Asset Bubbles and Credit Constraints

By JANJUN MIAO AND PENGFEI WANG*

We provide a theory of rational stock price bubbles in prdohrc
economies with infinitely lived agents. Firms meet stoah@stestment
opportunities and face endogenous credit constraintsy &ne not fully
committed to repaying debt. Credit constraints are derifrech incen-
tive constraints in optimal contracts which ensure defagiter occurs
in equilibrium. Stock price bubbles can emerge through atpesfeed-
back loop mechanism and cannot be ruled out by transveysatihdi-
tions. These bubbles command a liquidity premium and raigestment
by raising the debt limit. Their collapse leads to a recessiad a stock
market crash. (JEL: E2, E44, G1)

This paper provides a novel theory of rational stock pricklbes in the presence of
endogenous credit constraift©ur theory is motivated by two observations. First, fluc-
tuations in observable fundamentals cannot adequatelgiaxgiock market booms and
busts (Shiller, 2016). Second, stock market booms are afteampanied by credit mar-
ket booms. For example, overoptimism in the 1990s toward&$ast Asian miracle”
generated booms in the housing and stock markets in manyAS&st countries fol-
lowed by lending booms and a large expansion of domestidt¢@allyns and Senhadji
2002). Jorda, Schularick, and Taylor (2015) document gogbievidence on the relation
between credit booms and asset price booms in 17 developetiies since 1870. They
find that leveraged bubbles are more harmful to the macraeegrihan other types of
bubbles, e.g., unleveraged “irrational exuberance” begbl

To formalize our theory, we construct a tractable contirsdtine general equilibrium
model of a production economy with a stock market in whichnitdly lived identical
households trade firm stocks in the absence of aggregatetaintg In the baseline
model households are risk neutral and so the rate of retuangrstock is equal to the
constant subjective discount r&teA continuum of firms meet uninsured idiosyncratic
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1A stock price bubble is defined as the difference between ak’'stonarket value and its fundamental value, e.g.,
the discounted value @&xogenouslgiven dividends in exchange economies (Santos and Woodf9d). It is subtle to
apply this definition to our model because dividendseardogenouslgenerated through investment and production and
because bubbles help generate dividends. One criticistnea$ttndard test for stock price bubbles is that it is hard to
separate them from fundamentals in the data (see Gurkayd@&far a survey). A pure bubble is defined as the bubble
in an intrinsically useless asset without any payoff (digt,money). This asset does not enter utility or technolagy a
its fundamental value is zero.

2In online Appendix D we show that our key insights also applyitk-averse households.
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stochastic investment opportunities to transform congiompnto a capital good that
may then be sold in a market for capital (Kiyotaki and Moor&7,92005, 2008). As-
sume that there is a liquidity mismatch (Jermann and Quiad@ih2) in the sense that
investment must be paid for before capital sales can bezeeiliThus, after exhausting
internal funds, investing firms must seek external financing

As a starting point, we assume that investing firms only usatemporal debt bor-
rowed from firms without investment opportunities to finams@stment. Investing firms
take on debt at the beginning of the period and repay this aletbte end of the period
using the proceeds from the sale of newly produced capithlkeyTo not have other
sources of financing i.e., they do not own and trade finansseta including the shares
of other firms in the stock market, issue new equity, selltedpor save to accumulate
wealth. Some of these assumptions reflect the fact thatyefijpincing is more costly
than debt financing due to direct administration and undéngrcosts, agency problems,
or information asymmetries not explicitly modeled in ouppa Another interpretation
following Kiyotaki and Moore (2005, 2008) is that investrh@pportunities disappear
so quickly that firms do not have enough time to raise equitgedira large amount of
capital.

The key assumption of our model is that firms face endogenmgitcconstraints,
which we model in a similar way to Bulow and Rogoff (1989), Iéetand Levine (1993),
Kiyotaki and Moore (1997), Alvarez and Jermann (2000), Alberque and Hopenhayn
(2004), and Jermann and Quadrini (2012). The key idea isitbrabwers are not fully
committed to repaying debt and repayment is not perfectfgread. We consider the
following lending contract to ensure borrowers never diéfautheir debt in equilibrium.
A firm pledges its ownership rights including its physicadets (capital) as collateral. If
the firm does not repay its debt, then the lender threatereize the firm’s collateralized
assets and take over the firm. Thus the collateral value tetiger is equal to the market
value of the firm with the collateralized assets. The lender the firm renegotiate the
debt such that the debt repayment is limited by this collhteslue. For incentive com-
patibility, the firm chooses not to default. The resultingdit constraint is endogenously
derived from the incentive constraint in an optimal cortiragproblem.

Unlike Kiyotaki and Moore (1997) who assume that the cotltealue is equal to
the liquidation value of the collateralized assets, wewdelfie collateral value from the
incentive constraint as thgoing-concern valuef the reorganized firm. Since the going-
concern value is priced in the stock market, it may containlzble component. If both
the lender and the investing firm optimistically believetttiee collateral value is high
possibly because it contains a bubble, the firm will borrowerend the lender will not
mind lending more because the lender can capture the bublileievent of default.
Thus the firm can finance more investment and make higher grafidking its assets
indeed more valuable. This positive feedback loop mechamskes the beliefs of both
the lender and the borrower self-fulfilling and allows a &tpcce bubble to emerge in

SWe define liquidity as the amount of money that is quickly kde for investment. Sometimes we also refer to
liquidity as the degree to which an asset can be quickly thin® cash. See Kiyotaki and Moore (2005, 2008), Farhi
and Tirole (2012), and Vayanos and Wang (2012) for relatedies$ of liquidity.
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equilibrium. We refer to this type of equilibrium as the biybbquilibrium.

Our credit constraint is equivalent to that endogenousiyed from the incentive
constraint in Gertler and Kiyotaki (2010) and Gertler andath (2011). Suppose that
there is no collateral for borrowirty. A firm can default on debt by diverting funds.
The defaulting firm is shut down and the lender may get nothirthe event of default.
The incentive constraint in an optimal contract ensuresttievalue to the firm of not
defaulting is not lower than the outside value of the diveftends. A stock price bubble
can relax the incentive constraint and hence the creditticnsby raising the value to
the firm of not defaulting. The firm can then borrow more to foeumore investment,
supporting a higher firm value. The aforementioned posfeegliback loop mechanism
still works with a slight modification to support the stockagerbubble.

There is a second type of equilibrium in which no one beligmdsubbles and hence
bubbles do not exist. We call this type the bubbleless dauiln. We provide explicit
conditions to determine which type of equilibrium can exike prove that the economy
has two steady states: a bubbly one and a bubbleless onestattiy states are ineffi-
cient due to credit constraints and both are local saddietgoilhe equilibrium around
the bubbly steady state is unique and bubbles persist irotigerlin along a stable man-
ifold, whereas the equilibrium around the bubbleless stestate has indeterminacy of
degree one and bubbles eventually burst along a stable atdhritthus multiple equilib-
ria in our model are not generated by indeterminacy with gumisteady state as in the
literature surveyed by Benhabib and Farmer (1999) and Fg19889).

Following Blanchard and Watson (1982) and Weil (1987), westauct a third type
of equilibrium with stochastic bubbles in which all agen#diéve that stock price bub-
bles will burst at each date with a positive probability. Wheibbles burst, they cannot
reappear. We show that when all agents believe that the Ipiipaf bubble bursting
is small enough, an equilibrium with stochastic bubblestsxi Once bubbles burst, a
recession occurs in that there is a credit crunch and cortsumgnd output fall eventu-
ally. In addition, as soon as bubbles burst, investmers éaficontinuously and the stock
market crashes. All of this happens in the absence of anyeexng shock to economic
fundamentals.

After presenting and analyzing our baseline model in Sestlbthrough IV, we dis-
cuss our model assumptions and study the robustness ofsultsrby analyzing various
extensions in Section V. We find that a stock price bubble cagrge as long as firms use
debt financing subject to sufficiently tight credit consttaiendogenously derived from
optimal contracts with limited commitment, when other s of finance are limited.
First, we show that the usual Kiyotaki and Moore (1997) ¢elial constraint can gener-
ate a pure bubble in intrinsically useless assets (e.g.ey)phut cannot generate a stock
price bubble. By contrast, a pure bubble and a stock pricelbutan coexist under our
endogenous credit constraints. Second, we allow firms o isew equity to households
or use a fraction of capital sales to finance investment. Viéavghat our insights do
not change as long as equity issues or capital sales areiesufficlimited. If they are

4In online Appendix C we show that the self-enforcing corttiacwhich a defaulting firm is punished by being
excluded from the credit market can also generate a stock pribble. In this case the lender gets nothing upon default.
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unlimited, then firms would be able to overcome borrowingstints and achieve the
efficient equilibrium and no bubble could exist.

Finally, we introduce other types of assets such as intgroeah riskfree bonds and
assets with exogenous rents (e.g., land). Suppose thatdamsade one of these two
types of assets to finance investment. We show that the aghetx@genous rents that
grow as fast as the economy can coexist with a stock priceléubb long as the asset
is less liquid than the stock. Otherwise, this asset will thate the stock price bubble.
When intertemporal bonds are available for trade, firms waustave in bonds precau-
tionarily because they anticipate that they will meet unied investment opportunity
shocks in the future. These bonds and bubbles are perfestitaitds. The equilibrium
interest rate is lower than the subjective discount ratdabtiouseholds prefer to short
bonds. The spread between the stock return and the intattesteflects the liquidity
premium. We introduce market frictions such as short-satesizaints on the additional
assets (Kocherlakota 1992)We also assume that no firm trades the equity shares of
other firms to finance investment. Without these frictionslimited arbitrage would
cause the economy to achieve the efficient equilibrium anoubble could exist.

I. Basic Intuition and Related literature

To understand the basic intuition behind our model and ontritmitions to the litera-
ture, we begin with the standard asset pricing equationdoity under risk neutrality in
a discrete-time deterministic environment

1) Vi = Dt + € " Viya,

whereV; denotes the cum-dividend stock prid&, denotes dividends, arddenotes the
subjective discount rate. We can write the solution as

V=V 4B, V=D €Dy,
s=0

whereV;* represents the fundamental component Bng 0 represents the bubble com-
ponent,

(2) Bt = e—l’ B[+1.
In an infinite-horizon model with infinitely lived agentsgtiransversality condition

lim e Vi, =0

T—>o0

5Short-sale constraints are widely adopted in the finaneeatitire (e.g., Scheinkman and Xiong 2003) and can be
justified by institutional features such as direct trarisactosts and default risk associated with short selling BES
rules.
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is necessary in equilibrium and rules out bubbles becauswlies

0= lim e "Bt =B,
T>oo

The transversality condition can be violated in the overlag generations (OLG) frame-
work with finitely lived agents. This framework is often usedstudy bubbles (Samuel-
son 1958; Diamond 1965; Tirole 1985). Giglio, Maggiori, &itloebel (2016) find no
evidence of bubbles that violate the transversality camliin the UK and Singapore
housing markets. Abel et al. (1989) find no evidence of dyeangfficiency, which is

the condition for the existence of a bubble in Tirole (1985).

Another issue with the standard asset pricing equationsufd)(2) is related to the
steady state. If a stock price bubble can exist in the stetadg §.e.,B > 0), then (1)
and (2) imply that = 0 andD = 0, where a variable without a time subscript denotes its
steady-state value. There are two implications. First,ce@sgary condition for a bubble
to exist is that the growth rate of the bubble must be lowen tie growth rate of the
economy, i.e.r < 0 (Tirole 1985; Santos and Woodford 1997). Otherwise, tHblau
would be growing so fast that no one could afford to buy inte Blubble. Second, in
order for a stock price bubble to exist in the steady statedétrended dividend (relative
to economic growth) must be equal to zero in that state @it985). On the other hand,
if the steady-state detrended dividend is positive, thelwekgprice bubble cannot exist.
Moreover, no bubble can coexist with any infinitely-livedeis with positive (detrended)
rents in the steady state. This issue is related to the rateturih dominance puzzle in
monetary economics.

The main contribution of our paper is to provide a new thedrgtock price bubbles
that can overcome the issues discussed above. According theory, the asset pricing
equation for the stock price bubble is given by

3 Bi = € Bi11(1+ L1Qa),

instead of (2), wheré. 1 Q¢,1 represents the liquidity premium. The key is that a stock
price bubble is attached to productive assets (capitah ettdogenous payoffs. Our
insight is that the stock price bubble has real effects afetw&f dividends. Although
asset pricing equation (1) for equity still holds so that thee of stock return is equal
to the subjective discount rate, the growth rate of the spate bubble is lower than
this rate due to the liquidity premium or “collateral yiéld@he collateral yield comes
from the fact that the stock price bubble helps relax credliistraints and allows firms
to make profitable investment, thereby generating moraedeids. Consequently, the
transversality condition cannot rule out the stock pricelde, which can emerge and
sustain in dynamically efficient economies with positiveidiends.

Our formulation of the positive feedback loop mechanisnt tfemerates a stock price
bubble is novel. This mechanism works through credit caird#s endogenously derived
from incentive constraints in optimal contracts with liedtcommitment. The critical
feature of such contracts is that equity value enters in@ibnstraints. A stock price
bubble raises debt capacity by relaxing incentive conssand hence raises investment
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and firm value to support the bubble. We show that a stock jibdle can emerge for

several forms of contracts whenever incentive constraiave this feature, e.g., the con-
tract in Gertler and Kiyotaki (2010) and Gertler and KaraflX1) and the self-enforcing

contract (Kehoe and Levine 1993). By contrast, we show tietisual credit constraints

used in the literature (e.g., the Kiyotaki-Moore collatexanstraint) can generate a pure
bubble, but not a stock price bubble.

Unlike pure bubbles, stock price bubbles are attached @uygtve firms with positive
dividends and are not separately tradable from firm stockeckSprice bubbles can
emerge in different firms or in different sectors, and theireegence or collapse may
be unrelated to the emergence or collapse of pure bubblasmiBiney is a pure bubble
supplied by the government. It serves as a store of value anddum of exchange
and has a different nature from stock price bubbles. Thugmmt go beyond standard
theories of pure bubbles or money to understand stock pubblés.

We show that firm value consists of a fundamental componetitaahubble com-
ponent. Unlike the extant literature, we explicitly chaeaize the liquidity premium
provided by the bubble component and link the fundamentalpzment to the Q theory
of investment (Tobin 1969; Hayashi 1982). As in Hayashi @)9&irms are infinitely
lived and make investment decisions that maximize theakstoarket values. The pres-
ence of a stock price bubble causes average Q to differ fronging Q. Thus using
average Q to measure marginal Q in empirical studies couldibleading. Our frame-
work of infinite-horizon production economies with bubblemn be easily extended to
incorporate many standard ingredients for both theoresicd quantitative analyses of
asset prices, business cycles, and economic growth (Midd\é&amg 2012, 2014, 2015;
Miao, Wang, and Xu 2015; Miao, Wang, and Zhou 2015; Miao, Wamgl Xu 2016).
In particular, Miao, Wang, and Xu (2015) apply Bayesianmation methods to study
stock market bubbles and business cycles using our frankewor

Some studies (e.g., Scheinkman and Weiss 1986; KochealdR&2, 2008; Santos and
Woodford 1997; Hellwig and Lorenzoni 2009) have found thmdinite-horizon models
of endowment economies with borrowing constraints can igeagational bubbles. Un-
like this literature, our paper analyzes a production eoonwith stock price bubbles
attached to productive firnfs.

Rather than studying stock price bubbles, the extant titezaon production economies
typically studies pure bubbles like money that can provideidiity by raising the bor-
rower’s net worth (Woodford 1990; Kiyotaki and Moore 200808; Caballero and Kr-
ishnamurthy 2006; Kocherlakota 2009; Farhi and Tirole 2042rtin and Ventura 2012;
Wang and Wen 2012; Hirano and Yanagawa 2017). These stunlsirc the idea that
pure bubbles can relax credit constraints and raise in@dtnTheir credit constraints
are different from ours and they do not incorporate an ei@tock market where firms
can be valued as in equation (1). Kiyotaki and Moore (200%82@erive an equa-
tion similar to (3) for money and emphasize the importancé¢hefliquidity premium

6See Scheinkman and Xiong (2003) for a model of bubbles basdueterogeneous beliefs and Adam, Marcet,
and Nicolini (2015) for an asset-pricing model where agéwatge subjective beliefs about the pricing function. See
Brunnermeier (2008) and Miao (2014) for surveys of varidweties of bubbles.
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for the circulation of money. Martin and Ventura (2012) regle their baseline OLG
model with pure bubbles using stock and credit markets antergpret their pure bubble
as firm value, which has no fundamental component. In a el@leG model, Martin
and Ventura (2011) assume that an entrepreneur can stast irmein each period and
use its future market value, which may contain bubble anddomental components, as
collateral to borrow.

Unlike in the infinite-horizon models, credit constraintge aessential for the emer-
gence of bubbles in the OLG models because bubbles as pysarh@mes can exist
without credit constraints (Tirole 1985). Their key rolet@sallow bubbles to have a
crowding-in effect and emerge in dynamically efficient OL&eomies, instead of pro-
viding a positive feedback loop mechanism to support a libblin our paper (Farhi
and Tirole 2012; Martin and Ventura 2011, 2012). None of ehésee papers studies
asset pricing equations like (1) and (3) for stocks and kagobt the related rate of return
dominance discussed earlier.

Finally, our idea that stock price bubbles can provide tiityiis related to the literature
on the search theory of money (Kiyotaki and Wright 1989; Lsagond Wright 2005; Gu,
Mattesini, and Wright 2016). This literature emphasizes the role of money and other
assets in overcoming trading frictions in economies witbetiéralized trade. Money
commands a liquidity premium and satisfies an equation aintdl (3). This literature
does not study stock price bubbles attached to firms with gentmus dividends and
capital.

Il. Baseline Model

We consider an infinite-horizon production economy, cdimgisof a continuum of
identical households of a unit measure and a continuum ohtxidentical, but ex post
heterogeneous firms of a unit measure. Firms are subjectigpémdent idiosyncratic
shocks and there is no aggregate uncertainty. Time is aanigrand denoted ky> 0.
For a better understanding of intuition, we sometimes dmrsa discrete-time approx-
imation with time denoted by = 0, A, 2A, ..... We will focus our analysis on the
continuous-time limit ag\ — 0.

ASSUMPTION 1: There are three asset markets. Households are sharehobdexs
firms and trade firm shares in a stock market without tradingtibns. Firms buy and
sell capital in a market for capital goods and they do not owrtrade the shares of
other firms in the stock market. There is also an intratempdebt market in which
firms borrow and lend among themselves.

The key ingredients of our baseline model are:

e Endogenous credit constraints derived from optimal catdravith limited com-
mitment. The critical feature of this type of contracts iattfirm value enters

7Our paper is also related to the literature on commodity mobelike stock price bubbles, commodity money can
serve as a consumption good that directly enters a househuility function (e.g., Sargent 2016).
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incentive constraints. Under a specific contract form, a Giam borrow against its
market value and the lender can seize the stock price bubbie ievent of default.

e A liquidity mismatch in the sense that capital sales areizedlafter investment
spending.

e The inability of firms to raise funds to finance investment gsuing new equity,
selling capital, or saving to accumulate wealth.

A. Households

The representative household is risk neutral and deriviéty diom a consumption
stream{C;} according to the utility functiorp"2° ;e "2 Css A. Households supply labor
inelastically and aggregate labor supply is normalizedrte. oThey trade firm stocks
without any trading frictions. The net supply of each firmiscks is normalized to one.
Since households are identical, they do not trade amongsttlgas and each household
holds one unit of shares in equilibrium.

The representative household faces the budget constraingderiod[t, t + A]

@ ca+ [ (W =Dia) wleadi = [ Wildj+uNia,

wherthj denotes firmj’s expected cum-dividend equity valua;etj denotes holdings of

firm j’s shares,Dtj denotes firmj’s expected dividends determined by its optimization
problem, w,; denotes the wage rate, amtd| denotes labor suppfy. Since there is no
aggregate uncertainty, linear utility gives the first-ordendition

(5) V! =D{A+e" V.,

for each firmj. This equation says that the rate of return (or the discous) mn each
stock must be equal to. Linear utility implies the transversality condition (seeg.,
Ekeland and Scheinkman 1986; Acemoglu 2009),

; LRV T —rT\/] __
(6) TI|_>mooe Viyr = TIlnOo e 'V =0,
where we have used the market-clearing condiu'drnz lforall T and allj.

B. Firms

Each firmj e [0, 1] is endowed with initial capitaKCj, > 0 and combines labor
N,/ > 0and capitaKtJ_ > 0 to produce output at timeaccording to the Cobb-Douglas
production functionY = (K))*(N)**, a e (0, 1). Capital depreciates at rate

8Households’ optimization problem must also satisfy a na#Rgame condition linp_, o, €7 fVT' ijdj >0
(Acemoglu 2009). We usg to denotedz /dt for any variablez; in continuous time.
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After solving the static labor choice problem, we obtaindiperating profits

) RK{ = max (K" ()™ — w N/,
N

t

wherew; is the wage rate anB; is given by

Wt 07*1
(8) Rt:a(l—oc) .

We will show later thalR; is equal to the marginal product of capital in equilibrium.

Time ¢ Timet+A
| |

! !

Profits R, K] A

de@\‘ Sell Q1/
N\ )
Prob mA Repay Ly . -
Buy Qc[Kpy — - SA)K;]
Contract - Pay dividends D,
Borrow L 00,5 0.
Poisson Invest 1:] % el el j
ok Repay e "*V;,a((1 — 8A)KY)
Buy Qt[Kllt+A -(- 6A)Kt]]
Pay dividends

Buy Qu[Ky, = (1 - 6A)K/]

Probl—nmA —> & y
Pay dividends Dy, A

FIGURE 1. TIMELINE FOR FIRM j’S DECISION PROCESS

Figure 1 illustrates firnj’s sequential decision problem during periddt + A]. The
firm hires labor, produces output, and receives préiit§; A at timet. It then meets an
opportunity to invest in capital with Poisson probability\, as in Kiyotaki and Moore
(1997, 2005, 2008). Investment transforms consumptiandapital goods one for one,
which can be sold in the market for capital. With probabillty- 7 A, no investment
opportunity arrives. This assumption captures firm-lemeeéstment lumpiness and gen-
erates ex post firm heterogeneity. Assume that the arrivaah @fivestment opportunity is
independent over time and across firms so that a law of langdars can be applied for
aggregation. This means that only a fractioA of firms have investment opportunities
during period[t,t + A].
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ASSUMPTION 2: There is no insurance market against having an investmepbrep
tunity.

When no investment opportunity arrives, fifnuys (sells) additional capitzlasltj TA T
(1-46A) K{ > (<)0 in the capital goods market at the priGg and pays dividends
D(’)tA > 0 at the end of perioftt,t + A]. When an investment opportunity arrives at
timet after production, firmj invest_sItJ, and then sells its newly produced capital
and buys (sells) additional capit#l], ., — (1—JA)K{ > (<)O0 at the priceQ; in
the capital goods market at the end of perjod + A]. Thus capital sale@t_ltj and
transactionsQ;[K,, , — (1 — JA) K{] are realized after investment spendiiyg This
creates a liquidity mismatch so that firrmust access external funds in addition to its
internal fundsR K{ A to finance investment. There is no capital adjustment cbistttie
illiquidity of capital and the associated liquidity misrohtthat prevent the use of capital
sales to finance investment. Assumption 2 ensures thatreesogannot be transferred
when they are needed.

ASSUMPTION 3: The only source of external financing for any firm j is intrapemal
loans L{. Firms cannot issue new equity, cannot use capital salesrfanéing due to
liquidity mismatch, and do not possess any other financisg¢tzs

The credit market for the intratemporal debt is operatedragriimms. Investing firms
borrow funds from non-investing firms. The interest rate o intratemporal debt is
zero and its price is one. After capital sal€sl/ are realized at the end of period
[t, t + A], investing firmj repays intratemporal loars . It then buys or sells additional
capitalKy,, , — (L= 5A) K{ before paying out dividend®;, > 0.° We will show that
Ql{ > I = RK{A + L{ (i.e., Q > 1) in equilibrium so that firmj can fully repay
loans after selling newly produced capitgl

Let the ex ante market value of firfnprior to the realization of an investment oppor-
tunity shock beV;(K/), where we suppress aggregate state variables in the argument
Assume that management acts in the best interest of shdeghdj.e., households) to
maximize the market value of the firm (or equity value). lHdals from (5) thatV; (K{)
satisfies the following Bellman equation:

9) Vt(Ktj) —  max '(1—7rA)[D(j,tA+e‘rAVt+A(Ktj+A)]
Kl LKD) L

t+A° M 1t4+A
+7 A |:D:{t +e Vs (K11t+A)]
subject to
(10) D&A + QK), = RK{A + Q (1 —6A) K/,

9There is no difference between a flow divideli)él A and a lump-sum dividenﬁ)it in discrete time withA = 1.
But it is important for the convergence to the continuounsetiimit asA — 0 due to the nature of Poisson shocks.
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(11) DL+ QK +Li+1 =RKA+LI +Q@-60)K! +Ql{,

(12) 1) < RK{A + L,

and a credit constraint described below. Equations (10)(Ahgare the flow-of-funds
constraints. Equation (12) is the financing constraint,cwhineans that investment
spendingl{ is limited by internal fundsR; K A and debt_;.

The most important assumption of our model is as follows:

ASSUMPTION 4: Loans are subject to a credit constraint endogenously éerivom
an incentive constraint in an optimal contract with limitedmmitment.

The contract specifies investmelgt and loansL{ at timet and repayment.| at the
end of period{, t + A], when an investment opportunity arrives with Poisson proibab
z A. Firm j may default on its debt at the end of periagt[+ A]. If it defaults, then the
firm and the lender will renegotiate the loan repayment in alNaargaining problem.
The loan repayment is determined by the threat value to thdele Specifically, the
lender threatens to seize a fractiéne (0, 1) of depreciated capitall — 5A) K/ and
take over the firm. The remaining fraction represents detadgts, which include direct
costs of legal expenses and indirect costs resulting framflicts of interest between the
lender and the borrower (Hennessy and Whited 2007). Altewlg, we may interpret
¢ as an efficiency parameter in the sense that the lender mayenable to efficiently
use the firm's assetd — dA) K{ . The lender can run the firm with assétél — 5A) K/
from timet + A onwards and obtain firm valleE" 2V A (& (1 — 0A) K{) at the end of
period[t, t + A]. This value is the threat value to the lender.

Following Jermann and Quadrini (2012), we assume that ttme@s all the bargaining
power in the renegotiation through Nash bargaining so tiearénegotiated repayment
is equal to the threat value. After repaying the debt, the ¢iomtinues operating its busi-
ness as usual. The key difference between our model andftiatrnann and Quadrini
(2012) is that the threat value to the lender is the goingseonvalue in our model, while
they assume that the lender liquidates the firm’'s assetslaaihe the liquidation value
in the event of defauff® In our model the bubble is tied to the firm so that it survives
default and the lender can seize the bubble.

Enforcement requires that, after an investment oppostuariives at timet, the con-
tinuation value to the firm of not defaulting be no lower thhe tontinuation value of
defaulting, that is,

—LL e Ve a (Kl ) 2 —€ A Ve (€ (L= 08) K + € Vipa (KL ),

10y.s. bankruptcy law has recognized the need to preserveding-goncern value when reorganizing businesses
in order to maximize recoveries by creditors and sharemsl¢kee 11 U.S.C. 1101 et seq.). Bankruptcy laws seek to
preserve the going-concern value whenever possible bygimmthe reorganization, as opposed to the liquidation, of
businesses. Bris, Welch and Zhu (2006) find empirical ewidehat Chapter 11 reorganizations are less costly and more
widely observed than Chapter 7 liquidations.
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where we have canceled out some common terms on the two didbe mequality
(see Figure 1). This constraint ensures that there is nalllefaan optimal contract.
Simplifying yields the credit constraint

(13) LI < e Vipa & 1 —6A) K.

The continuous-time limit of the previous dynamic prograimgrproblem asA — 0
becomes

(14) rV, (Ktj) = max  Dj+V, (Ktj) t Q-1
Kt Kit, |t Lt

+ [Qt Kt - QtK{t + Vi (Kljt) —Vi (Ktj)]

subject to

(15) DY = RK! = Q (K! +0K{),
(16) I < L,

17) L < Vi(EKD).

Since internal fundR K A come as flows, the limit vanishes as— 0 so that (12)
converges to (16). Thus internal cash flows do not help finamogy investment. The
continuous-time limit of (11) become&{ = Ql{ -l +QiK{ - QtK1t Total expected
dividends areDt = DOt + 7rD . Capital may jump fromKt to K{t at the time of
investment. In Section Il we WI|| show that this jump doeg affect the solution given
Assumption 3 and constant-returns-to-scale technology.

C. Competitive Equilibrium

Let Ky = fol Kidj, Iy = fol I)dj, andY, = fOlYtjdj denote the aggregate capital
stock, aggregate investment of firms with investment opmities, and aggregate output,
respectively. Then a competitive equilibrium is definednasgaths of i}, {C}, {K¢},
(I}, {Ne}, {wdd, (R, IV(KD)), {It} {(K{1, and{Nt}such that households and firms
optimize and markets clear, i.eyi = 1, Ny = fo thdj =1C +nxli =Y, and
K: = —5K+x l;. The last equation is the continuous-time limit of the follogymarket-
clearing condition for capital goods #as— O :

KHAE(l—nA)/KtLAdj+nA/K{t+Adj :/(1—5A) Ktjdj+7rA/Itjdj,
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where the right-hand (left-hand) side of the last equalitegthe aggregate supply (de-
mand) of capital.

[ll.  Equilibrium System

We first solve an individual firm’s dynamic programming piexl (14) subject to (15),
(16), and (17) when the wage raig or R, in (8) is taken as given. This problem does
not give a contraction mapping and hence may admit multiplietisns. We conjecture
and verify that the ex ante firm value takes the following form

(18) Vi(K) = QK + By,

whereB; is a variable to be determined. Since firm va\€K,) is always nonnegative,
we must haveB; > 0. Note thatB; = O is a possible solution in general equilibrium. In
this case we interpré; K, as the fundamental value of the firm. The fundamental value
is proportional to the firm’s physical assefg, and has the same form as in Hayashi
(1982). There may be another solution in whiBh > 0 due to optimistic beliefs. In
this case, we interpred; as a bubble component since the firm is still value@agven
when there is no fundamental, i.&; = 0. In Section V.A we will show that when an
intrinsically useless asset is traded in the market, itsepaindB; follow the same asset
pricing equation (i.e., they are perfect substitutesthterjustifying our interpretation of
B; as a bubble component.

The following result characterizes firfris optimization problem and its proof along
with the proofs of other results in the baseline model isgiveonline Appendix A.

PROPOSITION 1: Suppose that Q> 1. Then the optimal investment level when an
investment opportunity arrives is given by

(19) I} = ¢QiK{ + B,

where

(20) Bt =rBi— B (Q:t - 1),

(21) Q=0+9)Q — R —7éQ(Q — 1),

and R is given by (8). MoreoverK'tj and Kljt are indeterminate and the following
transversality conditions hold:

: —rT i _ ; —rT _
(22) TILTO e QrK; =0, TIlnOo e''Br=0.
To better understand the intuition behind this proposijtiwe consider the discrete-

time problem (9) and conjectuM(Ktj) = aK{ + by, whereb; > 0 is a bubble com-
ponent. Substituting this conjecture and equations (1) &) into (9), we can rewrite



14 THE AMERICAN ECONOMIC REVIEW MONTH YEAR
the firm’s dynamic programming problem as

(23) athj +b = - max RthjA+Qt (1=0A) Ktj +e_rAbt+A

K1J+A’Kit+A’|tJ’LtJ
+ (=7 8) [~QuKl s + e Akl ]
+7A[(Q = D1 = QK + e aaKl, ]

subject to
(24) 1 = RKIA+L] < RKIA+e7 (as (1= 08) K +biya),

where the last inequality follows from (13).

Constant-returns-to-scale technology implies that theative function in (23) is lin-
ear inK/, , andKj,, ,. Optimization givesQ; = e™"*a,,» so that the capital price
is equal to the marginal value of capital or Tobin’s margiQalThus firmj is indifferent
between buying and selling capital, as it cannot use cagéilgls to finance investment
anyway due to Assumption 3. It is possible that some firms glower and others grow
faster. The firm size is bounded by the aggregate capitak.stbhe indeterminacy of
firm dynamics at the micro-level will not affect the aggregatjuilibrium dynamics as
shown in Proposition 2 below, which is our focus.

When an investment opportunity arrives at the beginningea [t,t + A], one unit
of investment transforms one unit of consumption good irte anit of new capital,
which is sold at the pric®); at the end of periodit, t + A]. If Q; > 1, the firm will
make as much investment as possible so that the financingraiomg12) and the credit
constraint (13) bind. If); = 1, the investment level is indeterminate.Qf < 1, the firm
will make as little investment as possible. This investnamtice is similar to Tobin'€)
theory (Tobin 1969; Hayashi 1982). In what follows, we imp@ssumptions to ensure
Q: > 1inthe neighborhood of the steady state so that optimabinvent is given by

(25) I} = RK{A + Q (1= 6A)EK{ + e by

An optimistic belief about the stock market value of the firmedo a bubble com-
ponentb; costs the representative househlalddditional units of consumption good to
buy one unit of the stock. The bubble generates a discouatedervalue—" b, . The
bubble also relaxes the credit constraint (13) and raisesiment bye™"%b;, as (25)
shows. This investment generates additional dividgi@s— 1) with probability z A as
(23) shows. Thus the total discounted benefit of the bubljleds(Q; — 1) + 1] € "2 by .
Equating the benefit with the cost yields

(26) b =[zA(Qi—1) +1 e by,

This is the positive feedback loop mechanism supportindlashin our model.
We defineB; = &%, » and take the continuous-time limit #&s— 0 to derive (18),
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(19), and (20). We calt (Q; — 1) the liquidity premium of the bubble, which reflects the
additional dividends generated by the stock price bubbiesubstituting (25) back into
(23), matching coefficients df; , and then taking the continuous-time limit As— O,
we obtain (21). This equation shows that the return on dapitven by

R —0Q¢+ Qt
Qt

Since a fraction? of capital can be used as collateral to borrow, one unit oftaap
can finance Q; units of investment by (19), thereby generatingQ; (Q; — 1) units of
additional dividends. The terdgw (Q; — 1) represents the liquidity premium of capital.

Through the firm’s decision problem (23), we can understieddifference between
our mechanism and that of Martin and Ventura (2011, 2612 their OLG models
a young productive entrepreneur can create a new firm at estehadd use its future
value as collateral to borrow from unproductive entrepoesdsavers). The new bubble
attached to this firm can relax credit constraints and rassestment. This crowding-in
effect is similar to that described in (24). However the nawblide is not supported by
the positive feedback loop mechanism as in (26) becausegiied entrepreneurs do not
solve a dynamic programming problem like (23). Moreover lmidbbles created by the
previous generations crowd out investment and can alsogenieequilibrium. All new
and old bubbles in their models are supported by pyramidnsebdikeb, = e by, A
so that the growth rate of bubbles equals the stock retuseddnt rate). Thus bubbles
can be ruled out by transversality conditions. Bubblesesesra store of value and can
be sold from old agents to young agents as in Tirole (1985)cdytrast, in our model
a stock price bubble can emerge only when it can relax credistcaints and provide a
liquidity premium.

We can reinterpret our credit constraint (17) as in Gerttat Kiyotaki (2010) and
Gertler and Karadi (2011). In particular, in the discreteet approximation, (13) is
equivalent to

(27) =r—¢r(Qi—1).

Quld — LI = QuK), , — @ = 6A)K)) + €2V a(KD L )
> Quld +(1—-8) (1—5A) QK{,

wheree™ Vi 2 (K, 2) = QiKii, 4 + Br. The left-hand side of the inequality above
is the continuation value of the firm if it chooses to repaydeetL;. The right-hand
side is the value if the firm chooses to default by stealingstiing value of new capital
Q:l{ and a fraction 1- £ of the selling value of depreciated capital. The defaulfing

is shut down and the lender gets nothing. The stock pricelbuBbcan still relax the
incentive constraint by raising the value to the firm of ndadéing. It plays the role of
maintaining reputations of the firm to repay its debt.

Although our model features a constant-returns-to-sealeriology, margina@ is not

11There are many other differences in model setups and pi@uicinot discussed here.
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equal to averag®) in the presence of bubbles, because (18) implies that awv&pag
equal to

j

VKD _ Q + B tor B > 0.

K/ K/
Thus the existence of stock price bubbles invalidates Haga€l982) result. In the
empirical investment literature, researchers typicadly averag&) to measure marginal
Q under the constant-returns-to-scale assumption becaaggnal Q is not observable.
Our analysis shows that this method may be misleading.

Now we aggregate individual firms’ decision rules and imposgket-clearing con-
ditions. We then characterize a competitive equilibriumabsgystem of three nonlinear
differential equations.

PROPOSITION 2: Suppose that Q> 1. Then the equilibrium variable6B;, Q;, K¢)
satisfy the system of differential equations, (20), (2&) a

(28) Ki = —0K; + 7 (¢ QiK¢ + BY), Ko given,

where R = a K#~1. The usual transversality conditions hold.

Equation (28) gives the law of motion for the aggregate ehpibck derived from the
market-clearing condition for capital. We use the markketwing condition for labor
and (8) to deriveR, = a K#~1. The system of differential equations (20), (21), and (28)
provides a tractable way to analyze equilibrium.

If we just focus on the firm’s optimization problem in parteduilibrium taking Q;
andwy as given, thelf\/t(KtJ) = Q:K{ + B; with B; > 0 gives the maximal firm value.
However, sinca;(K{) is the stock price, it is prone to speculation in general ldsui
rium. We will show later that botiB; = 0 andB; > 0 can be supported in general
equilibrium under certain conditions. That is, our mode$ haultiple equilibria. This
reflects the usual notion of a competitive equilibrium: Gixgeprice system, individuals
optimize. If this price system also clears all markets, ttiés an equilibrium system.
There could be multiple equilibria with different price ssiss and different price sys-
tems would generate different optimization problems wiffecent sets of constraints.

After obtaining the solution fo(B;, Q;, K;) , we can derive the equilibrium wage rate
wy = (1 —a) K, aggregate outpuf, = K¢, aggregate investmentl; = 7 (£ QK + By),
and aggregate consumpti@a = Y; —  |;.

IV. Analysis of Multiple Equilibria

We study three types of equilibrid. The first type is bubbleless in whicB = 0
for all t. The second type is bubbly in whidB, > O for all t. For the third type the
economy switches from a bubbly equilibrium to a bubblelegsildrium. All three
types of equilibria can exist due to self-fulfilling beliefs

12\e focus on the case where either all firms have bubbles ofahe size in their stock prices or no firms have
bubbles. It is possible to have another type of equilibrinmhich different firms have bubbles of different sizes inithe
stock prices. See online Appendix D.
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A. Bubbleless Equilibrium

In a bubbleless equilibriunB; = O for all t. Equation (20) becomes an identity. We
only need to focus o0Q, K;) as determined by the differential equations (21) and (28)
in which B; = 0 for all t. We first analyze the steady state, in which all aggregate
variables are constant over time so tat= K; = 0. We use a variable without a time
subscript to denote its steady-state value and use a \asiathl an asterisk to denote its
value in the bubbleless equilibrium.

PROPOSITION 3: (i) If

(29) &>

B

S ESY

then there exists a unique bubbleless steady-state eguilibvith Q* = Qg = 1 and
K* = Kg, where K is the efficient capital stock satisfyingdKg)* ™t =r + 6.
(i) If
)
(30) 0 < é-{ < —,
T

then there exists a unique bubbleless steady-state eduiititwith

. O

(31) Q" = n_f > 1,
gt _ 10

(32) a (K¥) = + 4.

In addition, K* < Kg.

Assumption (29) says that if firms pledge sufficient assetoHateral, then the credit
constraint will not bind in equilibrium. The competitive whbrium allocation is the
same as the efficient allocation. The latter is achieved lyirgpa social planner’s
problem in which the social planner maximizes the repredimet household’s utility
subject to the resource constraint only. Note that we asshatehe social planner also
faces stochastic investment opportunities, similar todiima competitive equilibrium.
Unlike firms in a competitive equilibrium, the social planris not subject to credit
constraints.

Assumption (30) says that if firms cannot pledge sufficiesetsas collateral, then
the credit constraint will be sufficiently tight so that firrase credit constrained in the
neighborhood of the steady-state equilibrium in whigh > 1. We can then apply
Proposition 2 in this neighborhood. Proposition 3 also shihat the steady-state capital
stock for the bubbleless equilibrium is less than the efficiteady-state capital stock.
This reflects the fact that not enough resources are traedffnom savers to investors
due to financial frictions.
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We can verify thaR*K* > # 1* = §K* so that firms without investment opportuni-
ties have enough funds to lend to firms with investment opdres in the bubbleless
steady state and hence in the neighborhood of the bubblsieady state. More intu-
itively, during period[t, t + A], investing firms need a total afz A in funds to finance
investment Firms without investment opportunities possess a totédllef 7 A) R KA
in cash. In a neighborhood of the bubbleless steady stater A) RK{A > Iz A for
a sufficiently smallA .

For (30) to hold, the arrival rate of investment opportunities must be sufficiently
small, holding everything else constant. The intuitionhiattif = is too high, then too
many firms will have investment opportunities, which wouldka the accumulated ag-
gregate capital stock so large as to lower the capital @itethe efficient level as shown
in part (i) of Proposition 3. Condition (30) requires thathaological constraints at the
firm level be sufficiently tight.

To study the local dynamics around the bubbleless steaty/(§&, K*) , we linearize
the system of differential equations (21) and (28) aro(Qd, K*) for B, = 0 for all t.
We can easily show that the linearized system has a positiemealue and a negative
eigenvalue so thatQ*, K*) is a saddle point. Thus, in the neighborhood @f, K*),
for any given initial valueKg, there is a unique initial valu®, such that(Q;, K;) con-
verges to the bubbleless steady st&pé, K*) along a unique saddle pathtas> co.

B. Bubbly Equilibrium

In this section we study the bubbly equilibrium in whi& > 0 for all t. We will
analyze the dynamic system foB;, Q;, K;) given in (20), (21), and (28). We first
rewrite (20) as

(33) %:r—n(Qt—l)forBt>O.
t

This equation shows that the return on the stock price buBpi&; is equal to the dis-
count rate minus the liquidity premium. As discussed in Badil, stock price bubbles
in our model can influence dividends due to the positive faekboop effect through
our credit constraint (17) or (24). The liquidity premiun{Q; — 1) makes the growth
rate of bubbles lower than the discount rate Thus transversality conditions cannot
rule out bubbles in our model. We can also show that the blddsleequilibrium is dy-
namically efficient in our model. Specifically, the goldereraapital stock is given by

Ker= (5/(;z)a_El . One can verify thakK* < Kgg. Thus the condition that the economy
must be dynamically inefficient in Tirole (1985) cannot amstine existence of bubbles
in our model. Next we will give our new conditions.

STEADY STATE

We first study the existence of a bubbly steady state in wBich 0. We use a variable
with a subscripb to denote its bubbly steady state value.
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PROPOSITION 4: There exists a bubbly steady state satisfying

(34) B2 iy
Ky =« T
(35) Qo=—tt1>1,
T
(36) %:uqu*1=u1—@r+ﬂQ;+n,

if and only if the following condition holds:

0
37 0 )
(37) <<
In addition, (i) Q, < Q*, (i) Kgr > Kg > Ky > K*, (iii) Ce > C, > C*, and (iv)
the bubble-asset ratio B, decreases witl.

Condition (37) reveals that bubbles emerge whesufficiently smallceteris paribus
The intuition is as follows. When the degree of pledgeahisitsufficiently low, the credit
constraint is too tight. A bubble can help relax this constrand allows firms to borrow
more and invest more. If the credit constraint is not tighdwegh, firms would be able to
borrow sufficient funds to finance investment. In this casalble serves no function.

Note that condition (37) implies condition (30). Thus, ifnclition (37) holds, then
there exist two steady state equilibria: one bubblelesstlamather bubbly. The bub-
bleless steady state has been analyzed in Proposition Bogtiions 3 and 4 reveal that
the steady-state capital price is lower in the bubbly ebiilm than in the bubbleless
equilibrium, i.e.,Qp < Q*. The intuition is as follows. Bubbles help relax credit con-
straints and induce firms to make more investment than ingke without bubbles. The
increased capital stock in the bubbly equilibrium loweres tiarginal product of capital.
Since the capital price partly reflects the present value@marginal product of capital
by (21), itis lower in the bubbly steady state than in the beilelss steady state.

We can verify thatR,K, > nl, = 0Ky in the bubbly steady state. By a similar
analysis to that in Section IV.A, we deduce that firms withiomestment opportunities
have enough funds to lend to investing firms to finance investrim a neighborhood of
the bubbly steady state.

As mentioned in Section I, an important implication of ourdabis that stocks with
positive dividends and stock price bubbles can coexist éenstieady state. To see this
point, we can show that aggregate dividends in the bubbidgtstate are given by

/ngj+n/D{dj:Rbe—nlbz(Rb—a)Kb>o.

This is consistent with the dynamic efficiency criterion ibéh et al. (1989).
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Do stock price bubbles crowd out capital in the steady sthteTirole’s (1985) OLG
model, households may use part of their savings to buy busdets instead of accumu-
lating capital. Thus bubbles crowd out capital in the stestdye. In our model, bubbles
are attached to productive assets. If the capital price Weresame in the bubbly and
bubbleless steady states, then bubbles would induce firimyest more and hence to
accumulate more capital stock. On the other hand, there énargl equilibrium price
feedback effect as discussed earlier. The lower capitaépn the bubbly steady state
discourages firms from investing because it tightens craglistraints. The net effect is
that bubbles lead to higher capital accumulation, conti@firole’s (1985) result.

The stock price bubble improves resource allocation eviéddfes not bring the econ-
omy to the first-best allocation. As Proposition 4 shows,hiebly steady-state capital
stockKy, is higher than the bubbleless steady-state l&/elbut lower than the first-best
steady-state leveK g, which in turn is lower than the golden rule levék r. Moreover
the bubble helps improve welfare in terms of consumptien,&g > C, > C*. By con-
trast, bubbles overcome dynamic inefficiency by crowdingoapital in Tirole’s (1985)
OLG maodel. Introducing credit constraints and recurrerithibess to Tirole’s (1985)
model, Martin and Venture (2012) show that new bubbles iaisstment and this effect
can dominate the crowding-out effect of old bubbles.

How does the parametér affect the size of bubbles? Proposition 4 shows that a
smalleré leads to a larger bubble relative to capital in the steadwg stehis is intuitive. If
firms can only pledge a smaller amount of capital, they wilkfa tighter credit constraint
so that a larger bubble will emerge to relax this constraint.

DYNAMICS

Now we study the stability of the bubbleless and bubbly stestdtes and their lo-
cal dynamics. We linearize the equilibrium system (20),)(2hd (28) around the two
steady states. We then compute the eigenvalues of theiiadaystem and compare the
number of stable eigenvalues with the number of predetamnuariables (Coddington
and Levinson 1955). The equilibrium system has only onegiezthined variable;
and two nonpredetermined variabl&;,and Q;.

PROPOSITION 5: Suppose that condition (37) holds. Then there exists a ermpal
equilibrium around the bubbly steady stdt, Qy, Ky) and the local equilibrium around
the bubbleless steady stgte Q*, K*) has indeterminacy of degree one.

We prove that there is a unigue stable eigenvalue for tharined system around the
bubbly steady state. Thus there is a neighborh&0d Ri of the bubbly steady state
(B, Qp, Kp) and a continuously differentiable functiah: A” — R? such that given
any K there exists a unigue solutidg, Qo) to the equatiorb (By, Qo, Kg) = 0 with
(Bo, Qo, Ko) € NV, and(B;, Q¢, K) converges tqB, Qy, Kp) starting at(Bg, Qo, Ko)
ast approaches infinity. The set of poin8, Q, K) satisfying the equatios (B, Q, K) =
0 is a one-dimensional stable manifold of the system. If tiitéai value (B, Qo, Kp) is
on the stable manifold, then the solution to the nonlineatesy (20), (21), and (28) is
also on the stable manifold and converge$Bo Qy, Ky) ast approaches infinity.
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Although the bubbleless steady stéle Q*, K*) is also a local saddle point, the local
dynamics around this steady state are different. In AppeAdve prove that the stable
manifold for the bubbleless steady state is two dimensibeabuse there are two sta-
ble eigenvalues for the linearized system around the blddslesteady state. Thus the
local equilibrium has indeterminacy of degree one. Forndllere is a neighborhood
N* C Ri of (0, Q*, K*) and a continuously differentiable functiaft : N* — R
such that givenK, for any B, > 0 there exists a unique solutioQq to the equa-
tion ¢* (Bo, Qo, Ko) = 0 with (B, Qo, Kg) € N*, and (B, Q;, K;) converges to
(0, Q*, K*) starting at(Bp, Qo, Ko) ast approaches infinity. Intuitively, along the two-
dimensional stable manifold, the bubbly equilibrium isragyotically bubbleless in that
bubbles will burst eventually. There exist multiple bubblyuilibrium paths converging
to the bubbleless steady state and the initial va8ge> 0 is indeterminate. This fea-
ture suggests that self-fulfilling beliefs can generateneadc fluctuations without any
shocks to economic fundamentals.
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FIGURE 2. TRANSITION PATHS FOR CAPITAL AND THE STOCK PRICE BUBBLE THE PARAMETER VALUES ARE
r=002,a =04,6=0.0257 = 0.01,AND ¢ = 0.2.

Figure 2 illustrates the transition paths of capital anddtoek price bubble around
the bubbly steady state, given two initial values of capiear larger initial capital (cor-
responding to solid lines), the capital price is lower sd theestment is less profitable
and the liquidity premium is lower. Thus the initial size detbubble is smaller. The
bubble then gradually expands to the bubbly steady stat¢hanchpital stock gradually
decreases to the bubbly steady state. The opposite is triieefecase with lower initial
capital.

C. Equilibrium with Stochastic Bubbles

So far we have focused on deterministic bubbles. Followitanéhard and Watson
(1982) and Weil (1987), we now introduce stochastic bubtidethe baseline model in
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Section Il with intratemporal loans. Suppose that a stoesepbubble exists initially,
i.e., Bp > 0. At the beginning of perioft, t + A] before production, the bubble bursts
with Poisson probabilitg A (see Figure 1). Once it bursts, it will never have value again
and the economy is at the bubbleless equilibrium studiedati& IV.A® This event is
independent of the Poisson investment opportunity shock.

We use a variable with an asterisk (except for aggregateatdgyi) to denote its value
in the bubbleless equilibrium. In particulav,*(K{) = Q;K{ denotes firmj’s value
function, whereQ; = G (K;) for some functionG. Let \,(K{) denote the value func-
tion prior to the two Poisson shocks. Then fifrs dynamic programming problem in
continuous time becomes

rVi (Ktj) =~ max Rthj - Q (Ktj +5Ktj) + Vi (Ktj) +7 (Qt—1) |tj
I KYL KLt

+ [Qt Ktj - QtKit + Vi (Kljt) —Vi (Ktj)]

+0 [V (kd) = ve (k1))
subject to (16) and (17). The expression on the third linecslthe fact that once the

bubble bursts, firm value changes from(K{) to Vt*(Ktj). In online Appendix A we
show thatV; (K{) = Q;K{ + B:.

PROPOSITION 6: Suppose @ > 1. Before the bubble bursts, the equilibrium with
stochastic bubble6B;, Q:, K) satisfies the following system of differential equations:

(38) Bi=(+60)B —7(Q — 1By,

(39) Q=@ ++0)Q —0Q; — R —7(Q — DEQy,

and (28), where R= oKt and Q = G (Ky) is the capital price after the bubble
bursts.

Equation (38) is an asset pricing equation for the bubblerafidcts the possibility
of its collapse. In general, it is difficult to characterize tfull set of equilibria with
stochastic bubbles. In order to transparently illustrhgeadverse impact of the collapse
of a bubble on the economy, we consider a simple type of équifn. Following Weil
(1987) and Kocherlakota (2009), we study a stationary g with stochastic bub-
bles that has the following properties: The capital stolk,dtock price bubble, and the
capital price are constant Kt,, B, and Qg before the bubble collapses. Immediately af-
ter the bubble collapses, the capital stock gradually mawvése bubbleless steady-state
valueK*, the bubble drops to zero and stays there forever, and theakppte jumps to
Q; before gradually moving to the bubbleless steady-statgeev@r given in (31).

13if a bubble reemerges in the future, it would have value tduaits asset pricing equation. See Martin and Ventura
(2012), Wang and Wen (2012), Gali (2014), and Miao, Wand X (2015) for models of recurrent bubbles.
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PROPOSITION 7: Let condition (37) hold. If

O0<f0<b*'==—m—r,
then there exists a stationary equilibriufBs, Qs, Ks) with stochastic bubbles such that

Ks > K*. In addition, if@ is sufficiently small, then consumption falls eventualtgraf
the bubble bursts.

As in Weil (1987), a stationary equilibrium with stochadtigbbles exists if the prob-
ability that the bubble will burst is sufficiently small. InéVs (1987) OLG model, the
capital stock and output eventually rise after the bubbllepses. In contrast to his re-
sult, in our model consumption, capital and output all fattmtually and the economy
enters a recession after the bubble bursts. The intuitidmaisthe collapse of the bubble
tightens the credit constraint and impairs investmentiefiicy.
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FIGURE 3. DYNAMICS OF THE STATIONARY EQUILIBRIUM WITH STOCHASTIC BUBBLES. THE BUBBLE BURSTS AT
t = 20. THE PARAMETER VALUES AREr = 0.02 a = 0.4, 0 = 0.025 6 = 0.05, # = 0.01, AND & =0.2.

Proposition 7 compares the economies before and after thi@dogollapses only in
the steady state. We now solve for the transition path nwalgriand present the results
in Figure 3. In this numerical example we assume that the Ibubtilapses at time
t = 20. Immediately after the bubble collapses, investment fafisahtinuously and then
gradually decreases to its bubbleless steady-state Butloutput and capital decrease
continuously to their bubbleless steady-state levelsesoapital is predetermined and
labor is exogenous. Consumption rises initially becausdefall in investment? but

140ne way to generate the fall in consumption and output on @nigato introduce endogenous capacity utilization.
Following the collapse of bubbles, the capacity utilizatrate falls because the price of installed capital riseenToth
output and consumption would fall on impact.
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it quickly falls and then decreases to its bubbleless ststate level. Importantly, stock
prices drop discontinuously and the stock market crashesefiately after the bubble
collapses.

The existing macroeconomic models typically study dynamiound a unique deter-
ministic steady state. These models introduce large shiocksonomic fundamentals
to generate a recession. For example, motivated by thetr€seat Recession, Gertler
and Kiyotaki (2010) and Gertler and Karadi (2011) introdlarge capital quality shocks
or net worth shocks. This literature is typically silent & tstock market behavior. In
contrast to this literature, our model features two steddies. A change in beliefs or
confidence can shift the economy from a “good” steady stage“bmd” steady state. A
recession and a stock market crash can occur without ankshothe fundamentals.

V. Discussions and Extensions

In this section we discuss our model assumptions and stuglyabustness of our
results by analyzing several extensions. Our main messattpat a stock price bubble
can emerge as long as firms need debt financing because otineesof financing are
insufficient to cover investment spending. And our modelifigcredit constraints is
critical for the emergence of a stock price bubble.

A. Endogenous Credit Constraints

A key feature of our model is that credit constraints are gedously derived from
optimal contracts with limited commitment. As a result égwalue enters this type
of constraints. To see the critical role of this feature, Weve that the widely adopted
Kiyotaki-Moore collateral constraint can generate a pureldbe like money, but cannot
generate a stock price bubBfeThis feature distinguishes our model from the literature
on pure bubbles.

We write the Kiyotaki-Moore collateral constraint in diste time as

(40) L{ <¢Qi(1—6A)K{,

wherelQ; (1 — JA) Ktj is the liquidation value of the collateralized assets. Wg ma
reinterpret this constraint as an incentive constrainng%3), where

e Vi A(E (1 - 0A) KY)
is replaced by’ Q; (1 — dA) Ktj. The continuous-time limit of (40) a& — 0 is

(41) L < ¢QuK{.

151n Chapter 14 of his textbook, Tirole (2006) shows that theey exist multiple equilibria in a simplified variant
of the Kiyotaki and Moore (1997) model. In contrast to ourgse equilibria are characterized by a one-dimensional
nonlinear dynamical system. Some equilibria may exhibidley. We would like to thank Jean Tirole for a helpful
discussion on this point.
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Now we replace our credit constraint (13) with the Kiyotdkoore collateral con-
straint (40) in the baseline model of Section II. Considanfir’'s dynamic program-
ming problem (9) or (23). It follows from (12) and (40) thattiopal investment satisfies
I = RK{A +¢Q; (1 —JA) K{ whenQ, > 1. Substituting this investment rule back
into (23), we deduce that bubbles grow at the ratee., b, = € "b, ». In this case
bubbles do not help finance investment and hence there igjadity premium. The
transversality condition implies that lim,., e"2Tb,& 2T = b, = 0 and thus no stock
price bubble can emerge.

Next we show that a pure bubble can emerge by introducing tansitally useless
asset (e.g., money) with a unit supply for firms and househtidrade in the baseline
model of Section Il under the Kiyotaki-Moore collateral stmaint (40) or (41).

ASSUMPTION 5: Neither firms nor households can short the intrinsicallylesg as-
set (e.g., money).

If firms or households could hold unlimited short positioaspure bubble could not
emerge due to unlimited arbitrage (Kocherlakota 1992). \L.éK/, M{) denote the ex
ante market value of firnp when its capital stock and asset holdings at tiraee K{ and
M{ > 0, respectively. LetP; denote the market price of the intrinsically useless asset.
Then firm j choosesK/, x, Ki,as M{ia, Mt 4, If, andL{ to maximize its market
value by solving the following Bellman equation:

Vi (Ktj, Mtj) = max (1—xA) [ch,tA + € " Vg (Ktj+A’ Mtj+A)]
4+ A [D{t + € " Viya (K£t+A’ Mit+A)]
subject to (40),

(42)  DLA+ QK/,=RK/A+Q (1-0A)K)+PR (Mtj _ Mtj+A) ,

(43) Dii + QiKipy o + LT+ I/
— RK/A+L +R (MtJ _ M{HA) + Q) + Q1 —5A)K{,

(44) Il < RK{A+ LI+ P, (Mtj - M]j.t+A) )

whereM/, , (M{,. ,) are the asset holdings chosen at timehen no investment arrives
(an investment opportunity arrives). Equations (42) artj &te the flow-of-funds con-
straints. Inequality (44) says that firjncan sell the intrinsically useless asset to finance
investment.

In online Appendix B.1 we derive the continuous-time limidashow that firm value
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is given by
(45) Vi (ki M) = k! + Pow/.

The following proposition characterizes the equilibriupstem.

PROPOSITION 8: Suppose that there is an intrinsically useless asset dvailéor
households and firms to trade in the baseline model underndstion 5 and the credit
constraintin (41). If Q@ > 1, then the continuous-time equilibrium system(y, Qy, P;)
is given by (21),

(46) Ki = —0K; + 7 (QilKi + P),
(47) PP = rP—z(Q — 1P,

where R = a K1, and the usual transversality conditions hold. In equilim house-

holds do not hold the intrinsically useless asset and imvgsirms sell this asset to
non-investing firms. The steady states are characterize@rdyyositions 3 and 4 where
B is replaced by P

A pure bubble is generated through the net worth channel:nessiing firm sells
the intrinsically useless asset to non-investing firms tseréts net worth so that the
financing constraint (44), instead of the collateral caistr(40) or (41), is relaxed. The
intrinsically useless asset provides a liquidity premim@; — 1) and raises investment
and dividends to support a bubble. Non-investing firms aténgito buy the asset for
precautionary reasons because they anticipate that ttidyevaredit constrained when a
future investment opportunity arrives. This mechanisro alsrks for general exogenous
or endogenous credit constraints, e.g., the constraihtnthdéirms can borrow{ = 0)
and the constraint that firms can borrow against a fracticfutofe investment payoffs
(Kiyotaki and Moore 2005, 2008; Hirano and Yanagawa 2017jyotaki and Moore
(2005, 2008) argue that the existence of a liquidity premisioritical for the circulation
of fiat money.

Comparing Propositions 2 and 8, we find that the stock pridebleuand the pure
bubble satisfy the same equilibrium asset pricing equatiblowever, a pure bubble
cannot be interpreted as a stock price bubble, becauserhajtached to different types
of assets. A stock price bubble cannot be attached to a selyaraded asset different
from firm stocks. If a firm does not hold the intrinsically usgd asset at some tirhe
i.e., M{ = 0, then its value is equal tu;(K{, 0) = Q;K{, implying that this firm does
not contain a stock price bubble, even though there is a piyblé in the economy.

By contrast, if we adopt a credit constraint similar to (1@s&d on optimal contracts
with limited commitment in continuous time

(48) Ll < Vi (ekl,0),
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we show in online Appendix B.1 that firm value is equal to
(49) Vi (Ké M) = Qikd + B+ P

Thus firm value consists of a fundamental compor@rﬁ(tj, a bubble componeni;,
and an asset value comppneFPﬂMt‘. Constraint (48) says that firfn does not use its
intrinsically useless ass#t{ as collateral, because it has already sold the asset toénanc

investment when an investment opportunity arrives so tietender cannot sei2d, on
default.

PROPOSITION 9: Suppose that there is an intrinsically useless asset falirigain the
baseline model under Assumption 5 and the credit constiai@8). If Q; > 1, then the
continuous-time equilibrium system f@f;, Q;, B;, P) is given by (20), (21), (47), and

Ki = =K 4+ 7 (QéKy + P + By,

where R = aK¢~1, and the usual transversality conditions hold. An equililoni can
only determine the total size of bubbles4PB;, but not R and B independently. The
steady states are characterized by Propositions 3 and 4evBes replaced by P+ B.

Since the pure bubbl®, and the stock price bubblB; can help raise investment to
the same extent, they are perfect substitutes. Howevemdobanisms generating these
two types of bubbles are different. A pure bubble is gendratken investing and non-
investing firms trade for the purpose of financing investmente stock price bubble
is not sold to finance investment as there is no trade in stiockguilibrium. It is in
firm value, which is used as collateral to borrow. Unlike tlhwegpbubble, the stock price
bubble directly raises firm value and hence relaxes thetaredstraint (48) and the debt
limit. This feature provides a positive feedback loop topanp the stock price bubble.
This intuition suggests that other types of credit constsaéndogenously derived from
incentive constraints in optimal contracts may generatmekprice bubble as long as
firm value enters incentive constraints.

B. Liquidity Mismatch

In the baseline model we have assumed that capital salesaized after investment
spending, causing a liquidity mismatch (Assumption 3). ifikerpretation is that selling
capital may take time so that the proceeds from sales mayenawdilable at the time of
investment (Kiyotaki and Moore 2005, 2008). We now relag tesumption by allowing
at most a fractiorl of the proceeds from the sales of existing capital to be usédance
investment. Then the financing constraint (12) becomes

(50) Il < RKJA + L+ Q [(1 _SAVK) - K{HA],
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whereKy, , , satisfies

(51) Kia = (1—2) (L —5A) K/,

In online Appendix B.2 we derive the continuous-time edmilim system and show
that the bubbly and bubbleless steady states coexist if mliydfo

o
O0<é+ i< .
r+n

This implies that as long a& is sufficiently small, firms cannot overcome credit con-
straints and a stock price bubble can emerge. Thus our msighis do not change as
long as not enough capital can be sold to finance investmentalthe illiquidity of
capital. Our baseline model corresponds to the extremevadise = 0.

C. Equity Issues

In the baseline model we have assumed that firms cannot igsuequity by selling
new shares to finance investment (Assumption 3). This assumig typically adopted
in the literature on models with financial frictions (e.g.arGtrom and Fuerst 1997;
Bernanke, Gertler, and Gilchrist 1999). If firms could issudimited amount of new
equity, then they would not be financially constrained andoaksprice bubble could
not emerge. What is critical for our results is that equiguiss are limited so that debt
financing is needed.

Based on the Flow of Funds Accounts of the Federal ReservedBBayure 1 in Jer-
mann and Quadrini (2012) shows that equity payouts in the @f8imancial business
sector are almost always positive between 1952 Q1 and 2018 Qais figure sug-
gests that nonfinancial firms on average pay out dividendspurchase shares instead
of issuing new equity during that period. Using the same @@uof data for the sample
period from 1945 to 2002, Table 2 of Frank and Goyal (2008shibat net debt issues
finance a large part of financing deficit (defined as investrardtdividends minus inter-
nal funds). Equity issues are negative and debt issueséXoedinancing deficit during
the last two decades. Atthe firm level, Hennessy and Whiteddgfind that the average
ratio of equity issuance to total assets is 8.9 percent fontt8inancial and unregulated
firms during the period from 1988 to 2001 using the Compusitdlzhse. One explana-
tion for the preceding evidence of limited equity issues& tssuing equity incurs direct
administrative and underwriting costs and may also riskdle of control. In terms of
theory, Myers (1984) argues that firms prefer internal t@mdl financing and debt to
equity if external financing is used because of adversetsmledssuing new equity may
signal bad news to outside shareholders when there is iatf@mmasymmetry between
managers and outside shareholders.

We can relax our extreme assumption by allowing firms to issve equity.

18gquity payout is defined as dividends and share repurchases euity issues of nonfinancial corporate businesses,
minus the net proprietor’s investment in noncorporateresses.
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ASSUMPTION 6: No firm holds the shares of other firms so that new equity ietsu
to households as shareholders subject to external equépding costs.

We first show that under this assumption the normalizatiothefstock supply to
one is innocuous. We use a discrete-time setup to illustragepoint as in Miller and
Modigliani (1961). Letn;, di, ando; denote the number of existing outstanding shares,
dividends per share, and the cum-dividend stock price pemeshespectively. Then the
stock price per share satisfies the asset pricing equation

(52) vy = kA +e .

Let V; = niv; denote the total market value of the enterprise Bpé= n;d; denote total
dividends. Suppose that the firm sells the nuntheof new shares at the closing price
vi4a at datet. Then we haver, , = ny + M A. Multiplying both sides of equation (52)
by n; gives

Vi = DiA+e " noga = DA+ e [Nyaviia — (Npa — Np) 0y al
= DA —e " moialA + € navisa = (D — S) A+ €74 Viga,

where§ = e "*myu 4 is the value of new equity. The macroeconomics and finance
literature often interpret®, — S as “dividends” and negative dividends represent new
equity (e.g., Hennessy and Whited 2007; Jermann and Qua@di?2). By normalizing

the total stock supply of the enterprise to one, we can inéétpe stock price as the stock
market value of the enterprise. The asset pricing equatimsin the same as before.
Thus we do not need to explicitly model the change in the nurabghares.

Now suppose that firmj can issue new equity to households (shareholders) in the
discrete-time setup of Section Il. Its objective is to mazienthe equity value of ex-
isting shareholders. It choosés, ., Ki;, A, I{, L{, S, and S, to solve the following
dynamic programming problem:

Vi(K)) = max (1—rA) [(Dgt —shA+ e‘rAVHA(KtjM)]
+7 A I:D:{t - S.{t + e_rAVt+A(K]j_t+A)i|

subject to (13),

j j j a2 (S
DQ[A+Qth+A =RK{A+ Q; (1-0A)K; +SDIA_§TA’
t

B(Sit)z
2 Ktj
I) < RK{A+ L} + 5,

whereS{t (Sét) represents new equity issues when an (no) investment ayityrarrives,

D:{.t+QtK:Ij.t+A+Ltj +|tj = RthjA‘H-tj +Sit— + Qi (1-04A) Ktj +Qt|j,
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ande(S))?/(2K{) ande(S},)?/(2K{) represent external equity financing cotsThe
parameterp > O represents the size of the equity financing cost. The pregddo
equations are the flow-of-funds constraints. The inequadithe financing constraint,
which says that investment is financed by internal fuRds§{ A, debtL{, and new equity
).

In online Appendix B.3 we study the continuous-time limitleshow that the firm will
not issue new equity, i.eﬁ’)t = 0, when no investment opportunity arrives due to the
equity financing cost. When an investment opportunity esiandQ; > 1, the firm
issues equity

Sk = ;(Qt — DK{.

The following proposition characterizes the conditions tlie existence of a bubbly
steady state.

PROPOSITION 10: Given Assumption 6 in the baseline model, there exists auaniq
bubbly steady state satisfying

Qw = 1+L>1,

T
B 0 r r
— = ——<d(=+H)-—>0,

T T or

a1 r 1r?
R = aKp)" " =[1=Or+(=+1)~-5—>0,
T 291

ifand only ifO < &(r +x) +r/p < 4.

If the equity financing cost is too large, i.e.,— oo, firms will not issue any equity
and the proposition reduces to Proposition 4. If the equitarfcing cost (i.e.p) is
too small, then the conditions in the proposition are vedat In this case firms can
issue sufficient new equity to overcome the credit condsaa that a stock price bubble
could not exist. In the extreme case without equity financiost (i.e.» = 0), firms can
issue sufficient new equity to finance investment at the efitdevel so that the economy
attains the efficient equilibrium (Miller and Modigliani &®2). Thus our key insights will
not change as long as new equity issues are sufficientlydihdiue to external equity
financing costs.

D. Additional Asset with Exogenous Rents

In Section | we have discussed the issue of the rate of retommrchnce. We have
shown that our model can generate a stock price bubble in fiithgoositive dividends.
One may wonder whether a stock price bubble can still exikeife is another asset with
exogenous rents that grow as fast as the economy. If thisiagseliquid as the stock, it

17yUsing a structural model based on the Compustat databaseebsy and Whited (2007) estimate a quadratic func-
tion of the external equity financing cost. Here we do not ierdixed and linear costs for simplicity.



VOL. VOL NO. ISSUE ASSET BUBBLES AND CREDIT CONSTRAINTS 31

will earn returnr so that it dominates the stock price bubble. Tirole (1985pikees this
issue in an OLG model by assuming that rents are not cagthliefore their creation.
In this subsection we resolve this issue in our infinitezhami model by assuming that
the asset with exogenous rents is less liquid than the stoc& pubble for financing
investment. To this end, we introduce an asset with exogerentsX; = xedt > 0 paid
at each time to the baseline model of Section Il. The supply of the assebimalized
to one. To prevent unlimited arbitrage, we make the follgpassumption.

ASSUMPTION 7: Neither households nor firms can short the asset with exageno
rents (e.g., land).

We also introduce economic growth by setting the produdumction as
Y = (KO (AN,

where A, = €% (g > 0) represents technical progress. A simple way to model the
illiquidity of the asset is to impose a resaleability coastt in continuous time (Kiyotaki
and Moore 2008):

(53) M) > 1—¢) M,

whereM{ > 0 denotes firmj’s existing asset holdings ard), > 0 denotes firmj’s
new asset holdings when an investment opportunity arrivid® interpretation is that
firm j can sell at most a fraction € (0, 1) of the asset to finance its investment. In this
case the asset is less liquid than the bubble. For simpkcippose that firn) does not
use the asset with rents as collateral and we adopt the caditraint in (48). We still
useV;(K{, M{) to denote firmj’s value function.

In online Appendix B.4 we show thag (K{, M/) takes the form in (49). FoR; > 1,
the resaleability constraint (53) binds when an investnogmortunity arrives, because
firm j will sell the asset to non-investing firms as much as possibfimance investment.
The aggregate capital stoék, asset price?,, and stock price bubblB; will all grow at
the rateg. But the capital priceQ; will not grow. Moreover,B;, Q;, and P; satisfy the
asset pricing equations (20), (21), and

(54) Po=rP — X —7(Qi— D¢P.

Thus the return on the asset with rents is higher than therretuthe bubble and

A X Q=D > —2(Q—1) = 2 for B > 0.
P Bt

If the asset is fully liquid, i.e.f; = 1, then the two returns are the same and equal to
zero in the bubbly steady state without growth= 0) . This is impossible if rents<;
are positive, generating the rate of return dominance putigcussed in Section 1.

We solve this puzzle by assuming that the asset with renésssliquid than the stock
price bubble, i.e{ € (0, 1). In this case the return on the asset with rents is higher than
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the return on the bubble because the asset with rents consnaalaogver liquidity pre-
mium than the bubble. Non-investing firms buy the asset veiits for a precautionary
motive because they anticipate being credit constraineshvelm investment opportunity
arrives in the future. Since the return on the asset is lowan the discount ratg
households want to sell the asset until their short-salstcaints bind. In equilibrium
households do not hold any of the asset.

We also consider the more general case with grogvtlk 0. In the bubbly steady
state,Q; and the detrended variablés = K;/A;, pr = P./A;, andb, = B/ A are
constant over time. The following proposition gives the diions such that the stock
price bubble and the asset with growing rektscan coexist in the steady state.

PROPOSITION 11: Suppose that there is an asset with growing rents=X e avail-
able for households and firms to trade in the baseline modeééuAssumption 7. Let
Y! = (KH)*(AN)*, where A = 9. Then there exists a unique bubbly steady state

(Qb, ko, b, p) satisfying

o+
b = 2% — Qucko—cp >0,

T

X r—g
= — >0, =—4+1> 1
P = t-oa-0 Q="

akél = [r+5—(r—g){](%+1)>o,
if and only if
(55) r > >0 0<§<M
g>0, et
(56) 0 < x<(r—g)l_5[5+g—(r_g+1)5}kb.
¢ T T

The interpretation of condition (55) is similar to that of7§3 The intuition behind
condition (56) is that the asset with detrended rentsust be sufficiently illiquid (i.e.,
¢ must be sufficiently small), or the detrended dividendhust be sufficiently small.
Otherwise, this asset will dominate the stock price bubhk rale out the latter in the
steady state.

E. Intertemporal Borrowing and Savings

In this subsection we replace intratemporal debt with reskintertemporalbonds in
the baseline model of Sectionfl.with intertemporal bonds, firms can raise new debt
to payoff old debt. Firms with investment opportunities cee these bonds to finance

181n online Appendix F we study a model in which there is no maf&ecapital goods. Firms make investment and
accumulate capital on their own. They can use new capitaltard capital as collateral to borrow. We show that our key
insights do not change. See Miao, Wang, and Xu (2015) foraaa@Idiscrete-time model.
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investment subject to credit constraints. Anticipatingnbecredit constrained in the
future, firms without investment opportunities will savethie bonds precautionarily.
The bonds are in zero net supply. If bonds and bubbles camdertéigquidity services to
the same extent, they must have the same return or else banidis dominate bubbles.
But if the bond return (or the interest rate) is lower thandiseount rater, households
would want to short the bonds.

ASSUMPTION 8: Households cannot short intertemporal bonds and firms ciong
each other’s stocks (equity shares).

One may interpret the bonds here as corporate bonds issu@thnisyand households
cannot borrow by issuing corporate bonds. We will show tleaiseholds will never hold
any intertemporal bonds in equilibrium, because the dauuim interest rate;, is lower
than the discount rate A similar result is derived in Kiyotaki and Moore (2005, &)0

Let LM > 0 denote the representative household’s bond holdings.LLet (<)0
denote f|rm j’s debt level (savmg) The market-clearing condition fbe tbonds is
J L’dj = LN Let Vt(Kt , L) denote the ex ante market value of fijmvhen its capi-
tal stock and debt level at timeare K{ andL{, respectively, prior to the realization of
the Poisson shock. We suppress the aggregate state varialhe argument. Assume
that firm j maximizes its market value and hence it chodges}/, ,, KJ,, ,, L., ,, and
L’1t+A to solve the following dynamic programming problem:

ViK{ LD = max (1= 78)[DhA +e " Vien (Kiia Ly )]
+7 A |:D:{t +€7 % Vita (K]J.t+A’ L:JI.t+A)]
subject to

(57) DLA + QK), , = RKIA +e 2L, — LI + Qe (1 - 6A) K/,
(58) D)+ QK o+ 1! = RKJA &AL, — L+ Q) + Qe @ —6A) K/,
(59) I} < RK{A e 2L — L,

(60)  Visa(Kdas Lhiin) = Visa(Kdiix, 0) = Viepa (€ (L= 6A) K{, 0),

whereL’ltJrA (L{, ) represents the new debt level or saving when an investnpgareo
tunity arrives (no investment opportunity arrives). The&@rof the debt at timé that
pays off one unit of consumption good at time- A is e"t4. Equations (57) and (58)
are the flow-of-funds constraints. Inequality (59) gives fimancing constraint, which
says that investment is financed by internal funds and netv deb
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Debt is subject to the credit constraint (60), which is ipteted in a similar way to
(13). When an investment opportunity arrives at timiérm j borrowse"1t4 L’1t >0
from other firms without investment opportunities. If it doeot default on deblr.iHA
at timet + A, it obtains continuation valu¥, (K., ,, L1, »). If it defaults, debt is
renegotiated and the repaymeiré“rA is relieved. The new repayment is determined
by Nash bargaining. Assume that firmhas a full bargaining power. Then the new
repayment is given by the threat value to the lender, whielgisl to the market value of
the firmVia (& (1 — 5A) K¢, 0) when the lender takes over the firm and keeps it running
by recovering a fractiod of depreciated capitall — 0A) K{. The expression on the
right-hand side of (60) is the value to the firm if it choosedéfault on the previous debt
and repay,A (¢ (1 — 0A) K¢, 0). We then have the incentive constraint in (60).

In online Appendix B.5 we derive equilibria in the contingetime limit. We show
that the value function takes the form

(61) Vi (K L) = Q! - L + B,
and the continuous-time limit of the credit constraint (66fomes
(62) Lit < Qthtj + B,

whereB; > 0 is the bubble component of equity value.

PROPOSITION 12: For the model in this subsection with intertemporal bonddaim
Assumption 8, if @> 1, then the continuous-time equilibrium system(if, Q;, By, r 1)
is given by (20), (21), (28), and

(63) rie=r—n(Q—1 <r,

where R=a Kt""l, and the usual transversality conditions hold.

The credit constraint (62) and the continuous-time limittod financing constraint
(59) together imply that

1) <Ll - <k + B — L.

When Q; > 1, it is profitable for firm | to invest and both constraints bind. We then
have _ _ _
Il = QK + B — L.
With intertemporal bonds, firmp can use both its savings thﬂﬂ < 0 and new debt
£QiK{ + B to finance investment.
Equation (63) shows that the equilibrium interest nateis equal to the subjective

discount rate minus a liquidity premiumz (Q; — 1). The liquidity premium exists
because bonds can provide liquidity to investing firms bgingi their net worth. Since
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the stock price bubble and the bonds can be used to financtrimeet to the same extent,
they command the same amount of liquidity premium.

Firms without investment opportunities are willing to savel lend even though; <
r because they anticipate that they will be credit constrhivben an investment op-
portunity arrives in the future. Their demand for bonds gsshp the bond price and
lowers the interest rate, which reflects a precautionarjngawmotive as in the incom-
plete markets models (e.g., Aiyagari 1994). Unlike in Aigad1994), however, firms
in our model are subject to uninsured idiosyncratic investiropportunity shocks and
credit constraint$? To better understand the intuition, we consider the disetiete ap-
proximation (see online Appendix B.5). Buying one unit ohte at timet costse™"ft4
dollars. At timet + A, the bond pays off one dollar. When firjnmeets an invest-
ment opportunity with probabilityr A, it uses the bond payoff to finance one dollar of
investment, which generate®(, » — 1) dollars of dividends. Thus the total discounted
marginal benefit from the bond is given ley"*[1 + 7 A(Qi+» — 1)]. Equating this
marginal benefit with the marginal cost't* and taking the continuous-time limit as
A — 0 give (63).

Sincer > r¢, households want to borrow by selling bonds until their sisaie con-
straints bind, i.e.L.!" = 0. We then have the bond market-clearing condiy”dn[J dj =0.
Without a short-sale constraint, households would keeptisigobonds (or effectively
borrowing) untilr¢; = r. In this case firms would be able to accumulate enough savings
in bonds so that their credit constraints would no longedbifhe liquidity premium
would be zero so tha; = 1 and the economy would reach the efficient equilibrium and
no bubble could exist.

More generally, as long as households are subject to suiffigigght borrowing limits
(or short-sale constraints) in the sense that they cansoe isufficiently many bonds,
the efficient equilibrium cannot be attained and there isaacsty of financial assets for
savers (firms§° The existence of a stock price bubble is effectively a waynoféas-
ing the supply of financial assets that can be held by firms. gdvernment can also
play a role in supplying financial assets to firms by issuingegoment bonds, thereby
improving efficiency.

PROPOSITION 13: For the model in this subsection with intertemporal bonélspn-
dition (37) holds, then the bubbly and bubbleless steadiestaith Q > 1 coexist.
Moreover, the interest rates in the bubbleless and bubldadst states are given by
ri=r+=z—0/¢ <0andrs =0, respectively.

Under condition (37)Q; > 1in a neighborhood of either the bubbleless or the bubbly
steady state so that Proposition 12 applies. This condigi@yuivalent to the standard

19Carlstrom and Fuerst (1997) and Bernanke, Gertler, anch@itc(1999) adopt the costly state verification model
of debt contracts between entrepreneurs and lenders, ichvemitrepreneurs can default on debt. In this case debt is
risky and internal funds earn higher returns than externatl$ due to agency costs. To prevent entrepreneurs from
saving to overcome borrowing constraints, one can assutiner éhat entrepreneurs discount the future more heavily
than households or that entrepreneurs die randomly. Byasintdebt is riskfree in our model and the interest rate is
lower than the discount rate due to firms’ precautionaryrgawiotives.

20see online Appendix E for the analysis of a general shoe-sahstraint (or borrowing constraint).
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TABLE 1—STEADY STATE RETURNS

Stocks Capital Bonds
Bubbleless Equilibrium r r+ér—0 r+n—-6/¢5<0
Bubbly Equilibrium r r—ré 0

condition (Tirole 1985; Santos and Woodford 1997) reqggirihat the interest rate on
bonds in the bubbleless steady state be lower than the raobmic growthr(; < 0).
Unlike in Tirole (1985), the economy is dynamically efficieém our model. Proposition
13 shows that the interest rate on bonds must be equal torzéne bubbly steady state
(r+ = 0), because the steady-state return on the stock priceéoBbB; is equal to zero.
To generate a positive steady-state interest rate, we tradirte economic growth as in
Section V.D.

It is interesting to compare the steady-state returns arksia@apital, and bonds. By
equation (27) and Proposition 13, we can compute thesenseinrTable 1. Under the
assumption in Proposition 13, we can show that the stockiréhigher than the capital
return, which is higher than the bond return (or interest)raiThe return differentials
reflect the liquidity premium. Since our model does not feataggregate uncertainty,
there is no risk premium. Thus our model cannot match thetgguemium and the
riskfree rate in the data.

F. Cross-Holdings of Shares

We have assumed that no firm can hold the shares of other firdnsaate these shares
to finance investment. This assumption is justified by the g@egate and firm-level
data. From Table F103 of the Flow of Funds Accounts, we find lteween 2005
and 2015 the average ratio of the net acquisition of mutuad fshares (line 30) to the
net acquisition of financial assets (line 16) in the US nomioie corporate business
sector is 1.74 percent. In terms of levels, Frank and Goy#&2find that in the 1990s
corporate equity was held heavily by households (39 perotiite aggregate equity
outstanding), pension and mutual funds (20 percent), amad firms (28 percent), the
rest of the world (10 percent), and banks and the governn@epéicent). Thus cross-
holdings of other firms’ shares by nonfinancial corporatiassount for a negligible
fraction in the aggregate data. And trading of other firmsrreb is not a major source of
external financing for nonfinancial corporations.

We also investigate the firm-level data from 2000 to 2016agi8ie Compustat database.
The item ISEQ (investment securities — equity) reports thldihgs of other firms’ eg-
uity. We find that this item is missing for most nonfinanciatlaron-utility firms in our
sample. Moreover, for those firms with ISEQ entries, the ayermratio of ISEQ to total
assets in each year ranges from 0 to 1.5 percent, and theesamaph is 0.6 percent from
2000 to 2016. By contrast, a large literature has found thrasfhold a sizable amount of
cash (e.g., Bates, Kahle, and Stulz 2009). We find that theageeatio of cash holdings
(item CH in Compustat) to total assets in each year durin@-2Wl6 ranges from 14.3



VOL. VOL NO. ISSUE ASSET BUBBLES AND CREDIT CONSTRAINTS 37

percent to 20.1 percent, and the sample mean is 17.5 pefd@stevidence shows that
US nonfinancial firms hold a large amount of cash with a lowrreand very little of
other firms’ equity with a high return.

Some nonfinancial firms may have cross-holdings for reasods as mergers and
acquisitions, corporate governance, diversification,sirategic alliance. However, they
typically do not trade other firms’ shares for regular inagsit financing. One reason is
that such trading incurs large administration, filing, ar@hitoring costs, and may signal
takeover interest to other firms. Such trading is risky ang head to fire sales, loss of
control over upstream suppliers, or competition.

If we relax Assumption 8 by allowing firms to trade each otheshares to finance
investment in the model of Section V.E with intertemporahtie? then each firm can
earn a returm higher than the interest rate; by holding other firms’ shares. If there
is no market friction, firms may end up holding too many shaesther firms and
eventually overcome credit constraints. Unlimited adugje would cause the economy
to attain the efficient equilibrium witl@Q; = 1 andr = r¢; in which no bubble could
exist. Assumption 8 supports the equilibrium with> r¢,. This assumption prevents
unlimited arbitrage and is justified by the empirical evidemiscussed above (also see
footnote 5).

The critical feature of Assumption 8 is not the restrictibattno firm can long equity
shares of other firms, but is the restriction that this soofdamance is limited. In online
Appendix G we show that, even if each firm can hold a markef@artof firm stocks
and earn the returnin the model of Section V.E, a stock price bubble can still eyae
and Proposition 13 still holds as long as firms do not use thé&enbaortfolio to finance
investment due to the reasons discussed above. In thislwmastock price bubble and
the bonds can coexist with the market portfolio because tibdle and bonds provide
a liquidity service, while the market portfolio does not. dquilibrium the sum of the
interest rate ¢ and the liquidity premiumx (Q; — 1) is equal tar.

VI. Conclusion

We have developed a theory of stock price bubbles in the pcesef endogenous
credit constraints in production economies with infinitikled agents. Bubbles emerge
through a positive feedback loop mechanism in which crealitstraints derived from
optimal contracts with limited commitment play an esséntide. Our analysis differs
from most studies in the literature that analyze bubblestiinisically useless assets or
in assets with exogenous payoffs in an endowment economy©OL& framework. Our
model can incorporate this type of bubbles and thus provédasified framework to
study asset bubbles. Our theory can be integrated into thandig stochastic general
equilibrium framework and has important implications fangrical studies. First, using
average Q to measure marginal Q may be misleading even fetaturreturns-to-scale
technology because they are not identical in the preserstedf price bubbles. Second,

21Cross-holdings of shares lead to the well-known problemrnfiaiing market values (e.g., Fedenia, Hodder, and
Triantis 1994). Elliott, Golub, and Jackson (2014) showt the interdependence through cross-holdings of financial
firms can generate financial contagions and cascades offailu a static model.



38 THE AMERICAN ECONOMIC REVIEW MONTH YEAR

using the present value of dividends to measure the fundaiesdue of a stock may
also be misleading because dividends and bubbles cannepasased. Third, tests based
on transversality conditions can rule out rational bubbleSLG models, but not in our
model.

In future research it would be interesting to study how beblolan explain asset pricing
puzzles, how bubbles contribute to business cycles in atakare dynamic stochastic
general equilibrium model (Miao, Wang, and Xu 2015), howlilab affect long-run
growth (Caballero, Farhi, and Hammour 2006; Martin and ¥en®2012; Hirano and
Yanagawa 2017; Miao and Wang 2014), and what the implicatidrasset price bubbles
are for monetary policy (Gali 2014; Gali and Gambetti 2015
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Online Appendix
Asset Bubbles and Credit Constraints
Jianjun Miao and Pengfei Wang

A. PROOFS OFRESULTS IN THEBASELINE MODEL
PROOF OFPROPOSITION1

We first derive the solution in the discrete-time setup aed thke the continuous-time
limit. Conjecture that the value function is given M(K{) = aK,{ + b;. Substituting
this conjecture and the flow-of-funds constraints (10) drid (nto the Bellman equation
(9) yields

(AD) aK{+b =  max  RK/A+Q@L-3A)K{ +e by

K1J+A’K2|J.I+A’ItJ’LtJ
+ A= 78) [~ QK + e KL,
+7A[(Q =D = QK s+ e araKl, ]
subject to
1)< RKIA+ L] < RKJA +67 (aa (1= 68) K/ +brs)
The first-order condition foK/, , yields

(A2) Qt =€ aa,

and henceK/, , andK},, are indeterminate. This implies that firmis indifferent
between buying and selling its existing capital. Under theuanptionQ; > 1, the
financing constraint and the credit constraint bind so tpéhtal investment is given by

(A3) Il = RK{A + Qi (1—6A)EK{ + By,
where we define
(A4) B =€ *bija.

Substituting the investment rule back into the precedininisn equation and matching
coefficients, we derive

b =[zA(Qi—1) +1 e by,

a=RA+Q(1-0A)+7A(Q—-D[EQ(1—-0A)+ RA].
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Using (A2) and (A4), we obtain

(A5) Bi = € *Brya[l + 7 A(Qupa — D],

(A6)
Q=€ [RyaA + (1= 3A)Qupa + 7 A (Quia — 1) (EQuya (1= A) + RyaA)].

Taking the continuous-time limit a8 — 0 yields (20), (21), and (19).

We can also derive the continuous-time limit of the Bellmguagion (9). Note that
we can replace™"2 with 1/ (14 r A) up to first-order approximation. Multiplying the
two sides of (9) by H+r A gives

A+rA)V (KJ) — max (1—7A) [(1 +TA) DA A + Visa (Kt+A)]
+7 A [(L+78) DL+ Vi (Kb )]
= max (1—7A) (L+1A) DLA + Viya (KHA)
+7 A (1+r1A) D),
A [vt+A (Klt+A) ~ Viia (KJM)] .
Eliminating terms of orders higher thangives
@+r8) Ve (K!) = maxDyA + Viya (Kl ) +7ADY

+7 A [Vt+A (Klt+A) — Viia (KtJ+A)] .

Manipulating yields

rVi (Ktj) = max D(j,t + % [Vt+A (KHA) VA (Ktj)]
+r Dlt +r [VHA (Klt+A) — Vita (Ktj+A)] :

Now we take limits asA — 0 to obtain the continuous-time Bellman equation in (14),
where we notice that

Dj = QI — I + QK! — QiK},
in continuous time. Moreover, (10), (12), and (13) conveigdl15), (16), and (17),
respectively, aa — 0.

We can prove proposition 1 in continuous time directly. @itlee conjecture (18), we
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rewrite the dynamic programming (14) as

(A7) TQiK{ +1B; = max RK/—Q(K/+oK/)
I KK LY

+QK! + QK + B+ 7 (Q -1 I/

+7 [ Q! — QK + QK+ B — (Qik{ + By)]
subject to
(A8) Il < L{ < EQK{ + B

Given the assumptio; > 1, (16) and (A8) bind. We then obtain (19). Substituting
this equation back into (A7) and matching coefficients, wiiob(20) and (21). By the
transversality condition (6) and the form of the value fimat

; —rT j _
Jim_ e (QrKs £ 1) =0
We thus obtain (22). Q.E.D.

PROOF OFPROPOSITION2

Using the optimal investment rule in (19), we derive the aggte capital accumula-
tion equation (28). The first-order condition for the stédigor choice problem (7) gives
wy = (1 —a) (K¢ /N{)*. We then obtain (8) and

K =N/ (we/ (1= a)¥*.
Thus the capital-labor ratio is identical for all firms. Aggating yields
Ke = Ne (w/ (1= a))*

SO thathj/Ntj = K¢/N¢ for all j e [0, 1]. Substituting outw; in (8) yields R =
aKEINF* = a K¢~ sinceN; = 1 in equilibrium. Aggregate output satisfies

Y= [akdyandiedi = [l NN = (kEND® [ NE] = KenEe
This completes the proof. Q.E.D.

PROOF OFPROPOSITION3

(i) The social planner solves the following problem:

o0
max/ e (K¢ —mly)dt,
(It} Jo
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subject to

Ki = —0K¢ + m lt, Kg given,

whereK; is the aggregate capital stock ahds the investment level for a firm with an
investment opportunity. From this problem, we can derieedfiicient capital stockg,
which satisfiesr (Kg)*™! = r + 4. The efficient output, investment and consumption
levels are given byt = (Kg)*, |lg = /7 Kg, andCg = (Kg)* — dKEg, respectively.

Suppose that assumption (29) holds. We conjecture@iat: Q; = 1 in the steady
state. In this case, firm value is given WyK/) = K{. The optimal investment rule for
each firm satisfieR =r + 6 = a K;*~1. ThusKy = Kg fort > 0. Given this constant
capital stock for all firms, we must haw; = = |* fort > 0. Let each firm’s optimal
investment level satisflif = 6K{ /z. Then, when assumption (29) holds, the investment
and credit constraintd, = JK{ /z < ¢éK{ = V(¢K{), are satisfied. We conclude that,
under assumption (29), the solutio@ = 1, K} = Kg, and|*/K{ = J/x give the
bubbleless equilibrium, which also achieves the efficilotation.

(i) Suppose that (30) holds. Conjecture tl@a¢ > 1 in some neighborhood of the
bubbleless steady state in whig& = 0 for all t. We can then apply Proposition 2 and
derive the steady-state equations for (21) and (28) as

(A9) Q=0=(r+0)Q—-R—-7&Q(Q-1),

(A10) K =0=—0K 4+ 7 ((QK),

whereR = aK“~1. From these equations, we obtain the steady-state solu@drand
K* in (31) and (32), respectively. Assumption (30) impliestt@d > 1. By continuity,
Q: > 1in some neighborhood ¢0*, K*). This verifies our conjecture. Q.E.D.

PROOF OFPROPOSITION4

In the bubbly steady state, (20) and (28) imply that

(Al11) 0=rB — Bz (Q—1), and

(A12) 0= —dK + [¢QK + B]x,

whereR = aK*~1. Solving equations (A9), (A11), and (A12) yields equatioBd)(
(35), and (36). By (34)B > 0 if and only if (37) holds. From (31) and (35), we deduce
that Q, < Q*. Using condition (37), it is straightforward to check thétr > Kg >

Ky > K*. By the resource constraint, steady-state consumptigsfieaC =Y —z | =

K* — ¢§K. Substituting the expressions frz, Ky, andK* in Propositions 3 and 4, we
can show thaCg > C, > C*. From (34), it is also straightforward to verify that the
bubble-asset ratiB /Ky, decreases with. Q.E.D.



VOL. VOL NO. ISSUE ASSET BUBBLES AND CREDIT CONSTRAINTS a7

PROOF OFPROPOSITIONS

First, we consider the log-linearized system around thélyusieady stateB, Qp, Kp) .
We useX; to denote the percentage deviation from the steady state f@d any variable
Xi, i.e., Xy = In X; — In X. We can show that the log-linearized system is given by

dB,/dt B
d(Qt/dt = A (Qt )
dK/dt Ki

where
0 —(r +) 0
(Al13) A= 0 o+r—=¢2r+7x) [A=r+0(d—a)
7 B/Kp Er+m) —rB/Kp

We denote this matrix by

0
A=1] 0
d

® T 9

0
c |,
f

where we deduce from (Al3) that < 0,c > 0,d > 0,e > 0, and f < 0. Since
&< 2 wehaveb = (1—-¢&)r +0—£&(r +x) > 0. The characteristic equation for the

A
matrix A is
(A14) F(x) = x®— (b+ f)x®2+ (bf —ce)x —acd = 0.
We observe thaF (0) = —acd > 0 andF (—o0) = —oo. Thus, there exists a negative

root to the above equation, denotedy< 0. Let the other two roots b&, andis. We
rewrite F (x) as

F(X) = (X—2)X—42)(X — 13)
(A15) = X3 — (A1 4 Ao+ A3)X% 4+ (A1da + A1d3 + Aad3)X — A1dols.

Matching terms in equations (Al14) and (A15) yieldsl,A3 = acd < 0 and

(Al6) Ads + Aidz+ Ardz3 =Dbf —cd < 0.

We consider two cases. (i) i, and A3 are two real roots, then it follows fromy, <
0 that1, and A3 must have the same sign. Suppdse< 0 andi; < 0. We then have
Ao > 0andiiiz > 0. This ImplleS thatli4, + 2143 + 4243 > 0, which contradicts
equation (A16). Thus we must haxe > 0 andiz > 0.

(i) If either 1, or A3 is complex, then the other must also be complex. Let

Ay =a; + ai andiz = a; — aul,
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wherea; anda, are some real numbers ane= /—1. We can show that
Jda+ Adz+ Aghz = 24401 + & + a3.

Sincel; < 0, the above equation and equation (A16) imply that- 0.

From the above analysis, we conclude that the marixas one negative eigenvalue
and the other two eigenvalues are either positive real nisrdyecomplex numbers with
a positive real part. As a result, the bubbly steady statelaga saddle point and the
stable manifold is one dimensional.

Next, we consider the local dynamics around the bubblekesslyg statg0, Q*, K*).
We linearizeB; around zero and log-lineariz®; and K; and obtain the following lin-
earized system:

dB/dt r—-z(Q*—=1 0 0 B
dQ/dt | = 0 a b Qt |
dK,/dt &= c d K
where
R* R*
a = —¢é1Q*, b=—(1-a) >0,
Q* Q*

¢ = 7éQ*>0,d=0.

Using a similar method for the bubbly steady state, we aedtlye three eigenvalues of
the matrix in the preceding linearized system. One eigemyalenoted byl.q, is equal
tor — 7z (Q* — 1) < 0 and the other two, denoted By and /3, satisfy

(A17) lodz=ad—-bc=0-Dbc <0.

It follows from (A17) thatl, and 13 must be two real numbers with opposite signs. We
conclude that the bubbleless steady state is a local sadaiegnd the stable manifold
is two dimensional. Q.E.D.

PROOF OFPROPOSITIONG

The discrete-time Bellman equation is given by
VA (Ktj) — max (L—0A)(1—7A) [Dg',tA F eV, (Ktj+A)]
+(@-08) 7 A [Dh +e Ve (Khya )| +0AV (K{).

As in the proof of Proposition 1, taking the continuous-tilimeit as A — 0 and substi-
tuting the flow-of-funds constraints yield the Bellman etiprain Section IV.C. Substi-
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tuting the conjectured value functidfa(Ktj) = Q Ktj + B into this equation yields
r (Qt K¢ + Bt) = max RK{ - Q (Ktj +5Ktj) + QK + QK{ + By
I¢, K¢
+7(Q =D I +0[QK! - (Quk! + By)]
subject to . .
I} < EQK{ + By

WhenQ; > 1, optimal investment is given byj =&Q: Ktj + By. Substituting this rule
back into the preceding Bellman equation and matching ciefiis yield (38) and (39).
Equation (28) follows from aggregation and the market+sohgacondition. Q.E.D.

PROOF OFPROPOSITION7

By (38), we can show that

(A18) Qs = + 1

SinceQs > 1, we can apply Proposition 6 in some neighborhoo®ef Equation (39)
implies that

(A19) 0= +5+0)Qs—0G(K) - R—m(Qs — 1)¢Qs,
whereR = aK“~1. The solution to this equation give&s. Once we have obtainelds

and Qs, we use equation (28) to determiig.

The difficult part is to solve foKg sinceG (K) is not an explicit function. To show
the existence oK, we defined* as
r+6* )
* +1

7 T

Q"

That is,0* is the bursting probability such that the capital price ia $ationary equilib-
rium with stochastic bubbles is the same as that in the bldgslequilibrium.

Let Q (9) be the expression on the right-hand side of equation (A1&)th&h use this
equation to rewrite equation (A19) as

aK*L = (1 +6+60)Q0) + 0G(K) + (r +0)Q(6) = 0.

Define the functionF (K; #) as the expression on the left-hand side of the equation
above. Notice thaQ(@*) = Q* = G(K*) by definition andQ(0) = Qp whereQy, is
given in (35). Condition (37) ensures the existence of tHebhusteady-state valu®,

and the bubbleless steady-state val@Qésand K *.
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Define

1

[(r +0+0 -0 +6)5)QO) —9Q*:|“l

a

Kmax = max
0<6<0*

By (36), we can show that

Ko — [(r +5—r5)Q(0)}“-1'

a

Thus we haveKhax > Kp and henceK o > K*. We want to prove that
F (K*;@) >0, F(Knax 8) <0,

for 8 € (0,6"). If this is true, then it follows from the intermediate valdeebrem that
there exists a solutioks to F (K; #) = 0 such thakKs € (K*, Kinax) -

First, notice that
F(K50) =aK* T —r(1-&)Qp—dQp > aKE ™t —r(1-¢)Qp — 6Qp =0,

andF (K*; 8*) = 0. We can verify thatr (K; #) is concave ir9 for any fixedK. Thus,
forall0 < 6 < 6%,

6 6
F(K%0) = F(K*,(l—E)O+E0*)
0 4
> (1= 2F (K", 0+ 2F (K", 07 > 0.

Next we can derive

F(Kmas 0) = (XK%;(L —(r+0+0)QW) +0G(Kmax) + (r +8)CQ0)
< aKSZ— (1 +04+0)Q0) +0G(K*) + (r +60)¢Q(0) < 0,

where the first inequality follows from the fact that the daddath for the bubbleless
equilibrium is downward sloping by inspecting the phaseydien for (K, Q) so that
G (Kmax) < G (K*), and the second inequality follows from the definitionkaf,.x and
the fact thaiG (K*) = Q*.

Finally, note thatQ () < Q* for 0 < # < #*. We use equation (A12) ands > K*

to deduce that B 5 5
©=-—¢QO)> - -¢Q =0
s T T
This completes the proof of the existence of a stationarylieum with stochastic
bubbles(Bs, Qs, Ks) .
Whené = 0, the bubble never bursts and heri€e = Ky. When@ is sufficiently
small, Ky is close toK} by continuity. SinceKy, is smaller than the golden rule capital

stockKgRr, Ks < KgrWhend is sufficiently small. Sinc&K* — 6K is increasing for all
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K < Kgr, we deduce thakK¢ — 0Ks > K** — §K*. This implies that the consumption

level before the bubble collapses is higher than the consamifevel in the steady state
after the bubble collapses. Q.E.D.

B. PROOFS OFRESULTS INSECTION V
B1l. Endogenous Credit Constraints
PROOF OFPROPOSITION8

As in the proof of Proposition 1, we derive the continuousetilimit of the dynamic
programming problem as

B)  rvi(KL M) = max D+ Vi(K!, M)
ML K MY K1 LY

o [Dit + (K{t, Mljt) - Vi (Ktj’ I\/Itj)]

subject to (41),

(B2) Dy = RK! =P/ —Q(K! +0K/),
(B3) Dy = R(M —M)+Qu! — 1! + k! — ikl
(B4) ltj < R (Mtj - M:Ij.t) + I-tj-

When an investment opportunity arrives with the Poissoaraffirm j’s asset holdings
jump to My > 0 and its value function changes frovh (Ktj, Mtj) to (Kljt, Mljt).
This explains the Bellman equation in (B1). The interpietet of constraints are similar
to those in Section Il. In particular, equation (B4) is thefining constraint. Firmj can
sell asset§M{ — MJ,) and borrowL{ to finance investment. According to the collateral
constraint (41), firmj uses capital as collateral only.

Substituting the conjectured value function in (45) andfthe-of-funds constraints
(B2) and (B3) into the dynamic programming problem (B1) gl

r (Qt Ktj + P Mtj)

. Mmax R K — PtMtJ — Q¢ (KtJ +5Ktj)
MK MY K LE

+Q¢ Ktj + Ktj Qi+ P Mtj + P Mtj
+7 [Pt (Mtj - Mit) + Qtltj - |tj + QtKy — QtKlt]

+7 [QtKlt + PtMit - (Qt Ki + P Mtj)]
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subject to (B4) and _ _
L < EQiK{.

Thus PM{ and Q;K{ cancel themselves out in the Bellman equation so that fiim
indifferent between buying and selling any amount of thenstcally useless asset and
indifferent between buying and selling any amount of capithen no investment oppor-
tunity arrives. MoreoverQ; K/, also cancels itself out and henkg, is indeterminate.

When an investment opportunity arrives with Poisson rateinder the assumption
Q: > 1, itis profitable to invest as much as possible. In this case fisalls all its asset
holdings to non-investing firms, i.eM Jt = 0, and borrows as much as possible so that
L{ = £Q;K{. The optimal investment level is

I} = EQuK{ + PM/.

Substituting this solution back into the preceding Bellnegation and matching coef-
ficients, we obtain equations (21) and (47).

It follows from (47) thatr P, > P.. Thus households will not hold the bubble asset and
their short-sale constraints bind. This means that the etanlkaring condition for the
asset is given by M{dj = 1. By a law of large numbers, aggregate capital satisfies

&:5m+n(am&+a/\ﬂm)
We then obtain (46). Since the equilibrium system is the sasnihat in Proposition 2
once we seP; = By, we can use Proposition 4 to study the steady state with aldubb
P > 0. Thus the existence condition is (37). Note that 0 also permits the existence
of a bubble. Q.E.D.

PROOF OFPROPOSITION9

The proof follows from that of Proposition 11 in online AppkxB.4 by settingX; =
0, ¢ = 1, andg = 0. We omit the details. Q.E.D.

B2. Liquidity Mismatch
We now relax the liquidity mismatch assumption and supplatat most a fraction

of the proceeds from the sale of old capital is available tarfae investment. Then the
financing constraint in continuous time becomes

(B5) 1= L+ Qo (K- k),
andK {t satisfies

(B6) Ki > @- 2K/,
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Firm j’s decision problem is given by the Bellman equation (14)jectbto (15),
(17), (B5), and (B6). We conjecture that the value functiaket the formv, (Ktj) =

Q:K{ + B. Substitute this conjecture into the Bellman equation. Whermvestment
opportunity arrives, under the assumptiQq > 1, firm j wants to invest as much as
possible so that the financing constraint and the credittcaing bind. Moreover, the
firm choose{, = (1 — 1) K{ and optimal investment is given by

I} = (€ +4) QK{ + B

Substituting these decision rules into the Bellman equoatiod matching coefficients,
we deduce thaB, still satisfies equation (20), an@; satisfies

(B7) Q=0+0)Qq—R—7(+1)Qq(Q—1.
Aggregate investment is given by

mly=rn [+ 1) QK+ Bi],
and aggregate capital satisfies

(B8) Kt = —0Ki+ 7 [(£+ 1) QK + B].

The equilibrium system fofQ, K¢, By) is given by (B7), (B8) and (20). Thus the
analysis in Sections Il and IV still applies except thas replaced by + 1. In particular,
by Proposition 4, the bubbly and bubbleless steady statgstdaf and only if

0
O0<é+ i< .
r+mu

This implies that as long akis sufficiently small, a bubbly equilibrium exists.
B3. Equity Issues
PROOF OFPROPOSITION10

As in the proof of Proposition 1, we derive the continuousetilimit of the dynamic
programming problem as

V(K) = g P S () e (B - s

[V (ki) = Vi (k)]
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subject to (17),

j \2
i _mkl ;| j i e (S
(B9) Df = RK! = Qe (K + 0! ) + 8 - 5=t
_ _ _ _ _ _ _ _ 12
(B10) Dl + I¢ +L{ = Qi + Li + QuK{ — QeKy + Sy — %ﬁl—?
t
(B11) 1) <L +8).
Substituting (B10) into the Bellman equation yields
rVi (Ktj) = max D(J)[ — Stjn + Vt (KIJ)

Kkhtd LS8

o (S)?
+n |:(Qt_1)|tj_§ sz j|

+r [ Q! = Qi+ (k) - (k)]
Conjecture thav, is given by (18). Using (B9), we can show ttﬂé{ =0
When an investment opportunity arrives, under the assomgli > 1, firm j invests

as much as possible so that the credit constraint (17) anfintirecing constraint (B11)
bind. Using the first-order condition f@},, we derive

. 1 : . - 1 i
S.IJ.t:;(Qt_l) K{, I} =&QeK! +Bt+;(Qt_1) K{.

Substituting the conjectured value functiVn(Ktj) = Q Ktj + B and the above deci-
sion rules into the Bellman equation and matching coeffisiame obtain (20) and

. 1
(B12) Q= (r+9) Qt_Rt_”[th‘l‘Z(Qt_l)} (Qt—1).
Aggregate capital satisfies
(B13) Ki = —0K, + 7 (Qu K, + By + $<Qt — DKo,

As in the proof of Proposition 1, we can show tft= a K1,
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In the bubbly steady state, we use equation (20) to derive
Q=1+~ >1
T

ThusQ; > 1in a neighborhood of the bubbly steady state. Using (B18)derive

B

o= Q@)
b T @

Given the condition in the proposition we haBe> 0. Finally, we use (B12) to derive

R = a(Kp) '=0+6)Q—n [be+ %(Qb—l)} (Qp—1)

1 2
= 1A=+l + 1)~ 5

Given the condition in the proposition we can check tRgt> 0. From the proof above
we can see that the condition is also necessary. Q.E.D.

B4. Additional Asset with Exogenous Rents
PROOF OFPROPOSITION11
With technical progress, firmi's static labor choice problem is

(B14) RK{ = max (K (AN — wNY,
Nt

wherew is the wage rate anB, is given by

(B15) R=a (wt/A‘)T.
11—«

Firm j’s dynamic programming problem in continuous time is given(B1) subject
to (B3), (B4), (48), (53), and

D = RKJ + XM = RM! = Qi (K{ +3K!).

Since one unit of the asset paysrents X; Mtj enters the above flow-of-funds constraint.
Conjecture that the value function takes the following form

Vi (kI MY) = k! + M + B

Substituting this conjectured function and the flow-ofdarconstraints into the dynamic
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programming problem (B1) yields

r (QuK! + PV + B)
= max Rth+XtMtj_PtMtj_Qt (Ktj+5Ktj)
MK MY K L
+Qthj + Ktj Qi+ Ithtj + PtMtj + B
+r [P (M = M)+ Qutd 1)+ R (Mf = )]
subject to (B4), (53), and
(B16) L! < EQiK{ + B

Thus P,M{ and Q;K{ cancel themselves out in the Bellman equation so that firm
is indifferent between buying and selling any amount of thieinsically useless asset
and indifferent between buying and selling any amount oftagpvhen no investment
opportunity arrives. Moreove; K/, cancels itself out and hen¢€), is indeterminate.

When an investment opportunity arrives with Poisson rateinder the assumption
Q¢ > 1, the firm will invest as much as possible. It follows from (B&3), and (B16)
thatM{, = (1 — ¢) M{ and optimal investment is given by

I} = ¢QK{ + cPM{ + B

Substituting this solution back into the preceding Bellnegation and matching coef-
ficients, we obtain equations

(B17) P = rP—X;—7(Q— DH¢R,
(B18) B. = rBi—n(Q— 1B,
(B19) Q = (+0)Qq—R —7(Q—1DQ<.

It follows from (B17) thatr P; > P, + X;. Thus households will not hold the asset and
their short-sale constraints bind. This means that the etanlkaring condition for the
asset is given by M{dj = 1. By a law of large numbers, aggregate capital satisfies

Ki=0Ki+ 7 (é’Qth+ PtC/Mtjdj + Bt)-

We then obtain .
Ki = —0K + 7 (Qil K + ¢ P + By).
As in the proof of Proposition 2, the labor-market cleariogdition givesR, = a (K/A)* !
andY; = K¢ Al
Then aggregate capit#d;, the asset pricé, and the stock price bubblB; will all
grow at the ratey in the steady state. However, the capital pi@eand the rental rat&
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will not grow. The detrended equilibrium system becomes

ki = —(0+ ki +7(Qiki +¢pr + by,
= r—9p—X—7(Q—D¢p,
e = (r—gb —7(Q — Db,
Q = (+0)Q —aki™t—7(Q —1Q,
wherek; = Ky /A, pr = P/ A, by = B/ A, andx = X;/A:. In the bubbly steady state

these variables an@; are all constant over time. Suppressing the time subscrifhta
steady state gives

(B20) 0 = —(0+9k+n(Qck+¢p+b),
(B21) 0 = r=gp—x—-=(Q-1¢p,
(B22) 0 = (r—9gb—7(Q—-1b,

(B23) 0 = T+0)Q—ak*t—7(Q-1)Q¢.

In the bubbly steady state> 0, we can use (B22) to compute

r_
Qb= g—i-l.

T

Assume that > g so thatQ, > 1 and henc&); > 1 in the neighborhood of the bubbly
steady state. Using (B21) and (B23), we can compute

_x
r-91-¢’
g

R =aw4=m+®—u—maﬂg—+0.

p =

Thus the bubbly steady-state detrended capital stock &ndiy

ko = %m+&—a—ma€lﬁ+qrﬁ.

T

After solving for Qy, ky, and p, we use equation (B20) to solve fbrdescribed in the
proposition. We neetl > 0. We then have the second inequality in condition (56). For

x > 0in (56), we need
5+g—(r_g+1)§>o.
T

T

We then obtain the condition in (55). This condition also liepthat(r +0)—(r —g)¢ >
0 so thatk, > 0. The conditions in the propositions are also necessary. 0Q.E.
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B5. Intertemporal Debt
PROOF OFPROPOSITION12

We first derive the discrete-time solution and then take tigigsuous-time limit. Con-
jecture that the value function takes the form

Vi (ki L) =ak! —afLl + b

Substituting this conjecture and the flow-of-funds constsa(57) and (58) into the Bell-
man equation yields

aK{ —a-L{ +b
= max = RK/A—-L{+Q (1—-06A)K{ +e " bysn

e i j j
It ’Kt+A’K1t+A’ Lt+A’L1t+A

+(@—-74h) [e_rnA Lia— QKL+ e a sk —e 0l Ltj+A]

—rf A d ] —r A ] —rA,L i
+7rA[e PLlya — QiKypp H € " aKy y —€ at+A|-1t+A]

+7 A (Q -1/
subject to
(B24) Il < RK{A+edLl  — L,
(B25) a5 Ll < bia+aal(L—0A) K/,

where (B25) is the credit constraint derived from (60) ugimg conjectured value func-
tion.

By the linear property of the Bellman equation above, the-Girder conditions for
L{, andK/, , yield
(B26) et =e"tar,, Qi =e""aya.
and hence./, ,, K/, ,, andKJ,, , are indeterminate. This implies that firjris indiffer-
ent between saving and borrowing when no investment oppitytarrives, and is also
indifferent between buying and selling capital. Wh@n> 1, itis profitable for firmj to

invest as much as possible so that the financing constra24t) @d the credit constraint
(B25) bind. Thus optimal investment is given by

I} = RK{ A + B+ Q¢ 1 - 6A)K{ — L{,
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where we have used (B26) and defined

(B27) B =€ "*brsa-

Substituting the investment rule back into the Bellman &ignaand matching coeffi-
cients, we derive

a=RA+Q(1-0A)+7A(Q—1D(RA+ Q< (A-0A)),

ar =14+7A(Qi—-1),
b =e"*ba +7A(Q—1) B

Using (B26) and (B27) and the preceding three equations,eneel
(B28)
Q=€ [ReyaA + Quya (1= 0A) + A (Quia = 1) (Riya A + Quuad (1—04))],

(B29) et = e [14+ 7 A (Qua — D],

(B30) B =% [1+7A (Qua — 1] Bisa.

Taking the continuous-time limit a8 — 0 yields the equations in Proposition 12.

As in the proof of Proposition 1, we derive the continuousetilimit of the dynamic
programming problem as

(B31)  rV, (Ktj,Ltj) =  max D} +Vi (Ktj,Ltj)

i ploJd
DOl’Dlt’It ’th

4 [l Wi (Ko L) = Ve (L))

subject to

(B32) Ltj = l'ft|-tj + Dét - Rthj + Q (Ktj +5Ktj) )
(B33) D{t = Qtltj + Lit — Ltj — Itj + O Ktj — QtKljt,
(B34) 1) <L -1,

(835) Vi (Kb L) 2 W (KL 0) - viek!, 0.
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Conjecture that the value function takes the form
(B36) Vi (Ki L) = Q! - L + B
Substituting this conjecture into the Bellman equatiordge
r(QK! - Ll +B) = maxLl—ril! + RK! - QK - QuK/
+Qthj + Qthj - |—tJ + B
+7 [(Q =D 1! + Ll — Ll + k! — QK]
7 [QiKk — UL + B — (Quk! - LL+ 8]

ThusK{ andL{ cancel themselves out so that fifnis indifferent between saving and
borrowing and between buying and selling capital, when mestment opportunity ar-
rives. MoreoverQ K{t also cancels itself out so that firjris indifferent between buying
and selling capital when an investment opportunity arti&mplifying yields

(B37) r (Qt Ki{—Li + Bt) — max —ruL! +RK/ + OK{ — QK|
+B4+ 7 (Q -1l

Given the conjectured value function, the credit constré35) becomes
L} < QK + B
Using the financing constraint (B34), we obtain
|tj < Lit - I—tj < thKtj + By — Ltj-

When an investment opportunity arrives, under the assomi®@i > 1, it is profitable
for firm j to invest as much as possible so that both the financing add constraints
bind. We then have

I} =2QiK! + B — L.
Substituting this investment rule back into the Bellmanagun (B37) and matching
coefficients, we derive the equations fQr, B, andr ;; given in Proposition 12.
We now compute

|t=/|tjdj =thKt+Bt—/|-tjdj-

Sincers; < r, households short-sale constraints bind so tt{ht: 0 and the bond
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market-clearing condition becomési_t’dj = 0. Thus

(B38) Iy = SQ¢Ky + B

Substituting (B38) into the law of motion for aggregate talpyields the equation for
K¢ given in Proposition 12. Finally, we can use the same praeeds in the proof of
Proposition 2 to derivd&® = aK¢~1. Q.E.D.

PROOF OFPROPOSITION13

The proof follows from those of Propositions 3 and 4. Singe= B:/ B in the bubbly
equilibrium,r¢ = 0 in the bubbly steady state & = 0.
In the bubbleless steady state in whish= 0, we haveQ* = 4/ (#¢) and

ri=r—=(Q" -1 =r+zx -5/ <0,
where the inequality follows from condition (37). Q.E.D.
C. SELF-ENFORCINGDEBT CONTRACTS

Consider a type of credit constraint which is popular in th#-enforcing debt lit-
erature (see, e.g., Bulow and Rogoff (1989), Kehoe and lee(d993), Alvarez and
Jermann (2000), Albuquerque and Hopenhayn (2004), Kaadkegtd (2008), and Hell-
wig and Lorenzoni (2009¥¢ There is no collateral. Suppose that the only penalty on
the firm for defaulting is that it will be excluded from the fi@al market forever. Since

internal fundsR, K/ come as flows, the firm has no funds with which to make a lumpy
investmentl . Denote byvta(KtJ) the autarky value of firmy that cannot access the
financial marketV2(K{) satisfies the Bellman equation

A (Ktj) =max RK/ - Q (Ktj +5Ktj) V@ (Ktj) .
i

This is a standard dynamic programming problem and no butdreexist inV? by

the usual transversality condition. Conjecture twat(Ktj) = Q?Ktj. Substituting this
conjecture into the Bellman equation above yields

rQPK! = max RK/! — Q (K +3K!) + QfK/ + Q¢K/.
K{
Optimizing with respect td(tj, we deduceQ; = Q7. Matching the coefficients othj
gives

(C1) Q=(0+06)Q —R.

22Kocherlakota (2008) and Hellwig and Lorenzoni (2009) shbat & bubble can exist with self-enforcing debt con-
straints while leaving consumption allocation unchanged pure exchange economy.
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We now turn to firmj’s decision problem before defaulting. Firm valg Ktj) satis-
fies the Bellman equation

(v, (Ktj) _ Km?ﬁj RK{ — Q (Ktj +5Ktj) + V, (Ktj)
to 't
(C2) +r [Qt|tj - |tj + Qi Ktj - QtKljt +M (KL) M (Ktj)]

subject to the financing constraihjt < Ltj and the following credit constraint
(C3) —L! + Vi(Ki) = vad.

This credit constraint is an incentive constraint whichloainterpreted as follows. Write
the discrete-time approximation to (C3) as

(C4) —L) + e Vi a (Kl ) = €7 VE (K )

When an investment opportunity arrives at timeirm j takes on debi_tJ to finance

investmentl{ . At the end of periodt, t + A], the firm’s capital sale§; |, are realized.

If it repays the debt, its continuation value is given by tlpression on the left-hand
side of (C4). If it defaults on the debt, it will be excludedrn the financial market
forever and its continuation value is given by the expressio the right-hand side of
(C4). Inequality (C4) ensures that the firm has no incentivddfault. The constraint
(C3) is the continuous time limit as — 0.

Conjecture that
(C5) Vi (K!) = Q! + B

Then (C3) become!stj < Bq. This constraint is similar to that in Martin and Ventura
(2012). Substituting (C5) into (C2) yields

(C6)  rQiK! +1B = max RK! = Q (K! +0K/) +7 (Q -1 I/
It ’Kl
+QiK{ + QiK{ + B

subject to

(C7) 1) < B

WhenQ; > 1, the optimal investment level il§ = B. Substituting this investment rule
back into the Bellman equation and matching coefficientspbtain (C1) and

(C8) rBt=Bt+7T(Qt—l)Bt-
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The law of motion for aggregate capital is
(C9) Ki = —6K; + 7 B, Ko given.

The equilibrium system is given by three differential equad (C1), (C8), and (C9) for
(Q¢, By, Ky) together with the usual transversality condition.

This equilibrium system is the same as that for the baselingelin Section Il when
¢ = 0. Thus the analysis in Sections Ill and IV fér= 0 applies here. Both bubbleless
and bubbly equilibria exist and their steady states areugniq

D. RISK-AVERSEHOUSEHOLDS

We replace risk-neutral households with risk-averse hmlds in the baseline model.
Suppose that the representative household has the fodawility function:

1-y
/Oo et dt,
0 1-y

wherep is the subjective discount rate apds the risk aversion parameter. The house-
hold faces the budget constraint (4) subject to the no-Pgarzie condition. Then we
derive the consumption Euler equation

G 1
(D1) o =5 0=p).

t Y

wherer, is equal to the return on any stogkin the absence of aggregate uncertainty
and is also called the discount rate. Equation (5) holds eshés replaced by;. Firm j
solves the following dynamic programming problem:

Iy _ j ) j i _ b
©2) o (k) = max DI+ Vi (K/) + (L =1d)+ (Qutd = )]
subject to (15), (16), and (17). For tractability, we assuha capital does not jump at

the time when an investment opportunity arrives. As we shaslieg, this assumption is
without loss of generality due to the liquidity mismatchwasgtion.

The aggregate state variables of the econom\Bar€;, andK;, whereB; represents
the aggregate size of the bubble. The discountmatea function of the aggregate state
variables. Conjecture that

Vi (K{) = ki + B,

where Btj is the bubble component in firrjis stock price. Substituting this conjecture
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into the preceding dynamic programming problem yields
(03) nQK! +nB! = max RK! = Q (K! +0K!) +7 (Q -1
+Q Ktj + Q¢ Ktj + Btj,
subject to

(D4) I < EQuK{ + BY.

When Q; > 1, the constraint (D4) binds so that the optimal investmermlldivltj =
EQiK{ + B{. Substituting this rule back into the Bellman equation aratahing the
coefficients ofK{ , we obtain

(DS) Q =(t+0)Qt — R —7&Qu(Q — 1),

(D6) B! =rB! - Blz(Q -1,
The usual transversality conditions must hold.

SinceB; = | Btjdj, it follows from (D6) that the aggregate bubble satisfies

(D7) B =By — Bir (Qt — 1).

The law of motion for aggregate capital still satisfies (28he resource constraint is
given by

(D8) Ci +m(EQK¢ + By) =Yt

The equilibrium system consists of five equations (28), (p), (D7), and (D8) for
five aggregate variablg€,, ry, K¢, Qt, By) . The transversality condition also holds

(DY) lim e % 95Q; Ky =0, lim e Jo 9B, =0
T—o0 T—o0

Note that an equilibrium only determines the sBeof the aggregate bubble, but an
individual firm’s bubble sizeB/ is indeterminate. Thus it is possible that some firms
have no bubbles, while others have bubbles of differenssize

We use a variable without the time subscript to denote itdststate value. Then (D1)
impliesr = p and hence the steady-state system is the same as that irsdliebanodel
of Section Il. Our analysis of steady states in Sectionsrdl B/ still applies to the case
of risk-averse households. We are unable to derive analytsults for local dynamics
because the equilibrium system contains five equationst istdtraightforward to derive
numerical solutions.
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E. GENERAL SHORT-SALE CONSTRAINTS

In Section V.E we have assumed that households cannot skenteimporal bonds, or
effectively they cannot borrow. We now relax this assumptnd allow households to
borrow a proportion of their labor income.

ASSUMPTION 9: The representative household can borrow or short intertaalp
bonds up to a proportiory of its wage income, e, N> —xwyt, x > 0. Firms cannot
hold or trade each other’s stocks.

We follow the same steps as before to derive the equilibriystesn. From the firm’s
decision problem we show that the value function takes tha fo

(E1) Vi (Ki L) = Q! - L + B
WhenQ; > 1, optimal investment is given by
I} =&QiK{ + B —L{.

We can also show that the equations @@, B, andr ¢; are given in Proposition 12. We
need to derive the law of motion for aggregate capital.
Sincer; < r, households will borrow by short-selling bonds until theirort-sale
constraints bind, i.e.,
L = —xw = —x (1 — a)K{.

The last equality follows from the wage equation in equilibr. By the bond market-
clearing condition

/Ltjdj =LP=—1-a)yV.

Aggregating the law of motion for an individual firm’s capjtave obtain

K = —5Kt+7f(thKt+Bt—/|—tjdj)
(E2) = —0Ki+7 (EQuKi+ B+ (1 —a)rK{).

We now derive the bubbly steady state. Using equation€forK; andr ¢, in Propo-
sition 12, we can show that

Qo="T" > 1,11 =0, Ro= [ - ) +4].

T

Using (E2), we can show that

B o _
K_b = ;—be—(l—a))(Kgl
0 1-

= - YR,
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The bubbly equilibrium requireB > 0. Using the preceding equations, we then obtain
the necessary and sufficient conditions

o 1 0
0<x< 1—ar(1—é’)+5|:r+7r _f:|.

This result shows that a stock price bubble can exist as lerigeashort-sale constraint
for households is sufficiently tight. The analysis of SathioE corresponds to the case
of y =0.

F. INTERTEMPORALDEBT WITHOUT A MARKET FOR CAPITAL

In this appendix we show that the equilibrium system analymeésection V.E is equiv-
alent to a setup where there is no market for capital goodgeylace intratemporal debt
in the baseline model with intertemporal bonds with zerosogiply. With intertemporal
bonds, firms can raise new debt to payoff old debt.rikgetlenote the interest rate on the
bonds. Suppose that firms can invest and accumulate capithko own. We allow the
lender to seize both a fractiaghof the defaulting firm’s existing capital and a fraction
n of its newly installed capital in the event of defatdt. The solution in Section V.E
corresponds to the special case with: 0.

ASSUMPTION 10: Households cannot short intertemporal bonds. Firms do mat o
or trade each other’s shares and do not issue new equity tadmavestment. The only
sources of finance are internal funds, savings, and intquteai debt.

We will derive equilibria in which investing firms borrow ffmnon-investing firms and
households do not hold any bonds. L&t > 0 denote the representative household’s
bond holdings. Let.! > (<)0 denote firmj’s debt level (saving). The market-clearing
condition for the bonds ig L{dj = L. Let ;(K{, L{) denote the ex ante equity value
of firm j when its capital stock and debt level at tilngre Ktj and Ltj, respectively, prior
to the realization of the Poisson shock. We suppress thegatgr state variables in the
argument. Thel, satisfies the following Bellman equation in discrete time:

ViK{, L) = max (l—;rA)[D(")tA+e‘rAVt+A((1—5A)KIj, L3+A)]

i i
IehLbipast

+7T A [Dit + e_rAVt+A (Ktj+A’ Lit+A)i|

1t+A

subject to

(F1) 0< DYA = RK{IA +e L) — 1L,

23/f we introduce this assumption in Section V.E, then the ltesyiequilibrium system is equivalent to that studied in
this appendix.
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(F2) 0< D) =RK/A+e L), —L{ -1/,
(F3) Kl = @Q=0MK{+1],

(F)  Visa(K{a Ll a) = Viea (K, 0) = Viga € (L= 5A) K{ 4 41, 0).

WhereL{tJrA (LIJM) represents the new debt level or saving when an investnpguro
tunity arrives (no investment opportunity arrives). Thegrof the debt at time that
pays off one unit of consumption good at time- A is et By assumption, firmj
cannot issue new equity to finance investment when an ineggtapportunity arrives so
that D{t > 0. Since there is no market for capital goods, the flow-of-furmisstraints are
different from those in the model of Section V.E. When fijninvestsltj with Poisson
probability z A, its capital stock jumps td’(t’+A as shown in (F3).

Debt is subject to the credit constraint (F4). Fijmborrows LLM at timet when
an investment opportunity arrives. It may default on dEhLA at timet + A. Ifit
does not default, it obtains continuation vag (K., ,, L1, ). If it defaults, debt
is renegotiated and the repaymemitthA is relieved. The lender can seize a fraction

& of depreciated capitall — 6A) K{ and a fractiony of newly installed capital .?*
The lender keeps the firm running with these assets by reiarggrthe firm. Thus the
threat value to the lender ¥ (¢ (1 — 6A) K{ + »1{, 0). Assume that firmj has a full
bargaining power so that the renegotiated repayment imdiyethe threat value to the
lender. The expression on the right-hand side of (F4) is #hwevto the firm if it chooses
to default. We then have the incentive constraint given #).(F

Conjecture that
Vi (K{ L) = ak! —afLl + b
DefineQ; = e"%a,,.,. Here Q; is Tobin’s marginal Q or the shadow price of capital,

instead of the market price of capital. Substituting thigjeoture and equations (F1),
(F2), and (F3) into the Bellman equation yields

akK,/ —atLLtj + by
= max  RK{A-L{+e " bya

ItJ’Ktj+A’Kil+A’LtJ+A’LZJI.l+A

+(1—7zA) I:e_rftALtJ+A +Q(L-0A)K{ —e ", LtJ+A]
+r A [e_r“A L:{t+A + Qi (1—-454) Ktj - e_rAatL+A L:jl.t+A]
+7A(Q DI/

i

24f £ = n, the lender effectively seizes the firm's future capitKIHA.
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subject to
(F5) Il < RKJA 4L, — L,
(F6) a5 aLlipa < brea +aal (L—0A) K +auanl!,

where (F5) follows frorTD{t > 0 and says that investment is financed by internal funds,
savings, and debt only. Credit constraint (F6) follows frg).

By the linear property of the Bellman function, the first-erdondition forLtj+A yields
(F7) e—rftA — e—rAatL_’_A’

and hencd_tj+A is indeterminate. This implies that firnis indifferent between saving
and borrowing when no investment opportunity arrives. Miying the two sides of
inequality (F6) bye~"* and using (F7), we obtain

(F8) e L,y =€ a1 < Bid Q& (L —0A) K{ + Quyl{,
where we have use@; = e "“a;,, and the definition
(F9) B =e""ba.

When 1< Q; < 1/#, the financing constraint (F5) and the credit constraint {8 so
that optimal investment is given by

i 1
Iy =
1-7Q;

where the multiplier 1 (1 — Q) reflects the leverage effect.

[RK/A+ B+ Qe@—an k! - L],

Substituting the investment rule back into the Bellman &#qnaand matching coeffi-
cients, we derive

&= RA+Q (1—0A)+7A(Q 1) XAt Qe@=08)

1-nQ
Qt —
F=l14+7nA—F,
% *r 1-nQ
by = —rAbt+A+,rAw.

1-75Q¢
Using (F7) and (F9) and the preceding three equations, wdeare

RiiaA+ Quuad (11— 5A)]
1-75Q: ’

Q=e"" |:F\)t+AA + Qtya (1 —0A) + 7 A (Qtya — 1)
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- _ Qtsa — 1:|
retA — rA 1 A ,
¢ ¢ [+n 1-75Q¢
_ ATA QH—A -1
o-on gt
Taking the continuous-time limit a8 — 0 yields
(F10) O = r+9Q-R-T D
1-nQ
: r (Q—1)
F11 = rBp— ———B,,
( ) Bt I'Bt 1- 70, Bt
(F12) ot _r@=D

1-—3Q

We now show that this solution is the same as that in the cootisrtime setup. We
derive the continuous-time limit of the dynamic programgnproblem as

(F13) th(Ktj,Ltj) = max ch>t+vt(Ktj"'tj)

i pl gl
Dot>Daps It s Ly

St [D{t +V (KJ 1), L{t) —\ (KJ, L{)]

subject to

(F14) Ll =rnl{ + D§ — RK{,

(F15) Dl =Ll —L! -1/,

(F16) 1) <L -1,

(F17) V(K + 10, L) = Vi(K{ +10,0) = i@k + 1/, 0).

When no investment opportunity arrives, capital simplyréejates so thd{tj =—0 Ktj.

Whenever an investment opportunity arrives, capital jutogs; + 1.

Conjecture the value function takes the form
(F18) Vi (Kl L) =Qk! - Ll + B,
and hence the credit constraint (F17) becomes

(F19) Ll < QeK{ + nQul{ + By,
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whereB; > 0 is the bubble component of equity value.
Substituting the conjectured value function into the Balinequation yields

r (Qthj - Ltj + Bt) = max Ltj _rftl—tj + Rthj + Qthj = Qt5Ktj - Ltj + B
. [(L{t —L =)+ (i - L+ Ltj)].

Thus I'_tj cancels itself out so that firm is indifferent between saving and borrowing
when no investment opportunity arrives. Simplifying yeld

(F20) r (Qt K{— L)+ Bt) — max —rul! + RKJ + OK — QK{
+Bi+7 (Q -1,
Using the credit constraint (F19) and the financing consti@®16), we obtain
I} <L} - L <QK! +4Qul! + B — L],

If1 < Q¢ < 1/y, it is profitable for firm | to invest as much as possible and both
constraints bind. In this case firjnborrows by selling bonds. We then have

QK+ B - L
t 1-nQ '

Substituting this investment rule back into the Bellmanatiun (F13) and matching
coefficients, we derive the equations fQr, B, andr ;; given above.

We now compute aggregate investment
iy thKt'l'Bt—thjdj
It - |t dJ - .
1-7nQ:

Sincerst < r, households’ short—sal_e constraints bind so ﬂh?:\t: 0 and the bond
market-clearing condition becomési_t‘dj = 0. Thus

EQiK¢ + By
F21 lf = —m—.
( ) t 1-7nQ

We can then derive the law of motion for aggregate capital

/Ktj+Adj =/(1—5A) Ktjdj+nA/Itjdj.

Taking the limit asA — 0 yields

Ki = —0K; + 7 ;.
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Substituting (F21) into the above equation yields the eqondor K;

. K
(F22) Ki = —oK, + 7 =Kt Be

1-nQ
Finally, we can use the same procedure in the proof of Propos2 to deriveR, =
aKg~t. The equilibrium system fofQ;, By, r 11, K;) consists of (F10), (F11), (F12),
and (F22) when 1< Q; < 1/#. The usual transversality conditions must be satisfied.
We can see that the equilibrium system presented in Prapodif is the special case
with # = 0.
We can also prove the following result.

PROPOSITION 14: For the model in this subsection with intertemporal bonfls, i

- o(1—n)

(F23) 0<& <=

then the bubbly and bubbleless steady states WithQ < 1/ coexist. Moreover, the
interest rates in the bubbleless and bubbly steady stategji@en by ¥ = r + 7 —
0(1—1n) /& <0andrs =0, respectively.

PROOF:
We first derive the bubbly steady state in whish> 0. Using the equilibrium system
derived above, we can show that

r+r«

F24 = =0
(F24) Qb e r{ =0,
_ r—+
(F25) Ro = aKg™ = —— [ - & +4],
n +n

(F26) B_o_cl+m)
Kh n wn(l-p)

Sincey € (0,1), we have 1< Qp < 1/5. Given condition (F23), we havB > 0 and

hence a bubbly steady state exists.

We next derive the bubbleless steady state in wBich 0. Using the equilibrium system

derived above, we can show that

0
Q"= —,,
né+no
or
R* =aK*a—l= +5’
né+no

=t —31-n) /.
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Under condition (F23), we haved Q* < 1/5. Thus a bubbleless steady state exists.
G. CROSSHOLDINGS

In this appendix we assume that households hold a fractierHLshares of a market
portfolio of all firm stocks and firms hol#l € (0, 1) shares of the market portfolio in the
model of Section V.E. For technical convenience we condfiecontinuous-time setup.
Assume that firms do not use the market portfolio to financedtment for the reasons
discussed in Section V.F.

Let V (Ktj, Ltj, Htj) denote the ex ante market value of fifmwhere Htj denotes

firm j’s holdings of the market portfolio prior to the investmepportunity shock. Then
V; satisfies the continuous-time Bellman equation

(G rViK!, L, H) = max D§ + Vi(K!, L, HY)
7 [ Dl + VoK, L, Bl = Vi(kd, L D]
subject to the flow-of-funds constraints

62) LUl =rul!+Df - RK! +Q (Kl +0K!) + RH! = XH/,

(G3)  Dh=Qil} +Ly—Ll -1} + Q) — QKL + P (H = HY),
the financing constraint

(G4) Il <L} — L,

and the credit constraint

(G5) Vi (Kb Lo HE) = (Kb 0 1Y) - veek!, 0,0),

where Hljt denotes firmj’'s holdings of the market portfolio when an investment oppor
tunity arrives. Herd? denotes the value of the market portfolio,

Po= [ Vi (Kl LL R d.

and X; denotes the total dividends of the portfolio

Xt:/Dtjdj =/D(j,[dj+7r/D{tdj.

Note that the value of the market portfolio does not jump df/re value of an individual
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firm can jump when an investment opportunity arrives. Thisdsause
Pia=(1- ﬂA)/VHA (Ktj+A» Ltj+A’ Htj+A) dj

+ ”A/Vt+A (K]J.t+A’ Litsas H11t+A) dj

so thatP;o > PrasA — 0.

The financing constraint (G4) means that fifronly uses debt and savings to finance
investment. The interpretation of the credit constrainb)((S similar to that in Section
V.E. In particular, the lender can only recover a fractioof capital and take over the
firm in the event of default.

Conjecture that the value function takes the form
(G6) Vi (K{ L HY) = QK + Bo— L+ P
Substituting this conjecture and the flow-of-funds constsanto the preceding Bellman
equation yields
r(QuK! = Ll + B+ RH/)
= max L{ —rql{ + RK! - QK! — QioK{ — RH/ + X H/
+Qthj +Q Ktj - Ltj +B+ P Htj + P Htj
+7 [(Q = DI+ Ly - L+ QK! - QK + PH! — PiHY
7 [QtKljt — Ll + B+ PH) - (Qthj — L+ Bt) - Pthj].
Given the conjectured value function, the credit constiagtomes

Ll < QK{ + B

If Q¢ > 1, the financing constraint and the credit constraint bindhst optimal
investment is given by _ . _
ItJ = QthtJ + By — Ltj-
Substituting this investment rule back into the Bellmanatiun and matching coeffi-
cients, we obtain (20), (21), (63), and

re, = X + pt-

Thus the rate of return on the market portfolio is equal. tAggregation yields the law
of motion for aggregate capital (28). Thus the equilibriuratem for(Q;, Ky, B, r 1) is
the same as that in Section V.E and online Appendix B.5 andénBnoposition 13 still
holds. The only difference lies in the valuation of the firm.
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Since [ H/ = H, aggregation of (G6) yields

P_Qth+Bt
t = ———.
1-H

As discussed in Fedenia, Hodder, and Triantis (1994) andtElGolub, and Jackson
(2014), the equation above and equation (G6) show that-trasigs inflate the market
capitalization. Since households hold-H shares of all firms, the portfolio value to the
households i€Q:K; + B;. Thus cross-holdings do not have any effects on welfare and
real allocation as long as cross-holdings do not help finanestment.



