20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

Aversion to Ambiguity and Model Misspecification
in Dynamic Stochastic Environments

Lars Peter Hansen®! and Jianjun Miao®-

2Departments of Economics and Statistics and the Booth School of Business, University of Chicago, Chicago, lllinois 60637; bDepartment of Economics, Boston University,
Boston, Massachusetts 02215; CICFS, Southwestern University of Finance and Economics; and CEMA, Central University of Finance and Economics.

This manuscript was compiled on July 26, 2018

Preferences that accommodate aversion to subjective uncertainty
and its potential misspecification in dynamic settings are a valuable
tool of analysis in many disciplines. By generalizing previous analy-
ses, we propose a tractable approach to incorporating broadly con-
ceived responses to uncertainty. We illustrate our approach on some
stylized stochastic environments. By design, these discrete-time en-
vironments have revealing continuous-time limits. Drawing on these
illustrations, we construct recursive representations of intertempo-
ral preferences that allow for penalized and smooth ambiguity aver-
sion to subjective uncertainty. These recursive representations im-
ply continuous-time limiting Hamilton-Jacobi-Bellman equations for
solving control problems in the presence of uncertainty.

uncertainty | robustness | misspecification | ambiguity | risk | entropy

I n statistics, control theory, decision theory, and economics,
the question of how to cope with subjective uncertainty
comes into play. While researchers have developed many dif-
ferent approaches, it is standard in decision theory to impose
axioms on preferences over choices. Axiomatic decision theory
justifies representations of preferences that provide applied
researchers with alternative ways to capture uncertainty re-
sponses. In applications, however, a decision maker must
decide how to calibrate preference parameters, including aver-
sion to ambiguity and to model misspecification. An important
issue that arises is how to transport these parameters across al-
ternative environments, a question to which existing axiomatic
treatments provide little guidance.

It has become common practice within economics to trans-
port risk aversion parameters and subjective discount rate
parameters from one environment to another. Through some
examples, we suggest that a mechanical implementation of the
same approach is not appealing for some forms of aversion to
ambiguity and model misspecification that interest us. These
examples are not only of interest in their own right, they also
provide guidance as to meaningful continuous-time limiting
counterparts to Hamilton-Jacobi-Bellman (HJB) equations for
which the aversions contribute in the limit.

We build our analysis in multiple steps. We first use a
version of Shannon’s relative entropy to quantify uncertainty.
Specifically, in section 1 we present a relative entropy decom-
position of the joint probability distribution over a future
observation and an unknown parameter that we find to be
revealing when conceptualizing various forms of aversion. In
section 2 we pose two alternative static robustness problems
using relative entropy penalizations. Both are special cases of
the variational preferences axiomatized by (1) and (2). The
first underlies the known connection between risk sensitive
and robust control dating back to (3). As we illustrate, this
problem features the potential misspecification of the predic-
tive density familiar from statistics. A second problem targets

www.pnas.org/cgi/doi/10.1073/pnas. XXXXXXXXXX

a concern about prior misspecification. In section 3, we solve
these two problems using examples and explore some limits.
By changing the exposure to an underlying shock, we distin-
guish in a sharp way the contributions from the likelihood
and prior to the relative entropy of the joint distribution. We
provide a way to scale aversion parameters so that their impact
remains intact even in the limiting economy.

The limits we explore in section 3 are, by design, valuable
inputs into the formulation and calibration of uncertainty pref-
erences in dynamic stochastic environments. For example, in
section 4 we study the impact of compounding the assessments
of risk, ambiguity, and the potential for misspecification of sub-
jective probabilities in a sequence of simple recursive learning
environments. We also explore a convenient parametrization
of smooth ambiguity specification of (4), which we know from
(5) sometimes can be motivated by an aversion to prior un-
certainty. We use these calculations to shed light on how to
parameterize aversion to ambiguity and model misspecification
across alternative dynamic environments, including an envi-
ronment that emerges as a continuous-time limit. Finally, in
section 5 we propose a more general continuous-time specifica-
tion with distinct forms of aversions to alternative uncertainty
components. This provides a counterpart of the discrete-time
specifications of (5), (6), and (7). Moreover, it provides HIB
equations that allow a decision maker to confront uncertainty
in its various forms.

Significance Statement

In many dynamic economic settings, a decision maker finds
it challenging to quantify the uncertainty or to assess the po-
tential for mistakes in models. We explore alternative ways of
acknowledging these challenges by drawing on insights from
decision theory as conceptualize in statistics, engineering, and
economics. We suggest tractable and revealing ways to incor-
porate behavioral responses to uncertainty, broadly conceived.
Our analysis adopts recursive intertemporal preferences for
decision makers that allow them to be ambiguity averse and
concerned about the potential misspecification of subjective
uncertainty. By design, these representations have revealing
implications for continuous-time environments with Brownian in-
formation structures. Problems where uncertainty’s structure is
obscure such as macroeconomics, finance and climate change
are promising areas for application of these tools.

The authors declare no conflict of interest.
12 | ars Peter Hansen and Jianjun Miao contributed equally to this work.

1 E-mail: Ihansen@uchicago.edu

PNAS | July26,2018 | vol. XXX | no.XX | 1-6

22

23

24

25

26


www.pnas.org/cgi/doi/10.1073/pnas.XXXXXXXXXX

20

21

22

23

24

25

26

27

28

29

30

1. Entropy penalization

Relative entropy is an attractive and tractable measure of dis-
crepancy between probability measures. We use it to guide our
formulation of preferences for a decision maker with an aver-
sion to model ambiguity and concerns about misspecification.
As a precursor to formulating such preferences, we explore
the relative entropy relations between priors, likelihoods, and
predictive densities in a static setting.

We start with a prior distribution 7 for hypothetical param-
eter values 0 over a set © and a likelihood A that informs us of
the density for possible outcomes y € ) given 6 (with respect
to a measure 7). Let p denote the implied joint probability
measure over ) X ©

p(dy, df) = A(y|0)7(dy)7(d).

The corresponding predictive density for y that integrates over
0 is

o(y) = / A(y]6)(db).
€]

In our analysis it is the predictive density that the decision
maker cares about when taking actions, but he or she has
uncertainty about subjective inputs into its construction. We
introduce baseline counterparts with ’s and explore discrep-
ancies relative to these baselines.

The relative entropy discrepancy of the joint distribution
for outcomes and parameters is defined as:

D@15 = [ o5 F0)] ~(an)

AwIO)
s /@ /y A(ywnog[Myle)]ddy)w(de), 1)

where we presume that p is in a set P of probability measures
that are absolutely continuous with respect to the baseline
p. This representation gives us two potential contributions to
relative entropy, one coming from differences in the prior and
the other from differences in the likelihood.

As we show in the online Supplemental Information (SI)
Appendix, there is an equivalent way to represent the same
relative entropy in terms of predictive densities and posterior
distributions where the posterior distribution, 7™, is

(@0 | y) = 2810 7 )

é(y)

and 7" is defined analogously.

2. Relative entropy and robustness problem

In this section we pose and solve two problems that adjust for
robustness. These problems are the ingredients to preferences
that capture a concern for robustness. While both use relative
entropy to constrain the robustness assessment, one does so in
a more restricted way in order to target the robust choice of a
prior. The solutions to both are special cases of the solution to
a more general problem that entails exponential tilting toward
lower expected utilities.

Consider the first robust evaluation of a y dependent utility
Uly) :

Problem 2.1.
min/U(y)dp +xD(p|P).
pEP

2 | www.pnas.org/cgi/doi/10.1073/pnas. XXXXXXXXXX

A more primitive starting point would be to write ﬁ(a, y)
where a is chosen before y is observed. We may then rank
alternative actions using the corresponding solutions to this
problem. Notably, we presume that the utility function does
not depend on the unknown parameter.

In this problem, £ > 0 is a parameter that penalizes the
search for robustness in the likelihood and prior. The k = c©
limit enforces a commitment to the baseline specifications.
Since the function U (y) depends only on y and not 6, the
solution distorts only the predictive density

exp [~1U(y)] ¢(y)
[y e [-1UW)] ¢(y)r(dy)

and not the posterior 77 of § given y. The resulting minimized
objective is

" (y) =

—nlog/yexp {—%U(y)} é(y)T(dy).

The exponential tilting towards outcomes y with lower
utility is familiar from the extensive literature applying relative
entropy penalizations in control and estimation problems. In
particular, Problem 2.1 has the same solution as

min [ U)o

. / [log 6(y) — log $(»)] 6y (dy).
Yy

This latter problem is the static counterpart to the dynamic
recursive specification used extensively in robust control theory.
See, for instance, (3), (8), (9), (10), and (11)." While the
construction of the predictive density qg embeds the reference
prior @, prior sensitivity is only confronted in an indirect
way by Problem 2.1 through potential modifications in the
predictive density. that

As an alternative, we target prior robustness by restricting
A = \. This eliminates specification concerns about the likeli-
hood. One justification for this omission is that uncertainty
about how a prior weights alternative likelihoods already gives
us a way to capture many forms of likelihood uncertainty. Let
IT denote the set of priors that are absolutely continuous with
respect to 7 and solve:

Problem 2.2.
— dm
i 0)m(do 1 — (0 do
min [ T >+n/@og[dﬁ<>}w< )
where

T(60) = / U()A@wl9)(dy).
Yy

Notice that U is constructed without likelihood uncertainty.
In using the formulation to investigate prior sensitivity, we
penalize only the prior contribution to relative entropy. This
formulation follows (5).

The solution to this problem gives the worst-case prior

exp [f %U(e)}
f(_) exp [— %U(@)] #(d0)

*Fabio Maccheroni reminded us that an alternative way to connect with this robust control theory
literature is to impose a prior with a point mass on a single value of 6 and targeting only likelihood
uncertainty.

7 (df) = #(d0),
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provided that the right-hand side integral is finite. The opti-
mized objective is

- Klog/@exp [—%U(G)} #(d6). 2]

The solution to this particular problem is recognizable as a
smooth ambiguity objective and a special case of (4).T

3. A revealing family of stochastic environments

We study Problems 2.1 and 2.2 for a family of stochastic
environments to illustrate the impacts of the penalization. We
design these illustrations to serve as a precursor to formulating
continuous-time limits to be used in a dynamic setting. They
will provide input into formulations of HJB equations for
continuous-time decision problems.

Consider a parameterized family of log-normal random vari-
ables, indexed by €, and assume a logarithmic utility function
U :

1
U(Yo) =logYe, log¥e=yo+p(0)e—5lsl e+ Ze, [3]

where p is a measurable function of 6§ and Z. is a normally
distributed random vector with mean 0 and covariance matrix
eI} We find it convenient to think of € > 0 as an interval of
time and {Z. : 0 < € < 1} as a multivariate standard Brownian
motion.

Under the q@e predictive density log Ye is distributed as a
mixture of a prior distribution 7 for # and a normal distribution
with mean c

Yo + €p(0) = 5lsl’

and variance e\§|2. For pedagogical simplicity, we consider
the small € approximation whereby the distribution for log Ye

€

implied by ¢, is normal with mean: y, -+ e f@ w(0)7(d0) — 5|s|?
and variance €|s|?. The minimized objective in Problem 2.1 is

— mlog/yexp [—%U(y)} QASE(y)T(dy)

~yote U@ 1(6)7(d6) — (% + i) |<2] .

Thus, up to the first-order approximation in ¢, the decision
maker targets concerns about misspecified likelihoods in con-
trast to misspecified priors.

Consider now Problem 2.2, where

U.(0) = / log () (410)(dy). 4l
y

The minimized objective is given by
1— N
- /{log/ exp [—er(G)} #(db)
o K

zyn+e[/u<e>ﬁ<de>—'; ,
[C]

which is the same as the expected utility level under # up
to the first-order approximation in €. Thus the robustness
adjustment vanishes to the first-order in €. In contrast, the

Tsee (12) and (13) for earlier motivations for smooth ambiguity decision problems.
fWe use || to denote the Euclidean norm and I to denote an identity matrix.
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risk-aversion adjustment associated with logarithmic utility
remains present.

Why is this the case? The probability distribution for Y. be-
comes concentrated as € becomes small conditioned on 6. The
same is true of the predictive distributions for alternative pri-
ors. By contrast, the prior divergence contribution to relative
entropy does not depend on €. This difference in how the prior
and likelihoods behave as a function of € causes the entropy
penalty relative to the utility distortion to converge to infinity
as € goes to zero. Thus, the solution to Problem 2.2 implies
no robustness adjustment up to a first-order approximation.

As an alternative, we alter Problem 2.2 by letting the prior
divergence scale in € so that the consequence and cost of
altering priors have comparable magnitudes up to the first-
order in €. Thus we allow x to depend on ¢ by setting x(e) =
kq€ for some constant k4 > 0 and consider the problem:

Problem 3.1.
min / T.(0)m(d6) + era / log [dif(a)} (d).
well o ) dﬂ'

The minimized objective is now given by
—€kq log/ exp {—LUS(G)} #(df).
) €ERd

Plugging Eq. (4) into this expression yields

Yo + € {—Kud log/@exp [—%d,u(e)} fr(dG)} - %\q?.

We may interpret the term in {-} as certainty equivalent of
u(0) adjusted for robustness. By Jensen’s Inequality, it is
lower than the Bayesian mean of 11(f) under the baseline prior.
This captures utility cost associated with the robust prior
adjustment. The worst-case prior is given by

exp [— L UE(G)} #(d6)

I exp [f eidﬁe(e))} #(d6)
(

w7 (d0) =

—

)

as € — 0. Therefore, by reducing the penalization proportion-
ally to ¢, the exponential tilting applies to the first derivative
of the objective function U with respect to €. In so doing, we
are left applying a particular smooth ambiguity adjustment
to the local mean of U (Y) conditioned on 6. The worst-case
prior puts more weight on the lower values of the mean p ().

We see little motivation for holding fixed the robustness
penalization as we change e. While the suggested adjustment
is at the moment ad hoc, we will provide further motivation
in our subsequent analysis. In particular, this scaling lends
itself the study of prior robustness within a continuous-time
setting for dynamic decision problems.

The same issue emerges with other approaches to ambi-
guity as in the smooth ambiguity model of (4). With that
perspective, we view — (o s an exponential adjustment for
ambiguity aversion capturing a differential preference response
for exposure to ambiguity induced by a prior over #, in con-
trast to risk conditioned on the parameter 6. By holding
k(e) fixed independent of €, we reproduce a claim in (14).
By instead using k(€) = ekq4, we obtain a limiting hyperbolic
parameterization of smooth ambiguity aversion.
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4. Recursive risk and smooth ambiguity aversion

‘We now explore consequences of compounding risk, ambiguity
and misspecification aversion over time. We continue to find
the environment in section 3 captured by (3) to be revealing
from a pedagogical standpoint, allowing us to draw on some of
our previous insights. The calculations in this section illustrate
how risk compounds in rather different ways than uncertainty
about priors over parameters. The resulting differences are
pertinent to how we conceive of ambiguity and misspecifi-
cation aversion in dynamic environments in general, and in
continuous-time limit environments in particular.$ Given that
there are known ways for ambiguity and misspecification aver-
sion to have an impact on preferences in discrete time, we
find it most appealing to adopt parameterizations with more
meaningful and revealing continuous-time limits.

In what follows, partition the interval [0, 1] into subintervals
of length 1/n, and let € = 1/n. Let F;, be the sigma algebra
generated by 0 and {Yo, Yic, Yo, ..., Yje} for 5 =0,1,2,..,n—1.

A. Risk aversion. We first consider a recursive construction of
risk aversion over subintervals. Introduce a certainty equivalent
operator applied to a positive random variable X that is F;, .
measurable,

R (X) = (E[X'77| Jf;])ﬁ :

where t = je and «y > 0 represents the risk aversion parameter.
For vy =1, Re+(X) = exp [E (log X | Ff)] . Note that

log Rt (Vi) = log Vi + ¢ u(0) = 7 <P’

for € > 0. The risk adjustment ey|s|?/2 scales with e.
Introduce a recursive construction for the certainty equiva-
lent of the terminal consumption Y3,

Ui =Ret (Uite), U1 =M1 [5]

fort =0, ¢,...,(n — 1) e. We show that

Uo = Rl,o (Yl) = YO exp |:/1/(9) - %|C‘2:| y

for any value of €. Notice that in the recursive construction on
the right-hand side of Eq. (5), we use the same risk aversion
coefficient v in the certainty equivalent operator for any e. This
simple example shows why the common practice of holding ~y
fixed across environments (in our case indexed by €) can be
sensible, even as we shrink the exposure to risk by looking at
small time intervals, due to the law of iterated expectations.

B. Parameter learning. Prior to investigating a recursive spec-
ification of smooth ambiguity, we remind readers of Bayesian
updating within this setting. Analogous to our previous
discussion, we let G5, be the sigma algebra generated by
{Yo, Yic, Yac..., Yje} for 5 = 0,1,2,..,n — 1, but we exclude
the random parameter 6 from the construction. The resulting
family {Gj. : j =0,1,2,...,n — 1} captures the reduced infor-
mation structure for a decision maker that does not know the
parameter realization. For simplicity let u (6) = 6.
Suppose that the date-zero prior for 6 is normal with mean
myo and variance go. Only data on Y are used to make inferences
§The calculations build in part on prior work by (15) who first discuss productive ways for robustness

concerns to persist in a continuous-time limiting specification. Our analysis here addresses these
issues more generally and forges connections to a broader collection of previous contributions.

4 | www.pnas.org/cgi/doi/10.1073/pnas. XXXXXXXXXX

about 6. The posterior conditioned on Gy is normal with mean
m. and variance g;. The Bayesian recursive updating for mq¢
is

Mite — Myt =

_ @ _ _ €12
e (lo8Yere —logYi —emi + J1c”) . (6

and the conditional variance update is

e(qr)®

= %) 7
Is[2 + eq: 7

qt+e — qt

Both equations have well-known continuous-time limits. The
limiting version of Eq. (6) for the conditional mean is

2
dmy = % (dloth — mydt + <2|dt) ,

and the limiting version of Eq. (7) is

dgt _ _(%)2
dt NE

C. Recursive robust priors. Analogous to (2), define a cer-
tainty equivalent robustness adjustment operator

B (X) = —k(e) log E [exp (/-c(le)X> | gf]

for a random variable X that is F; measurable. Here we allow
the robustness parameter x(¢) > 0 to depend on €. Motivated
by the static model in sections 3 and 4, we define the recursive
adjustment for robust priors for log utility over the terminal
consumption Y7,

log By = B, [E (log Byt | F£)], B1 = Ya, 8]

fort=0,¢,....,(n—1)e.
We show in the online SI Appendix that

IOgBt = loth + (1 — t)mt + bt,

where

2 2 2 2

€ s+ (1 -t)a €ls]
bire — by = .
e T %(6)%( WPteq ) T2

From this formula we see that the worst-case prior/posterior
for 6 has a mean given by

€ ls]? 4+ (1 —t)q:
me — _— .
T Re” < [S]? + eqs

If the robustness parameter x(€) is held constant indepen-
dent of ¢, then robustness vanishes in the continuous-time
limit as € — 0. By contrast, we let k(¢) = Kkqe as in Problem
3.1 so that penalization used in making robust prior/posterior
adjustments scales with e. Take small e limits and find

dbr _ 1 <<|2+(1—t>qt)2+<|2

dt T 2rg BB

2
The first term on the right-hand side is the recursive robustness
adjustment that remains present in a continuous-time limit

because of how we scale the robustness penalty as a function
of e.
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D. Risk aversion and smooth ambiguity. We next explore
“smooth ambiguity adjustments” in (4) over different time
intervals including ones that are arbitrarily small. For X that
is Ff measurable, define a certainty equivalent operator

Acr(X) = [BE (X *9G7)] ol

where a(€) > 0 may depend on € and captures aversion to the
uncertainty about the unknown parameter 6.

We now investigate how recursive smooth ambiguity be-
haves as a function of €. Define smooth ambiguity adjustments
recursively for utility over the terminal consumption Y7,

A = At [Ret (Asge)], A1 =Y1. [9]
In the SI Appendix, we show that

log At =log Yz + (1 — t)ms + a¢

where
At4e — At =
2
1 (s + (1 =t)g 2 2
| ——— e(y—1)[s]” + ale)e
2 ( ‘§|2 + eqe [ (fy )| ‘ ( ) qt]
els|®
+ 2
and a; = 0.

Consistent with our earlier discussion of smooth ambiguity
over small time intervals, by letting a(e) be the same for all
e > 0 , smooth ambiguity contributes only a second-order
adjustment. ¥

In contrast, by adopting a hyperbolic parameterization:
a(e) = 2k the smooth ambiguity contribution becomes first-
order and does not vanish in a continuous-time limit. With this
specification, the continuous-time limiting equation becomes

da, 1 ([P+1-bg)\ 2
=5 (G a0 +

dt 2 ISE
It matches our robust prior recursion A; = B; by setting
v =1 and a, = % Thus the smooth ambiguity adjust-

ments are equivalent to robust prior adjustments when using
a logarithmic specification of risk aversion.

In obtaining the limiting recursion, we held the risk aversion
parameter the same over environments indexed by e while we
scaled the ambiguity aversion or robustness parameter with e.
While there is no perfect way to transform ambiguity aversion
parameters across environments with different discrete-time
increments, the embedding we suggest has the virtue of pos-
sessing a tractable continuous-time limit. While we may think
that setting a(e) = %2 amounts to imposing “infinite” ambi-
guity aversion in the continuous-time limit, this is misguided
in our view. Notice that in the continuous-time limit v, scales
the variance associated with estimation. As an analogy to our
scaling, let 0 < 8 < 1 denote the discount factor over a unit
of time. Then we think of # as the discount factor over an
interval % which in the large n limit implies a unit discount
factor in the limit. But in fact the rate —log 8 continues to
play a role of discounting in the continuos-time limit.

9 Researchers (16) have a revealing but different type of limiting characterization of risk aversion and
smooth ambiguity in a static environment.

Hansen and Miao

5. Implications for stochastic control

Let (2, F, P) be a probability space and time is continuous over
[0,T). Let {Y; : t > 0} be an observable stochastic process and
0 an unknown parameter. Let {F;} be the filtration generated
by current and past Y; and 0 and {G;} the filtration generated
by current and past Y: only. The decision maker’s continuation
value process (V;) is adapted to {G:} and satisfies a backward
stochastic differential equation:

dVy = Ve (0)dt + Vit - AWy, Vrp given,

where {W; : t > 0} is a standard Brownian motion relative
to (Q,F,{F:},P). The continuation value process will be
used to give recursive construction of the decision-maker’s
preference over consumption processes. We will derive a HJB
equation for the {V;} to incorporate risk aversion, smooth
ambiguity aversion and/or prior misspecification aversion.

We find it most convenient to use the logarithm of the
continuation value v; = log V;, which with an application of
Ito’s Lemma, satisfies

1
dv; = vy (0)dt — §\§t|2dt + 6 - dW,.

This evolution captures the familiar lognormal adjustment.

Motivated by the analysis in sections 3 through 5, we define
risk and ambiguity adjustment operators:

1
I—n
£ log & {exp (—%we,t) |gt} )

Qp €

RY; (vt4e) =

log E (exp [(1 — 7) vee] | F2),

B (wet) =

where we; is F; measurable. In what follows, let
Uz,t = B:,t o R:,t (UHG)

and V', = exp (v;t).

We consider a preference specification that includes inter-
mediate consumption and subjective discounting. Suppose
that V; satisfies the commonly used and convenient recursion:

Vi = ([1 — exp(—Je)] (Ct)' ™" + exp(—Je) (V:t)l_p> = )

where § > 0 is the subjective discount rate, {Cy : ¢t > 0} is
a consumption process adapted to {G; : t > 0}, and % is an
intertemporal elasticity of substitution. Using the homogeneity
property of this recursion and taking logarithms, write

log | [1 — exp(—de)] (%) o

0=1—

V* 1—p
+ exp(—de) <‘;t> .
t

We derive (heuristically) the limit of the right-hand side of
the equal sign of Eq. (10). This will characterize a restriction
on local evolution of the continuation value process. Notice
that

[10]

RZ,t (Ut+e - Ut) = R:,t (Ut+e) — V¢,
Bc ¢

(we,t —vr) = B4 (we,t) — v,

PNAS | July 26,2018 | vol. XXX | no.XX | 5
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where v; is G measurable. Extending our previous calculations,
we first study the local risk adjustment, Rf ; (vite — vt):

1 1
lim —
el0 € -

= (0) - 2l

log E (exp [(1 — ) (Ve — vi)] | F)

Let we = RY; (vere) and wo,e = v¢, and compute

1
lim 7B:,t (’U)e,t — ’Ut)
el0 €

1
= ——log E (exp [~ann(0)] 1G1) — 2|l
Qap 2

‘With these intermediate calculations, we construct the local
counterpart to Eq. (10) by dividing both sides of the equation
by € and taking small € limits resulting in

5 Ci\'=°
= |(= -1
0 1-p (W)

~ o B (exp[-onn(0)]16) ~ Ll [11]

ap 2
The first term on the right-hand side comes from discount-
ing, intermediate consumption and intertemporal substitution.
The second term captures uncertainty to the drift induced by
the unknown parameter vector §. We motivate this either as
a robust prior/posterior adjustment or as an an aversion to
“smooth ambiguity” in the unknown drift. The third term
captures the local risk adjustment coming from exposure to
the underlying Brownian motion.

Using this limiting recursion for a HJB equation requires
that we use a value function and its derivatives to deduce
formulas for v,(0) and ¢; as functions of the relevant Markov
state vector.

We conclude with four connections to related literature in
control theory and economics.

Remark 5.1. Recursion Eq. (11) provides a continuous-time
analog to discrete time recursions in (6) and (7). More-
over, it shows how to incorporate ambiguity aversion into
the continuous-time specifications of (17) and (18).

Remark 5.2. The ambiguity adjustment:

- - log E (exp [-ann(0)]G) 12]
for the drift is a smooth counterpart to a continuous-time
ambiguity adjustment with period-by-period constraints when
the random set: Hy = {v(6): 0 € O} is a compact subset
of a FEuclidean space with probability one. As an becomes
arbitrarily large, the smooth ambiguity adjustment converges
to the minimum over Hy. The result is a continuation value
recursion of the form considered by (19).

More generally, E (exp [—anvi(0)]1G:) is the moment gen-
erating function for vy when viewed as a function of 0 con-
ditioned on G;. In general, a moment generating function is
not guaranteed to be finite for all ay,. Even when the moment
generating function is finite for small oy, there may only be a
compact interval of ap’s for which the function remains finite.

The existence of a finite upper bound for an has a rec-
ognizable connection to breakdown points in dynamic control
theory.
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Remark 5.3. Recursive equation Eq. (11) also gives the
continuous-time counterpart to a discrete-time recursion in (5)
that captures two forms of robustness.

As we discussed previously, smooth ambiguity adjust-
ment Eq. (12) has a dual interpretation as the outcome of
prior/posterior uncertainty adjustment. For the likelihood ad-
justment, there is a well known link between risk sensitivity
and robustness dating back to (3).” Capture the likelihood un-
certainty by representing dWi = hsdt + dW} under a change
of probability measure for which AW} is a Brownian incre-
ment and hy is a local drift distortion. This adjustment alters
the implied value function vy by < - he. Minimizing the local
evolution of the value function by the choice of hy subject to a
penalization, '%f|ht|2, illustrates a link between robustness and
risk sensitivity that is familiar in the control literature.

Remark 5.4. To construct the filtration {G: : t > 0} in prac-
tice and use it for solving a control problem we must produce a
recursive solution for a filtering or estimation problem. While
we posed the analysis as one for which 0 is an unknown param-
eter, in fact this parameter could be an actual process designed
to capture time variation in some underlying parameters. The
stgma algebra Gi could condition on the entire process or just
the process up to time t. Examples of recursive constructions
include Zakai equations, Kalman filtering or Wohham filtering
depending on the application.
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