no-bubbles
condition (13) implies that 4;; = 0 for j = 3,4 which in turn implies that Eq. (A.1)
reduces to

qi(y) = Ainy" + Ay + Fpy”, i=1,2.
Substituting this solution into (8) and (9) and matching coefficients yield the
expressions for F; and y; in (23) and (18), and 4»; = [;4,; with

1 n 1
l,-:i—1 p+5+m*Vj(u1+5)*§yj(yj*1)(’% :

Solving Eq. (10) yields: For ye (y;(k), y3(k)),

»* n Aap
Hy(a) p+0+74

p() = Cyh + Gyl +

where f§; and f§, are the two roots of the quadratic equation H,(f) = 0.

The above set of equations shows that we have 6 unknowns: 4; 1, 41, Ci, Ca, y7],
and y;. We thus need 6 equations to identify these variables. They are given by the
boundary conditions (14)—(17). Plugging the above functions ¢;(y) in the boundary
conditions (14) and (15) yields

A ()" + 4200 + R0 =p, (A.2)

AL A7) +aF () =0, (A.3)
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O3+ ColP 4 s+ (A4)
wyo—1
R Y R (A5)
The solution to this set of equations is

Ay = sl + (= 7P 07 (A6)

A1 Zm[ylp+(“—V1)Fl(Y1) ]; (A7)
_ 1 (0= P)(03)" | Bap +9)p

TRy ST [ ) p+o+ iz] ’ A
_ 1 (0= p)03)" | Bilp+9)p

TR TR { ) p+o+ iz] ' )

Substituting these expressions in conditions (16) and (17) yields with Ry} = y7:

ﬁle/;‘ 7§1Rﬁz ﬂ;r(sﬁ + féz _ by =hy
N\ 2 ptotsy ~ ptotsn V2%
02)" = FRoc B)R /;,]( —B)RM +/1(a 72)=h(x ’V Fl'Roc _ (A.10)
2 (ﬂz B1)Ha(2) 72-71 (“)
and
/31/"2;313[}'[3—1?/52) p+o. + Yva(h—1)
) =p I (A1)
Bo(a—B)RP2 =B, (a—Bo) R | 3111 (a=72) =75 la (2=71) oR*
oaF2R* + (B2—B1)Ha(2) + 72— PR - Hy (o)

Combining (A.10) with (A.11) yields Eq. (24).
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