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1 The Model

Consider an infinite-horizon economy consisting of households and firms. There is no aggregate
uncertainty, but firms face idiosyncratic productivity shocks. Time is discrete and denoted by

t=0,1,2,...
1.1 Households

There is a continuum of identical households of unit mass. Each household is risk neutral and
derives utility from a consumption stream {C;} according to the utility function, ) ;°, By,
where = 1/ (14 r) is the subjective discount factor. Households supply labor inelastically.
The labor supply is normalized to one. Households trade firm stocks and risk-free bonds. The
net supply of bonds is zero and the net supply of any stock is one. Because there is no aggregate
uncertainty, 7 is equal to the risk-free rate (or interest rate) and also equal to the rate of the

return of each stock.

1.2 Firms

There is a continuum of firms of unit mass. Firms are indexed by j € [0,1]. Each firm j
combines labor th and capital Kg to produce output according to the following Cobb-Douglas
production function:

Y7 = (AJK])™(N{)' ™%, a € (0,1),
where A{ represents idiosyncratic productivity shocks. These shocks follow a Markov process

with the state space {A;, A2} and with the transition probabilities given by:
Pr(A],, = Ai|A] = A1) =1 - p, (1)

Pr(A],, = As]A] = Ay) =1 —p, (2)

where p, A > 0. Assume that A{ is independent across firms and thus idiosyncratic risks wash
out in the aggregate. Let Ag be drawn from the stationary distribution (1/ (1 4+ A), A/ (1 + A)).
Assume that A; > As and p < 1 — pA, meaning that the chance of being productive is higher

if the firm is relatively more productive in the previous period.



After solving the static labor choice problem, we obtain the operating profits:
AR K] = max (AT K])*(N])' = —w N7, (3)
t

where w; is the wage rate and

Iﬁ:a<1TQ>ﬁ{ (4)

After observing Ag , firm j may make investment Itj so that the law of motion for capital is

given by:
Kl =(0-8)K +1, (5)

where 6 > 0 is the depreciation rate of capital. Assume that investment is subject to the
following constraint;:

—uK] < < AIRKJ + I, (6)

where p € (0,1 —9) and L{ > 0. The first inequality captures the assumption that investment
is partially irreversible. The second inequality says that firms can finance investment by internal
funds and external borrowing. Assume that external equity is so costly that no firms will raise
new equity to finance investment. For simplicity, we consider intratemporal loans as in Charles
T. Carlstrom and Timothy Fuerst (1997), Urban J. Jermann and Vincenzo Quadrini (2010),
and Miao and Wang (2011a). These loans are taken at the beginning of the period and repaid
at the end of the period. They do not have interests.!

To capture financial frictions, we introduce credit constraints as in Miao and Wang (2011).
In doing so, let Vt(KZ ) A{ ) denote the date-t cum-dividends stock market value of firm j with

assets KZ and the realized productivity shock A{ . Then we write the credit constraint as:

L} < BE Vi (EK], Al ), (7)

where FE; is the conditional expectation operator with respect to the shock A{ +1- The motivation
of this constraint is similar to that in Nobuhiro Kiyotaki and John Moore (1997): Firm j pledges
a fraction £ € (0, 1] of its assets (capital stock) Kg at the beginning of period ¢ as the collateral.

The parameter £ may represent the degree of pledgeability or the extent of financial market

! Miao and Wang (2011a) study intertemporal bonds with interest payments and allow firms to save. This
extension does not change our key insights.



imperfections. It is the key parameter for our analysis below. At the end of period t, the stock
market value of the collateral is equal to ,BEJ/}H(fKtj , A{ +1)- The lender never allows the loan
repayment L{ to exceed this value. If this condition is violated, then firm j may take loans Lg
and walk away, leaving the collateralized assets ng behind. In this case, the lender runs the
firm with the collateralized assets fo at the beginning of period ¢ + 1 and obtains the smaller
firm value ﬁEtV}H(&Ktj, A{H) at the end of period ¢. Unlike Kiyotaki and Moore (1997), we
have implicitly assumed that firm assets are not specific to a particular owner. Any owner can
operate the assets using the same technology. Thus, the lender does not have to liquidate the
collateralized assets in the event of default.

Following Miao and Wang (2011a), we may interpret the collateral constraint in (7) as
an incentive constraint in an optimal contract between firm j and the lender with limited
commitment:> Given a history of information at date ¢ and after observing the idiosyncratic
shock A{, the contract specifies investments Ig and loans L{ at the beginning of period ¢, and
repayments L{ at the end of period ¢t. Firm j may default on debt at the end of period t.
If it happens, then the firm and the lender renegotiate the loan repayment. In addition, the
lender reorganizes the firm. Because of default costs, the lender can only seize a fraction £ of
capital Ktj . The lender can run the firm with these assets at the beginning of period t + 1 after
observing the productivity shock A{ 41- The date-t stock market value of the firm is given by
BEM+1(§Kf ,A{ +1). This value is the threat value (or the collateral value) to the lender at
the end of period ¢. Following Jermann and Quadrini (2010), we assume that the firm has all
the bargaining power in the renegotiation and the lender gets only the threat value. The key
difference between our modeling and that of Jermann and Quadrini (2010) is that the threat
value to the lender is the going concern value in our model, while Jermann and Quadrini (2010)
assume that the lender liquidates the firm’s assets and obtains the liquidation value in the even
of default.

Enforcement requires that, the continuation value to the firm of not defaulting is not smaller

?See Rui Albuquerque and Hugo A. Hopenhayn (2004) and Fernando Alvarez and Jermann (2000) for related
contracting problems.



than the continuation value of defaulting, that is,

5EtVt+1(Kg+1v A{H) —Liz

BE Vi1 (K}, 1, Al ) — BE Vi1 (EK], AL,

where FE is the conditional expectation operator with respect to A‘Z 41- This incentive constraint
is equivalent to the collateral constraint in (7). This constraint ensures that there is no default
in an optimal contract.

Firm value Vt(Ktj , A{ ) satisfies the following Bellman equation:
V(K] A7) = max AjRoK} — I (8)
i
+BE Vi1 (K oy, Ay,
subject to (5), (6) and (7).
1.3 Competitive Equilibrium

Let Ny = fol th dj, and Y; = fol Y;j dj denote the aggregate labor demand, and aggregate
output. Let K = fA{:Ai Kgdj and I;; = fA{=A¢ Igdj denote the aggregate capital stock and the
aggregate investment for firms with productivity A;, ¢ = 1, 2. Then a competitive equilibrium is
defined as sequences of {Y;}, {Ci}, {Ku}, {Iu}, {Ne}, {we}, {Re}, {Vi(K7, AD)}, {17}, (K},
{N/} and {LJ} such that houscholds and firms optimize and markets clear in that N, = 1,

Ci+ Iy + Iy = Y, 9)

Kipr = [(1=0) Kt + Iu] (1 — pA) (10)

+[(1 = 6) Kot + Io¢] p,

Kopy1 = [(1—=0) Ko+ Ie) (1 — p) (11)
+ (1 =6) K1t + L) Ap.
Before we study equilibria below, we first observe that problem (3) implies:
. N\ S\ — Q&
(1-a) (AK7) (M) " =w,
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. o ya—1 N\ —Q
R =a <A{K§) (Ng) .
Using these two equations and Ny = 1, we deduce the following equilibrium equations:
Y = (A1 K1y + AoKo)* N} = (A1 Ky + A2 Ko)®

and

Ry = o (A Ky + A Ky)* 7t
2 Bubbleless Equilibrium
In a bubbleless equilibrium, we conjecture that firm value takes the following form:

‘/t(KaAz) = vitKa i = 172a

where v;; is to be determined. Define
Q1 = B vi+1(1 — pA) + varp1pN)],

Q2t = B [vie41p +varr1 (1 —p)].

(14)

(15)

(16)

Let the optimal investment rate for a firm with productivity A; be ij; = Iy /Ky, | = 1, 2.

Then we substitute (14), (15) and (16) into (8) to derive:
K] = AR K] + (Qu — Vi) + (1 - 6)QueKT,
vn K] = AsReK] + (Qoe — )iz K] + (1 6) Q.
Matching coefficients yields:
vir = A1Ry + (Que — 1)ine + (1 — 6)Que,

vor = Ao Ry + (Qar — 1)igr + (1 — 0)Qas.

Plugging these two equations into (15) and (18) yields:

Qi = B —pN[Ai1R1+ (1 —060)Qutr1 + (Quesr — 1) 1]

+BpAN[AsRi 1 + (1 — 0)Qar1 + (Qarr1 — 1) da4],



Q2 = PplAiR1+ (1= 0)Queg1 + (Querr — 1) i1¢] (18)

+B8(1 — p)[A2Ri+1 + (1 — 6)Q2t41 + (Q2r41 — 1) 4]
We next show how to solve for i1; and i9; below.
2.1 The First Best

We start with the first best equilibrium in which the credit constraint never binds. In this
case, Q1 = 1 and @2 < 1. Because ()14 = 1, the optimal investment level for any firm with
productivity A; is indeterminate. Only aggregate investment I1; for these firms is determined
in equilibrium. We shall focus on the symmetric case in which iy, = I1;/Ky; for any high

productivity firm. Because Qo < 1, i9s = —p. Equation (17) becomes
1 = B(1—=pN[A1Ri11+ (1 —9)] (19)
+BpA[A2 Ry 1 + (1 — 0)Qary1 — 1 (Qarr1 — 1)),

The first best equilibrium is characterized by four equations (10), (11), (18), and (19) for four
variables Qay, Iy = 114 K14, K11, and Ko, where Ry is given by (13). The usual transversality
condition must also be satisfied. Once these variables are determined, we can then solve for

consumption C; and output Y; using (9) and (12).
2.2 Inefficient Bubbleless Equilibrium

In an inefficient bubbleless equilibrium, Q1 > 1 and Q9 < 1 in the neighborhood of a steady
state. In this case, any firm with productivity A; chooses the maximal investment level and

the credit constraint binds. Its optimal investment satisfies:
Il = A\R K] + €Qui K. (20)
Aggregate investment for these firms is given by:
Iy = Ay R Ky + Q1K1 = i1 K.

If Q9¢ < 1, then the investment rate of any firm with productivity As reaches the lower bound

—p. If Q2 = 1, then its investment rate is indeterminate. Only the aggregate investment level



Is; of these firms is determined in equilibrium. We shall focus on the symmetric case in which
i9r = I9;/ Ko for any low productivity firm. The bubbleless equilibrium is characterized by four
equations, (10), (11), (17) and (18) for four variables Q1y, I, K14 and Ko if Qo = 1, and for

Q1¢t, Qot, K1t and Ko if Q¢ < 1. Moreover, the usual transversality condition must be satisfied.
3 Bubbly Equilibrium

In a bubbly equilibrium, we conjecture that firm value takes the following form:
Vi (K, Ai) = vit K + by, (21)

where vy and b;; are to be determined. Due to limited liability, stock prices cannot be negative.
Thus, we require b; > 0 and interpret it as a bubble. Define Q1; and Q2 as in (15) and (16)
and define

Byt = B [bir+1(1 — pA) + barr1pN)] (22)

Byt = B [baty1(1 — p) + bigy1p)] - (23)

We will construct a bubbly equilibrium in which Qq; > 1, and Q2 < 1 around a steady
state. Substituting the conjecture (21) into the Bellman equation (8), we find that optimal

investment satisfies:

i) A\RK] +€QuK] + By Al = A
I = j j (24)
—MKt At = A2
Thus, i9; = I/ Ko = —p and
Iy =i Ky = AR Ky + Qe K1y + Big/ (1 + X)) (25)

Manipulating the Bellman equation (8) and matching coefficients, we obtain equations (17),
(18), and
Bit = B[B1t+1Q1t+1(1 — pA) + pABati1], (26)

Bat = B[Bat+1(1 — p) + pBie+1Qut+1]- (27)

The bubbly equilibrium is characterized by six equations (10), (11), (17), (18), (26), and
(27) for six variables, Q1;, Qat, K1ty Ko, By, and Bg. In addition, the usual transversality

condition must be satisfied.



4 Steady States

To analyze the existence of equilibrium discussed in the previous section, we shall focus on the
steady state. To facilitate analysis, we shall set A} =1 and Ay = 0. We use a variable without
a subscript t to denote its steady state value. The crucial parameter for our analysis is &, the
degree of pledgeability or the fraction of assets recovered by the lender in the event of default.
We shall show below that there are three cutoft values £;, &5, and €5 such that four cases can

happen:

1. If £ > &, then the economy achieves the first best equilibrium in which ;1 = 1 and
Q- < 1.

2. If &5 < € < &, then there is a unique bubbleless equilibrium in which 1 > 1 and Q2 < 1.

3. If &3 < € < &y, then there is a bubbly equilibrium in which @; > 1 and @2 < 1. There is

also a bubbleless equilibrium in which ¢); > 1 and @2 < 1.

4. If £ < &3, then there is a bubbleless equilibrium in which @; > 1 and Q)2 = 1. There is
also a bubbly equilibrium in which @1 > 1 and Q)2 < 1. Note that TFP rises in a bubbly

equilibrium only in this case.
4.1 First Best

Let @1 =1 and Q2 < 1. Then i3 = —p. Using (19) and (18), we obtain

1=B(1—=pA) [R+ (1 =0)] + BpA[n(1 — Q2) + (1 = 0)Q2],

and
Q2 = Bp[R+ (1 —0)]+ B(1 - p)[u(l — Q2) + (1 — 0)Q2].

Solving yields:
p/B+p(l—p—Ap)
(L=Xp)/B—=(A=p=Ap)(1 =0 —p)
_1=BpAlp+ (1 -0 — p)Qo]
B(1—pA)

Q2 =

R

—1+4. (28)

It is easy to show that Q2 < 1.



Using (10) and (11), we obtain
Ki=(1-0+i1)K1 (1—p\)+p(1—=06— p)K,,

Ky=(1=0—p)Kz(1=p)+Ap(l =0 +i1)Ki.
Solving these two equations yields

Ki _ p+0+p—p(1+ N6+ p)
KQ_ )\p ’

1 A1 =3 —p)

CET T utdtp—p( N6+ )

For the credit constraint to not bind, we need

R+¢& > 1.

This inequality gives the cutoff value &;:

Elzil_Ra

—146.

(31)

where R and i are given by equations (28) and (30), respectively. When £ > &, the economy

achieves the first best steady state. Finally, equation (13) implies that
R=a(K)*".

Using this equation and equation (28) delivers K;. Using (29) gives Kj.

(32)

In the analysis below, we assume £ < &;. Under this assumption, the credit constraint binds

whenever a more productive firm chooses to invest. Thus, Q1+ > 1 around the steady state.

4.2 Bubbleless Steady State
There are two cases. First, @1 > 1 and ()2 < 1. In this case,
Ly = ReKqe + EQui Ky, Iop = —pKot.

Thus,

i1y = Ry +EQu¢, t2r = —pu.



It follows from equations (10) and (11) that

K1 = [(1-0)Ki+ (RK1 +£Q1K1)] (1 - pA)
+(1 =0 — p)Kap, (33)
Ky = (1—6-mKs(1-p)
+Ap [(1 — 5)K1 + (RKl + leKl)] . (34)

Using these two equations, we obtain K;/K» given in (29). By equations (17) and (18),

Q1 = Bl—pN[Q1R+(1-0)Q1+ (Q1— 1)§Q] (35)
+BpA[p(1 — Q2) + (1 — 6)Q2]

Q2 = PBpl@1R+ (1 -6)Q1 + (@1 — 1)éQ] (36)
+B8(1 = p)[(1 = 0)Q2 + pu(1 — Q2)]
By (33),
1=(1-0+R+&Q1)(1—p\)+(1—=0—p)7=p (37)

The above three equations can be used to solve for three variables Q1,Q)2 and R as functions

of £. In particular, we can use equations (35) and (36) to derive

Q2 G :[1—9_ pA
Bp  B(1—pA) p 1—pA

For @)1 > 1, we need £ < &, where & is the cutoff value such that (1 = 1. It is given by

} (1= Q2) + (1 - 6)Qs]. (38)

(31). For Q2 < 1, we need £ > &3, where 5 is the cutoff value such that Q2 = 1. We shall solve
this cutoff value explicitly below.

Turn to the second case in which @1 > 1 and Q2 = 1. Setting Q2 = 1 in (38) yields:

_l=pr  BletA=1)(A=0)

39
Q1 5 p (39)
Setting ()2 = 1 in (35), we can solve for R :
_ Q1 —BpA(1—9) _
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We then use (32) to determine Kj.

We now solve for K» and i3 using equations (10) and (11). Substituting iy = RK; +£Q1K1

into the steady-state version of these two equations yields:

Ki = [(1-90)K:+RKi+&Q1K1](1—pA)

(L= 6+ ig)Kap,
Ky, = (1 -0+ ’ig)KQ(l — p)
+Ap[(1 = 6)K1 + RK1 + Q1 K]

Eliminating 75 yields:

K1 K (L-Ap—p)(1-0+R+EQ1)

_ = K.
p1-—p p(1—p) '
Using (39) and (40), we can compute
1 pA(1 —0)
1-0+R+ = - +¢&.
N EE o e
Plugging this equation into (43) yields:

Ko=|(1-p)—(1—Xp— - +e)| =L
= [0-n-0-w-0 (5 - e )]

We then use (41) to solve for s :

C_1-(1=0+R+£Qu) (1-pN)
12 = 70 —
K. P

1+59.

(41)

(44)

(45)

To be consistent with equilibrium, we require io > —pu. Note that Ky/K; decreases in & and

R+ £Q); increases in €. But we can show that i3 decreases in £. Define the cutoff value &5 such

that 79 = —p. We then deduce that if & < &3, 72 > p.

To solve for &5, we set io = —p in (45) to derive:

(1= 032 =1- (1= 5+ R+ Q) (1-pN).

(46)

When is = —p, K1 /K> is given by (29). Using this equation and the expressions for )1 and R

in (39) and (40), we deduce that &5 satisfies:

AP (1 — p =)
p+6+p—p(l+A)(S+p)

Q1 — BpA(1 —9)
B —pA)@r

=1—(

11

+&3) (1—pA).



4.3 Bubbly Steady State

We now solve for a bubbly equilibrium in which @7 > 1 and ()2 < 1. In this case,
I = RKj) + Q1K1+ B1/ (14 )\), ia = —p. (47)

In addition, @1 and Q9 satisfy (35) and (36) and hence (38). Use (26) and (27) to derive

By = BlQ1B1(1 — pA) + pABa], (48)
By = B[Ba(1 = p) + pB1Qa]. (49)

These two equations can be used to solve for:

ﬁfl
01 = >, (50)
By = P

B;.
(1=pA)(A=8)+Bp
We can easily check that ()1 > 1. By assumption p < 1 — pA, we deduce that By < B;. We

now use (38) to solve for Q3 :

PQ1+ Bu(l—p—Ap)
(L=Ap)=(1=0—p)B(1—p—2Ap)

Notice that both ;1 and @3 are independent of £&. We need to impose assumptions on para-

Q2 = (51)

meters 3, p, A, i such that Q2 < 1.
Use (35) to solve for R :

_ Q1= BpA[p(1 — Q2) + (1 —0)Q]

R B~ pN Qs

—(1-9)— (@1 -1 (52)

Thus, R is decreasing in £. Using equations (10) and (11) to eliminate I7;, we obtain:

K p+d+p—p+N(E+p)
KQ_ )\p

Plugging (47) into (10) yields:

Ky = [(1 — ) K1 + <A1RK1 + Q1K + )\ill)} (1—p\)+(1—6—pu)Kep.  (53)
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Manipulating yields:

B1/Ky Ky
1=(1- 1— 1—6— p)p=2. 4
(1= rec@ue SL) e+ (-6 (54)
Plugging (52) into the above equation yields:
Bi/K1 1_(1_5—,“)0%

A+1 1—pA Tl R

_ 1= (1-06—p)pi? Q1= BpA[p(1 — Q2) + (1 - 6)Q] ¢ (55)
=P BI— N1

Since Ko/K1,Q1, and Q2 are independent of £, B1/K; is a decreasing affine function of £. We
define the cutoff value £, such that B;/K; = 0. Then if £ < &,, then B;/K; > 0 and we obtain
a bubbly equilibrium.

Note that we must have £, < &; because the credit constraint does not bind for £ > &;.
Also note that when £ = &5, B = By = 0 and the bubbly equilibrium reduces to a bubbleless
equilibrium with ;1 > 1 and ()2 < 1. Since we have shown that )1 > 1 and ) = 1 in a

bubbleless equilibrium for any £ < &5, we must have &3 < &,.

5 TFP

We can compute the steady state TFP as

TFP — <M>a

Ky + K>
Thus, to show that TFP rises in a bubbly equilibrium, we only need to show that K;/K» rises
too. Using equations (10) and (11), we can show that

Ky 1-Ap—(1-0+1DL/K)(1—p—p))
K2 )\p

If Q2 = 1 in a bubbleless equilibrium, then it is possible that aggregate investment for the
less productive firms does not reach the lower bound so that Is; > —uKo. If Q2 < 1 and
Iy = —pKo in a bubbly equilibrium, then the above equation reveals that K;/K» is higher in
a bubbly equilibrium than in a bubbleless equilibrium given the assumption 1 —p—pA > 0, and
hence TFP rises in a bubbly equilibrium. This result can hold only in the last case described

at the beginning of Section 4.
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