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1. Introduction

Firms using differentiated products to soften intense Bertrand price competition is

a basic principle in industrial organization. Following (Hotelling, 1929; D’Aspremont

et al., 1979) clarify theoretical issues and solve the basic horizontal differentiation model.
Gabszewicz and Thisse (1979) and Shaked and Sutton (1982, 1983) work out equilibria
of the basic vertical differentiation model.

The standard model of horizontal-vertical product differentiation is the following mul-

tistage game between two firms: in Stage 1, firms choose product attributes or qualities;
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in Stage 2, firms choose prices, and then consumers pick a firm to purchase from. In the
literature, models have seldom gone beyond two possible qualities, have assumed that con-
sumers’ quality valuations are uniformly distributed, and have let production or mismatch
costs be nonexistent, linear, or quadratic. We make none of these assumptions. In this
paper, each of two firms produces goods with an arbitrary number of quality attributes.
Consumers’ valuations on each quality follow a general distribution. A firm’s unit produc-
tion cost is an increasing and convex function of qualities. In this general environment, we
characterize subgame-perfect equilibria of the standard differentiation model. By doing
so, we show that results in the literature are less general than previously thought.

Using the uniform quality-valuation distribution and the separable cost assumptions,
researchers have managed to solve for equilibrium prices explicitly as functions of
qualities. Equilibrium qualities then can be characterized. What has emerged in the
literature are a few classes of equilibria with largest or smallest differences in equilibrium
qualities (see the literature review below, in particular the “Max-Min-...-Min” result
by Irmen and Thisse (1998)). In equilibrium, firms may successfully differentiate their
products only in some qualities. We show that uniform distributions and separable
quality costs (or mismatch disutility) are drivers for nondifferentiation results. Indeed,
when valuations are uniformly distributed and costs are separable, multidimensional
models can be simplified to single-dimensional ones. However, how robust are maximal
or minimal differentiation results? To what extent are they driven by these assumptions?
What are the fundamental forces that determine product differentiation?

In this paper we solve the tractability-generality dilemma that has been posed by the
literature. For the quality-price, multistage game, we characterize subgame-perfect equi-
libria. First, we find out how qualities affect equilibrium prices—without solving for the
equilibrium prices explicitly in terms of qualities. Second, we identify two separate effects
for the characterization of equilibrium qualities. The first is what we call the Spence effect
(because it is originally exposited in Spence (1975); see footnote 7). For maximum profit,
a firm chooses a quality which is efficient for the consumer who is just indifferent be-
tween buying from the firm and its rival. Consumers must buy from one of the two firms,
so firms share the same set of indifferent consumers. The Spence effect says that each
firm should choose those qualities that are efficient for the equilibrium set of indifferent
consumers. The Spence effect alone is a motivation for minimal product differentiation.

The second effect is what we call the price-reaction effect, which is how a firm’s quality
in Stage 1 affects the rival firm’s price in Stage 2. Prices are strategic complements, so
each firm would like to use its qualities in Stage 1 to raise the rival’s price in Stage 2. The
two firms engage in a race, each trying to solicit a positive price reaction from the rival by
increasing qualities. However, higher qualities raise the unit production cost. Equilibrium
qualities reflect each firm balancing between the benefit from price-reaction effects and
higher unit cost, against the rival’s strategy. The entire quality profile, not just one single
quality, determines the overall effects on production costs and the rival’s price reactions.

In an environment where consumers’ quality valuations are uniformly distributed,
firms’ equilibrium price-reaction effects are equal. In addition, when cost is separable
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in qualities, firms’ balancing between price reaction and higher quality cost pushes
them to produce equal qualities except in one dimension. Nevertheless, when firms’
price-reaction effects are not proportional to the quality marginal cost difference, or when
cost is nonseparable, firms likely choose different qualities in equilibrium. Thus, firms
that produce “high-end” products will still differentiate—if only in small details of their
product qualities. For example, BMW and Lezrus are companies that differentiate even
in the high qualities of their cars. All BMW and Lezus cars are high-quality automobiles,
but the common consensus is that BMW has a higher “performance” quality than Lezus,
but the opposite is true when it comes to the “comfort” quality. However, any car by
BMW or Lezus will be a better performer and more comfortable than any car by Yugo.
In fact, in the automobile and most other markets, it is impossible to find products
that have identical quality attributes. These observations are consistent with the general
tenet of product differentiation.

What is behind our solution to the tractability-generality dilemma? The key is to
show that equilibrium prices and equilibrium demands can be decomposed into two
systems. The equilibrium prices must satisfy the usual inverse demand elasticity rule,
whereas the equilibrium set of indifferent consumers which determines demands, must
satisfy an integral equation. Furthermore, the solution of the integral equation takes
the form of a set of implicit and explicit functions of the model primitives. Then a
firm’s equilibrium price can be characterized in terms of qualities, through the solution
of the integral equation. In other words, we dispense with the need for computation of
equilibrium prices, which would require explicit specification of the model primitives.

We use a vertical differentiation model, but Cremer and Thisse (1991) show that for
the usual model specification, the Hotelling, horizontal differentiation model is a special
case of the vertical differentiation model. The intuition is simply that firms’ demand
functions in a Hotelling model can be directly translated to the demand functions in a
quality model. Cremer and Thisse (1991) state the result for a single location or quality
dimension, but their result extends straightforwardly to an arbitrary number of such
dimensions. (A model with a combination of horizontal and vertical dimensions can
also be translated to a model with only vertical dimensions.) Hence, our results in this
paper apply to horizontal differentiation models. In particular, our method of solving
for equilibrium prices is valid for Hotelling models."

Whereas we have here characterized subgame-perfect equilibria of a general quality-
then-price duopoly, our analysis is incomplete. We take for granted the existence of
subgame-perfect equilibria. Our methodology is to exploit equilibrium properties. To
date, the only known equilibrium-existence results are for models with (i) a single
generally distributed dimension of consumer locations (or valuations) and quadratic
cost, and (ii) multiple uniformly distributed dimensions of consumer locations and

! Differences between horizontal and vertical models may also be due to specification of the strategy sets.
Here, we allow qualities to take any positive values; in location models, firms’ positions may not vary as
much.
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quadratic costs (see Anderson et al., 1997 and Irmen and Thisse, 1998, discussed below).
Our results can be regarded as necessary conditions, so can be used to obtain candidate
equilibria. This already simplifies the search for equilibria. (In fact, in Section 4.2.1,
we verify that one candidate equilibrium of an example is an equilibrium, whereas
another candidate fails to be an equilibrium.) In any case, our characterization uses no
assumptions except those for existence of equilibria in the price subgame, so does not
present any impediment on existence research.

We continue with a subsection on the literature. In Section 2, we define consumers’
preferences and firms’ technology. Then we set up the quality-price, multistage game.
Section 3 is divided into four subsections. In Section 3.1, we characterize subgame-perfect
equilibrium prices. Lemma 1 presents the solution of the integral equation, the key step
in expressing equilibrium prices as functions of qualities. In Section 3.2, we characterize
how prices change with qualities. In Section 3.3, we characterize equilibrium qualities,
and establish the price-reaction and Spence effects. Section 3.4 presents a number
of implications. We specialize our model by adopting common assumptions (uniform
quality-valuation distribution and separable cost function), and draw connections be-
tween earlier results and ours. A number of examples are studied in Section 4. These
examples illustrate our general results and how they can be used. We also verify the
existence of equilibria in some examples. The last section contains some remarks on open
issues. Proofs of results and statements of some intermediate steps are in the Appendix.
Mathematica files for computations in Sections 4.1. and 4.2 are available online.

1.1. Literature review

The modern literature on product differentiation and competition begins with
D’Aspremont et al. (1979), Gabszewicz and Thisse (1979) and Shaked and Sutton (1982,
1983). In the past few decades, the principle of product differentiation relaxing price
competition has been stated in texts of industrial organization at all levels: (Tirole, 1988;
Anderson et al., 1992), and Belleflamme and Peitz (2010) for graduate level, as well as
Cabral (2000), Carlton and Perloff (2005), and Pepall et al. (2014). Many researchers use
the basic horizontal and vertical differentiation models as their investigation workhorse.

The research here focuses on equilibrium differentiation. In both horizontal and
vertical models, a common theme has been to solve for subgame-perfect equilibria in
the quality-price, multistage game in various environments.? First, earlier papers have
looked at single or multiple horizontal and vertical dimensions of consumer preferences.
Second, most papers have adopted the assumption that these preferences are uniformly
distributed. Third, most papers in the horizontal model have used a quadratic consumer
mismatch disutility function, whereas those in the vertical model have assumed that the
unit production cost is either independent of, or linear in, quality.

2 As we have already mentioned, Cremer and Thisse (1991) (following on a suggestion by Champsaur and
Rochet (1989)) show that horizontal-location models are special cases of vertical models.
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1.1.1. Single dimension models

Anderson et al. (1997) study equilibrium existence and characterization in a single-
dimension horizontal model. They use a general consumer preference distribution but
quadratic mismatch disutility. Our multidimensional vertical model can be recast into
the single-dimensional model in Anderson, Goeree and Ramer. A few other papers
have adopted nonuniform distributions on consumer locations. Neven (1986) shows that
firms tend to locate inside the market when consumers’ densities are higher near the
center. Tabuchi and Thisse (1995) assume a triangular distribution and find that there
is no symmetric location equilibria but that asymmetric location equilibria exist. Yurko
(2010) uses a vertical model for studying entry decisions, but her results are based on
numerical simulations. Benassi et al. (2006) allow consumers the nonpurchase option.
They relate various trapezoidal valuation distributions to degrees of equilibrium quality
differentiation. Finally, Loertscher and Muehlheusser (2011) consider sequential location
entry games without price competition. They study equilibria under the uniform and
some nonuniform consumer-location distributions.

1.1.2. Multiple dimensions models

A few papers have studied vertical models with two dimensions. These are
Vandenbosch and Weinberg (1995), Lauga and Ofek (2011), and Garella and Lambertini
(2014). All three papers use the uniform valuation distribution. In the end of Section 3.4,
we will present the relationship between our results here to those in these papers. Here,
we note that these papers have assumed zero production cost, or unit cost that is linear
or discontinuous in quality. By contrast, we use a strictly convex quality cost function.

In a recent paper, Chen and Riordan (2015) have proposed using the copula to
model consumers’ correlated multidimensional preferences on product varieties. In their
formulation, each variety is a distinct good, and a consumer considers buying some
variety. Their analysis has assumed that average production cost is fixed, so a firm’s
variety choice has no cost consequences. By contrast, we let consumers’ preferences on
different qualities be independent, but all qualities are embedded in a good. We also let
the unit production cost be increasing and convex in qualities.

For horizontal models with multiple dimensions, the key paper is Irmen and Thisse
(1998), who set up an N dimensional model to derive what they call “Max-Min-...-Min”
equilibria. We will relate our results to those in Irmen and Thisse in Section 3.4, right
after Corollary 4. Tabuchi (1994) and Vandenbosch and Weinberg (1995) are special
cases of Irmen and Thisse (1998) at N = 2. Economides and Steckel (1998) study two
and three dimensional Hotelling models, and derive similar results as in Irmen and
Thisse (1998). All assume that consumers’ locations are uniformly distributed, and
that the mismatch disutility is Euclidean and therefore separable. We are unaware of
any paper in the multidimensional horizontal literature that adopts general consumer
preferences distributions, or general, nonseparable mismatch disutility.

Finally, Degryse and Irmen (2001) use a model with both horizontal and vertical dif-
ferentiation. For the horizontal dimension, consumer locations are uniformly distributed.
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For the vertical dimension, consumers have the same valuation (as in the model in
Garella and Lambertini (2014)). However, the mismatch disutility depends also on
quality, which corresponds to the case of a nonseparable mismatch disutility or quality
cost function. This can be thought of as a special case of the model here.

2. The model

We begin with describing consumers and their preferences. Then we present two iden-
tical firms. Finally, we define demands, profits, and the extensive form of quality-price
competition.

2.1. Consumers and preferences for qualities

There is a set of consumers, with total mass normalized at 1. Each consumer would like
to buy one unit of a good, which has N> 2 quality attributes. A good is defined by a vector
of qualities (g1,q2 -..,qN) € %ﬁ, where ¢; is the level of the i*" quality, i = 1,2,..., N.

A consumer’s preferences on goods are described by his quality valuations, represented
by the vector (vi,...,v...,0N) € vazl[yi,@-] C §Rﬁ+. The valuation on quality ¢; is
v;, which varies in a bounded, and strictly positive interval. If a consumer with valuation
vector (v1,...,0;,...,Un) =0 buys a good with qualities (g1,92 ...,qn) = ¢ at price
p, his utility is v1q1 + v2g2 + - + vngn — p. (We may sometimes call this consumer
(v1,...,vn) or simply consumer v.) The quasi-linear utility function is commonly
adopted in the literature (see such standard texts as Tirole (1988) and Belleflamme
and Peitz (2010)). (Throughout the paper, a vector is a mathematical symbol without
a subscript; components of a vector are distinguished by subscripts (either numerals
or Roman letters). Besides, we use v_; to denote the vector v with the i*® component
omitted. Any exception should not create confusion.)

Consumers’ heterogeneous preferences on qualities are modeled by letting the valu-
ation vector be random. We use the standard independence distribution assumption:
the valuation v; follows the distribution function F; with the corresponding density f;,
i=1,...,N, and these distributions are all independent. Each density is assumed to
be differentiable (almost everywhere) and logconcave. The logconcavity of f; implies
that the joint density of (vq,...,v;,...,v5) = v is logconcave,” and it guarantees that
profit functions, to be defined below, are quasi-concave (see Proposition 4 in Caplin and
Nalebuff (1991), p.39).

2.2. Firms and extensive form

There are two firms and they have access to the same technology. If a firm produces
a good at quality vector (g1,q2 ...,qn) = ¢, the per-unit production cost is C(q). There

3 Because of independence, the joint density of (V15 vy Viyevn,UN) i8S H7N:1 fi. Hence, In[] fi = > In f;.
Because In f; is concave, so is Xln f;.
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is no fixed cost, so if a firm produces D units of the good at quality g, its total cost is
D multiplied by C(g). We assume that the per-unit quality cost function C' : RY — Ry
is strictly increasing and strictly convex. We also assume that C' is continuous and
differentiable, and satisfies the usual conditions: lim,_,o C(q) =0, lim,_,od C(g) =0,
limg_,00 C(g) = 00, and lim,_, ood C(q) = oo (where ¢ is a quality vector, 0 stands for a
zero or an N-vector of all zeros, and oo stands for an infinity or an N-vector of infinities,
and dC'is a vector of C’s first-order derivatives).* If a firm sells D units of the good with
quality vector ¢ at price p, its profit is D - [p — C(q)].

The two firms are called Firm A and Firm B. We use the notation ¢ for Firm A’s
vector of qualities (q1,4¢2,...qn) = q. We use the notation r for Firm B’s vector of
qualities (r1,79,...7n) = 7. Hence, when we say quality ¢;, it indicates the level of Firm
A’s it quality attribute, whereas when we say quality 7, it indicates the level of Firm
B’s ith quality attribute. Let Firm A’s price be p4, and Firm B’s price be pg. We use
the notation p for the price vector (pa, pp).

Given the two firms’ quality choices, consumer v = (vy,..,vy) obtains utili-
ties wviqy +vaqa + - +ungn —pa and wviry +vere + - +unry —pp from Firm
A and Firm B, respectively. Consumer v purchases from Firm A if and only if
v-q—pa>v-r—ppg. If the consumer is indifferent because v-q—p4 =v-r —pp, he
picks a firm to buy from with probability 0.5. For given quality vectors and prices, the
demands for Firm A and Firm B are, respectively,

/// dFlng"dFN and /// dFlng--dFN.
V- q—pAZVT—PB v-q—pa<v-T—pB

The two firms’ profits are

/// dF\dF; - -dFy plpa — C(q)] = ma(pa, pB;q,7) (1)

V'q—pAZVT—PB

/// dFydF; - -dFy p[pp — C(r)] = 78(pa, PB; 4, 7). (2)

v-q—pa<v-T—DPB

In case ¢ = r, and p4 = pg, each firm sells to one half of the mass of consumers.
We study subgame-perfect equilibria of the standard multistage game of quality-price
competition:

Stage 0: Consumers’ valuations are drawn from respective distributions.

4 The Inada conditions do not necessarily imply that all equilibrium qualities must be strictly positive;
this is due to price-reaction effects to be derived below. However, they do eliminate nondifferentiation due
to marginal costs being too high at very low quality levels.
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21
A
2
Consumers buying
from Firm B
. D1 (v2; 0, q.7)
Consumers buying
from Firm A
U ;
» V)
v vz

Fig. 1. Consumers’ choices given prices and qualities.

Stage 1: Firm A and Firm B simultaneously choose their product quality vectors ¢
and r, respectively.

Stage 2: Firm A and Firm B simultaneously choose their product prices, p4 and pp,
respectively. Then each consumer picks a firm to buy from.

3. Equilibrium product differentiation

We begin with the subgame in Stage 2, defined by firms’ quality vectors ¢ and r
in Stage 1. If Firm A’s and Firm B’s prices are py and pp, respectively, consumer
v = (v1,...,vx) now buys from Firm A if v-q¢—pa > v-r — pg. The set of consumers
who are indifferent between buying from Firm A and Firm B is given by the equation
g1+ +uNgy —pa=vir1 + - +ungy — pp. For ¢ #r; we solve for vy in this
equation to define the following function:

N
~ PB — PA Tk — qk
0(v-13p, ¢, T) =T —— = )k ; 3
( ) = kzzz " —q )
where v_1 = (va,...,vy) is the vector of valuations of the second to the last quality
attributes. The vector (v1(v_1;p,q,7),v2,...,0n8) = (U1(v_1;p,q,7),v_1) describes all

consumers who are indifferent between buying from the two firms.

The function v7 in (3) is linear in the valuations, and this is an important property
from the quasi-linear consumer utility function. The function is illustrated in Fig. 1
for the case of two qualities (N = 2). There, we have the valuation v; on the vertical
axis, and the valuation vy on the horizontal axis. For this illustration, we have set
¢1 <71, @ <72 and pa < pg. The function v; is the negatively sloped straight line with

— bB—pA __ v r2—q2
T1—q1 T1—q1

qualities affect both the intercept and the slope.

the formula v (ve;p,q, ) . Prices affect only the intercept, whereas

Consumer (v}, va,...vyx) buys from Firm B if and only if v{ > v1(v_1;p,q,r): Firm B’s
product is more attractive to a consumer with a higher valuation v;. In Fig. 1, the set
of consumers who buy from Firm B consists of those with v above v;. We reformulate
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the firms’ demands as:
Firm A Firm B

SN [ LT Ay (o) S e o2 [N dF (v)

vq pA<vT PB
vq pA>vr PB

= [ S = Fi@(0-13p,q,7))]

_ VN U2 ~ . N v
= Jor - Ju, Fr01(0-1;p, ¢, 7))o d F (vi) Y Y AR o).

For some values of ¢, r, and prices p4 and ppg, as v_1 varies over its ranges, the value
of the formula in (3) may be outside the support [v;,7;]. We can formally include
these possibilities by extending the valuation support over the entire real line, but set
f1(x) = 0 whenever z lies outside the support [v;,7;]. For easier exposition, we will stick
with the current notation.

We use the following shorthand to simplify the notation:

UN Vo
/ stands for / / and dF_; stands for H,ICV:2dFk(vk).
N b

v_1

Profits of Firms A and B are, respectively:

Ta(pa,PB;q;T) =/ Fi(v1(v-1;p,¢,7))dF_1 X [pa — C(q)] (4)

5P pEid,r) = / (1 — Fy (@ (v—1:p, g )Py x [p5 — C(r)] (5)

3.1. Subgame-perfect equilibrium prices

In subgame (g, 1), if ¢ =r, the equilibrium in Stage 2 is the standard Bertrand
equilibrium so each firm will charge its unit production cost: pa = pg = C(q) = C(r).

We now turn to subgames in which ¢# r. By a permutation of quality indexes and in-
terchanging the firms’ indexes if necessary, we let ¢; < r1. A price equilibrium in subgame
(g, 7) is a pair of prices (p},pp) that are best responses: p’y = argmax,,, ma(pa, pi;q,7)
and pp = argmax, 7p(pjL,pp;q,7), where the profit functions are defined by (4) and
(5). The existence of a price equilibrium follows from Caplin and Nalebuff (1991).
Furthermore, because of the logconcavity assumption on the densities, a firm’s profit
function is quasi-concave in its own price.

As we will show, the characterization of equilibrium prices boils down to the properties
of the solution of an integral equation. We begin with differentiating the profit functions
with respect to prices:

0 - - -C
# =/ Fi(v1(v-1;p,q,7))dF 4 —/ fi(Wi(v-1;p,q,7))dF_1 x [pA(q)]
PA v_1 v_1 M —aq1
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g% - /vl[1 — Fi(@1(v-1;p,4,7)]dFy — / Fi(@1(v-13p,q,7))dF-1 x [p'il__i(l’“)}’

where we have used the derivatives of v1(v_1;p,¢,r) in (3) with respect to p4 and pg.
The equilibrium prices (p%,pj) = p* satisfy the first-order conditions:

Jo_, Fi(@1(v-1;p%, q,7))dF 4
= — X
Jo_, [i@1(v_15p%,q,7))dF 4

Pa—Cla) (r1—q1) (6)

Jo L= Fi(@1(v_1;p*,¢,7))]dF

L A A CH T T

X (r1—q1) (7)
where

* * N

~ * Pp —P Tk — dk _

Ul(v—l;p aQ7’r): TB_ A _kar _ ) Uk:e [yknvk]’ k:275N (8)
1~ Q1 P 1—4q1

Eqgs. (6) and (7) say that the price-cost margins follow the usual inverse elasticity rule,
a standard result.” The complication is that (8) sets up a function ?; that depends on
N — 1 continuous variables vg, k = 2,..., N, and the quality vector (g, r), and this is to
be determined simultaneously with the prices in (6) and (7).

Let p* = (p%,py) be the subgame-perfect equilibrium prices in Stage 2 in subgame
(¢,7). The equilibrium prices are functions of the quality vector, so we write them
as p*(q,r). Let v1(v_1;p"(q,7),q,7) be the solution to (8) at the subgame-perfect
equilibrium. Now we define v (v_1;q,7) =v1(v_1;p*(q,7),q,7), which describes the
set of consumers who are indifferent between buying from Firm A and Firm B in an
equilibrium in subgame (g, 7).

By substituting the equilibrium prices (6) and (7) into o1(v—1;p*(¢,7),q,7) in
(8) above, we have:

~x f 1 [1 - 2F1(5>1k(x—1;q77ﬂ))]dF—1 C’(r) — C’(q) i Th — Qi
_ vp ——F

vi{(v_1;q,17) = e~ » (9
He-1i67) lefl(%(le;CIﬂ"))dFﬂ 1 —q1 L —q1 ©)

k=2

where for the variables of the integrals we have used the notation z_; to denote
(x2,...,zN) with zy € [y, k] following distribution Fj, k =2,...,N. This is an in-
tegral equation in vf, a function that maps v_; and quality vectors ¢ and r to a real
number, and the solution holds the key to the characterization of the price equilibrium.
Indeed, we have decomposed the system in (6)—(8) into two systems: a single integral
Eq. (9), and those two equations in (6) and (7).

5 If we divide (6) by p%, it can easily be seen that the right-hand side is the inverse elasticity of demand,
which is obtained from the demand fv,l Fy(v1(v_1;p,q,7)) d F_q.
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The integral Eq. (9) is independent of prices. Using the solution to (9), we can then
proceed to solve for the equilibrium prices in (6) and (7). We are unaware that any paper
in the extant literature of multiple qualities has decomposed the equilibrium prices
and demand characterization in this fashion. Yet, using this decomposition, we can
characterize the functional relationship between quality and equilibrium prices. Notice
that because the price equilibrium in subgame (g, r) exists (from Caplin and Nalebuff,
1991), a solution to (9) must exist.

Lemma 1. The solution of the integral Eq. (9) takes the form v5(v_1;q,7) = a(q,r) —
Zgﬁ veBr(q, ), for vi € v, Tk], k=2,...,N, where the functions a(q, r) and Br(q,
r) are defined by

J » [1 —2F (a(q,r) — Zszg 1Bk (g, 7’))} dF_y C(r)—Clq)

)= 10
el Jo_, filala,r) = S, 21 Be(g, )P, T —q (10)
Bk(q7r):M7 k:277N (11)

" —q

From (6) and (7), a firm’s qualities affect equilibrium prices of both firms. In turn,
when equilibrium prices change, the set of indifferent consumers changes accordingly.
The composition of the quality effect on equilibrium prices, and then the effect of
equilibrium prices on the equilibrium set of indifferent consumers is the solution in
Lemma 1. The equilibrium set of indifferent consumers takes the linear form, so the
intercept « and all the slopes S, k = 2,..., N are functions of the qualities.

Lemma 1 is a remarkable result. First, the solution to the integral Eq. (9) takes a
manageable form: it consists of one implicit function «(g, r) in (10) and N — 1 explicit
(and simple) functions B(q, 7), k =2,...,N, in (11). Eq. (10) is no longer an integral
equation (for a solution vf(v_1;q,7)). Eq. (10) defines implicitly one function a(q, 7)
whose arguments are qualities ¢ and r but not v_j.

Lemma 1 is a sort of aggregative result. The set of indifferent consumers deter-
mines firms’ market shares, and qualities determine the intercept and slopes of the
multi-dimensional line for the set of indifferent consumers. Although the integral
Eq. (9) can be likened to a continuum of equations, Lemma 1 says that the solution can
be aggregated into just N equations.

From Lemma 1, the equilibrium prices boil down to solving for the solutions of just
three equations. By substituting the expressions for (10) and (11) to the right-hand side
of (6) and (7), we can state the following proposition (proof omitted):
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Proposition 1. In subgame (g, ), equilibrium prices are the solution of p¥ in (12) and

P in (13):
. Sy Filala,r) = ooy Boa(gr))dF
Py —Clq) = fv,l fila(g,r) —v_y - B_1(q,r))dF_4 (1 —aq1) (12)
1— Fi(a(q,r) —v_1-B_1(q,7))]dF_
g — o) < P L BOG@N) Ze falgDF )

fv,l fila(gq,r) —v_y1 - B-1(q,7))dF_1

with a(q, ) implicitly defined by (10), and Br(q,7) = H, k=2,...,N.

The importance of Proposition 1 is this. The equilibrium price p% is given by (12), a
function of qualities. Thus, a direct differentiation of p*% with respect to qualities yields
all the relevant information of how any of Firm B’s quality choices changes Firm A’s
equilibrium price. The same applies to p% and (13). The common link between p* in
(12) and p} in (13) is the implicit function (10), the explicit functions (11), and the
distributions of quality valuations.

3.2. Qualities and equilibrium prices

We now determine how qualities change equilibrium prices, and begin with writing
equilibrium prices p% in (12) and pj in (13) as

pA - C(q) _ G(Oé,ﬁ—l) and pB - C(’I")
™ —q r —q

= H(aaﬁ—l)7

where the functions: G(a, 1) : RY — R, and H(a,3_1) : RY — R are defined by

. fv,l Fl(Oé —UV_1 - ﬁfl)del and  H = fv,l [1 — Fl(a —UV_1 - ﬁfl)]del

«= fyfl Jilao—v_y-B_q)dF fml fila —v_1-B_1)dF 4

. (14)

The functions G and H (with their arguments omitted) are firms’ equilibrium price-cost
markups per unit of quality difference. The numerators of G and H are, respectively,
Firm A’s and Firm B’s demands.

By Proposition 1, we directly differentiate p% with respect to Firm B’s qualities
r;, i =1,..., N, and differentiate p}; with respect to Firm A’s qualities ¢;, and these
derivatives, % and %, are the price-reaction effects. In the Appendix, we show these
derivatives right after the proof of Lemma 1. There, we present two intermediate results
(Lemmas 2 and 3) that help us to simplify the price-reaction effects. As it turns out,
product differentiation is determined by differences between price-reaction effects, and
the next proposition presents them.
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Proposition 2. In subgame (q, r), for quality j, j = 2,..., N, the difference in the price-
reaction effects can be written in two ways:

opplar)  Opiar) (11— )5y, [fm Al —va 'ﬁfl)del}

9q; or; (fv_l fila—v_y .5_1)dF_1)2
+ Z[Cj(q) — C;(r)] (15)

T Q1) s o —vy-fq)dFy
_ 7( q )8q] |:fU—1 f ( 5 ) } + Z[C’j(q) - Cj(r)}a (16)

(ful fila—v_y- 571)(11*11)2

where

Jo_y file—vo1-p1)dF
fv_l fila—v_1-B_1)dF_y
fo_, fila—v_1-B1)dF 1’
fu,l fila—v_1-B_1)dF_y

1 + H(a718—1)

7 =

3— G(Ck, ﬂfl)

and C; denotes the G partial derivative of C.

The proposition says that the difference in firms’ price-reaction effects of a quality
is determined by (i) how the quality changes the total density of the equilibrium set
of indifferent consumers, fu_l fila—v_y-B_1) dF_4, and (ii) by the difference in the
marginal costs of quality [C}(q) — C;(r)]. Indeed, the sum of the markups per unit of
quality difference is G + H = {, | f1(03)dF_1}~*. The first term in each of two equiva-
lent expressions in Proposition 2 is the derivative of the sum of markups with respect to
a quality j, 7 = 2,..., N. This is point (i). Also, Firm A’s quality on the total density of
the set of indifferent consumers is equal and opposite to that of Firm B’s, so this accounts
for the equivalence of (15) and (16). For (ii), we just note that the second term in each of
the two expressions is the difference in firms’ marginal costs of a quality adjusted by Z.

Finally, when f; is a step function, f{(a—wv_1-B_1) =0, expressions (15) and
(16) simplify to the term related to the difference in marginal costs:

opp(g,r)  Opulgr) 1., o
1(39(]]' - g?"j S[CJ<Q) Cir) ()

That is, when the differentiated dimension has a uniform-distribution valuation, the
leading case in the literature, each firm’s quality raises the markup by the same amount,
so the relative price-reaction effects fall entirely on the marginal-cost difference.
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3.3. Equilibrium qualities

Now we characterize equilibrium qualities. When firms produce the same qualities,
q =, the continuation is a strict Bertrand game, so each firm makes a zero profit.
Clearly, there is no equilibrium in which firms choose identical qualities. We use the
convention that firms’ qualities differ in the first dimension, ¢; < 1. The profit functions
in Stage 1 in terms of qualities are:

WA(pZ(q,r),pE(w);qm)Z/ Fi(v1(v-1;p", ¢,7))dF-1 x [pa(q,7) — C(g)] (18)

WB(pZ(qﬂ")m*B(q,r);q,r)=/ [1— Fi(01(v_1;p", q,7))]dF_y

V-1

x[pp(g,r) — C(r)], (19)

where p%(q,r) and pB(q, ) are equilibrium prices in Stage 2, and vy (v_1;p*,¢,7) =
pB(q’n)# SN, vk =L s the set of equilibrium indifferent consumers. Given
subgame-perfect equilibrium prices, p*, equilibrium qualities are ¢* and 7* that are

mutual best responses:

¢ =47, ,qy) = argmaX/ Fy(vi(v-1;p"(q,7),q,77))dF_1 x [p(q,7") — C(q)]
q v_1

r*=(r],...,Tn) = argmax/ [1— Fy(v1(v_1;p* (g%, 1), g%, 7))|dF_4
v_q

r

x[pp(q*,r) — C(r)],

where p*(q,7) = (p%(q,7),p5(q,7)).

Qualities ¢;, i = 1,..., N, affect Firm A’s profit (18) in three ways. First, they have
a direct effect through costs and demand. Second, they affect the profit through Firm
A’s own equilibrium price p%(g,r). Third, they affect the profit through Firm B’s
equilibrium price p§(q,r), captured by dp%/J¢;. Because the equilibrium prices p* (g, r)
and pf(g,r) are mutual best responses in the price subgame in Stage 2, the envelope
theorem applies. That is, Firm A’s qualities ¢;, i = 1, ..., N, have second-order effects on
its own profit (18) through its own equilibrium price; the second effect can be ignored.

The first-order derivative of (18) with respect to ¢; is

Ci(q)

/ F1(1~)1(0713P*(q77"*)7 q77"*))dF—1
v_1

(20)

5 {/ Fl@l(”-“p*(q”“*%W*DdF—l} x [ph(a.7) = Cla)

effects of quality g; on cost and demand
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+

a -~ * * * a T * *
8p*B{/U1 Fl(vl(vfﬁp (Qar ),q77’ ))dFl} apq? X [pA(qu )_C(q)L

effect of quality on Firm B’s price

i=1,...,N, (21)

where the partial derivative of profit with respect to ps has been ignored. The terms in
(20) describe how a quality affects cost and demand, whereas the term in (21) describes
the strategic effect of a quality on the rival’s price. We can also write out the derivative
of profit (19) with respect to r; to obtain a similar expression. For brevity, we have
omitted the expressions.

We now state the main result on equilibrium qualities. We obtain the set of equations
in the next proposition by first simplifying the first-order derivatives and then setting
them to zero. For simplification, we use the basic demand function (3) and equilibrium
prices (12) and (13) in Proposition 1, and finally drop common factors in the first-order
derivatives. (Details are in the proof.)

Proposition 3. For the quality-price, multistage game in Section 2.2, equilibrium qualities
(q*, ™) (under the convention that qf < ri) must satisfy the following 2N equations:

apt, o, frla—voy- Boy)idFoy

o T, o v pdr, M) =0 (22)
opy o, hla—vpa)idE,
ory [ hla—v_y Bo)dF Cy(r*) =0, (23)
and for j =2,...,N,
ap*B fv_l fl(a —V_1" 571)1)de,1 B e
Jq; fv,l fila—v_y-B_1)dF_4 C](q )=0 (24)
p —v_1-fB_1)v;dF_
op* fv,l fila —v_1-B_1)v; 1 oy =o, )

oy S, fila—v_1-Bo1)dF

where a and B; are the functions in (10) and (11), respectively, and vf is v (v—1;¢*, "),
the solution of the integral equation in Lemma 1.

The properties of equilibrium qualities in (22) and (24) can be explained as follows.
There are two effects. The first term in each expression is the price-reaction effect: it
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describes how Firm A’s qualities ¢; and ¢;, j =2,..., N affect the rival’s price in the
continuation subgame (see (33) to (36) in the Appendix).

The second effect concerns the average valuation of the " quality among the
equilibrium set of indifferent consumers—the integrals in (22) and (24)—and the j*!
quality’s marginal contribution to the per-unit cost, C;(q) = 85—;_‘1). These two terms
together form the Spence effect.’ Indeed, Spence (1975) shows that a profit-maximizing
firm chooses the efficient quality for the marginal consumer (and then raises the price to
extract the marginal consumer’s surplus).” The same price-reaction and Spence effects
apply to Firm B’s equilibrium quality choices described in (23) and (25).

Because the two firms face the same equilibrium set of indifferent consumers, the
Spence effect pushes them to choose the same qualities. The price-reaction effects gener-
ally put the firms in a race situation. Prices are strategic complements, so each firm wants
to use its qualities to raise the rival’s price. The price-reaction effect dictates how much
a firm’s equilibrium quality deviates from the efficient quality for the equilibrium set of
indifferent consumers. The firm that has a stronger price-reaction effect deviates more.

If the two firms were playing another game in which prices and qualities were chosen
concurrently (one with merged Stages 1 and 2 in the extensive form in Section 2.2),
the price-reaction effect would vanish. Then the Spence effect would dictate equilibrium
strategies. Each firm would choose qualities optimal for the average valuations of the
common set of marginal consumers, so would choose the same level for each quality
attribute. Firms must then set their prices at marginal cost. (For an illustration of a
game with firms choosing prices and qualities concurrently, see Ma and Burgess (1993).)

We have stated Proposition 3 in terms of a set of equations, so we implicitly assume
that firms do not set qualities at zero. If “corner” equilibrium qualities are to be included,
the equalities in the Proposition will be replaced by weak inequalities. If firms choose
to have zero level of a certain quality, then (trivially) product differentiation does not
happen in that quality. Obviously, when a quality valuation support has a high lower
bound, firms will find it optimal to produce a strictly positive quality, so zero quality
can be avoided simply by raising the support.

3.4. Quality differentiation

Proposition 3 draws a connection between the price-reaction effects and qualities’
marginal contributions to unit production cost. Recalling that Cj(q) =0C(q)/0g;, we
state this formally:

5 In the literature, various authors have used such terms as demand and market-share effects to describe
the direct effect of a quality (or a location) on marginal consumers. See, for example, Tirole (1988, pp.
281-2) and Vandenbosch and Weinberg (1995, p. 226). These earlier works, however, have assumed either
zero or linear quality cost, so must limit the quality to a bounded interval.

7 Let P(D, g) be the price a firm can charge when it sells D units of its good at quality ¢ = (q1,---,qn)-
Let C(D, q) be the cost when the firm produces D units at quality ¢. Profit is DP(D,q) — C(D,q). The
profit-maximizing quality g¢; is given by Dng = %. Hence, the quality valuation of the marginal consumer

% is equal to the marginal contribution of quality 7 to per-unit cost 801/36‘“. See Spence (1975, p.419;

Eq. (8)).
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Corollary 1. At the equilibrium (q*, r*), a firm’s j*" quality contributes more to its own
unit production cost than a rival’s f** quality contributes to the rival’s unit production cost
if and only if the firm’s price-reaction effect of that quality is stronger than the rival’s.
That is, for each j = 2,..., N, the following are equivalent:

(i) Cj(q ) < Cy(r),

(i) 3PE§Z;vT*) < 31’253:,7"*)’

(iii) the two equivalent expressions on the right-hand side of (15) and (16) in

Proposition 2 are negative at equilibrium (g*, r*).

Corollary 1 offers a general perspective. What matter are not quality levels. The key
is how each quality contributes to the unit production cost. From Proposition 3 we have
for any quality:

Opp(a™sr™) o _ OPAla™ )
og; Cjlq") = o Cj(r*). (26)

The statements in the corollary simply reflect this property: how product quality raises
the rival’s price and its own unit production cost must be equalized among the two firms
in an equilibrium.

However, the corollary does not directly address the equilibrium quality levels. We
have used a general cost function, so it is quite possible that C;(¢*) = C;(r*) but the
qualities ¢7 and r} are different.® Sharper results can be obtained from the following
(with proof omitted):

Corollary 2. Suppose that the cost function C is additively separable:

Clqg) = Cla1, 92, - - -qan) = 711(q1) +2(q2) + - + v (an),

where v; is an increasing, differentiable and strictly convex function, so Ci(q) = vi(q.),
1=1,2,...,N. In an equilibrium (¢*, r*), for j =2,..., N,

Opp(q*,r*) - o (q*,r)

Q@ <rl<
J J 6q]‘ 67“j

With separable cost, a quality’s contribution to the unit production cost is indepen-
dent of other qualities. A firm having a stronger price-reaction effect at a quality than
its rival’s must choose a higher quality than the rival’s quality. Notice that the Corollary
gives a sufficient condition. In particular, when a cost function is separable in some, but
not all, qualities, differentiation in some qualities may still be manifested according to
the relative strength of the price-reaction effects.

8 For example, if the cost function is C(q1,q2) :q% + 6qi1q92 + %qg, for some parameter 6 #0, then
C1(q1,q2) = 2q1 + 0q2, and C1(r1,72) = 2r1 + Ora. Even if 2q1 + 0g2 = 271 4 0r2, ¢; may not be equal to
iy i=1,2.
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In the literature, the separable-cost assumption has been adopted. According to
Corollaries 1 and 2 the fundamental issue is how a quality contributes to the production
cost. For a model with many qualities, a quality’s contribution to production cost
depends on the entire quality profile, and a cost function that assumes away cost
spillover is restrictive. We illustrate this point by some examples below, but first we
consider specific quality-valuation density functions commonly used in the literature:

Corollary 3. Suppose that fi is a step function, so fi = 0 almost everywhere. In an equi-

librium (¢, ™), C;(¢*) = C;(r*) and apgg;:,r*) = ap;gg,r*), j=2,...,N. Furthermore,

if C'is additively separable, then qf =17, j =2,..., N in other words, qualities 2 through

N are nondifferentiated.

Corollary 3 presents a striking result. Recall that in an equilibrium, there must be
at least one quality for which firms produce at different levels. This is our convention
for labeling that equilibrium differentiated quality as quality 1. Now if consumers’
valuations of quality 1 is a step function (of which the uniform distribution is a common
example in the literature), Proposition 2 says that the difference in price-reaction effects,
from (17), is: ap*géj’r) - 6p%£3’7') = 1[Cj(q) — C;j(r)], j=2,...,N. Corollary 1 also says
that this price-reaction difference is equal to [C(q) — C;(r)], j =2,..., N (see (26)), so
we have Cj(q) = C;(r), j =2,...,N. Next, if the cost function is additively separable

(another common assumption in the literature), Corollary 2 applies, so in equilibrium,
firms produce identical qualities 2 through M

Uniform valuation distributions and additively separable cost are the drivers
for quality nondifferentiation. Here is a simple example to show that even when
valuations are uniformly distributed, cost consideration will give rise to equilib-
rium product differentiation. Use the following cost function for two qualities:
Clq1,q2) = 347 +0q1q2 + 3¢3. The marginal costs are Ci(q1,q2) = q1 +0g2, and
Ca(q1,92) = 0q1 + g2. Suppose that f; is a step function, so firms’ price-reaction effects
satisfy: % - % = 1[Ca(q1, q2) — Ca(r1,72)] (see (17)). According to Corollary 3,
Ca(qf,q3) = Ca(ry,r5). In other words, 8¢f + g5 = 0r; +r3, and 6(r] —qf) = ¢5 —735.
By assumption, we have ¢i < r] in the equilibrium. We conclude that ¢5 > 75 if and only
if 6 > 0. When qualities have positive spillover on cost (6 > 0), then Firm A’s product has
one superior quality and one inferior quality compared to Firm B’s. By contrast, when
qualities have negative spillover (6 < 0), Firm A’s qualities are always lower than Firm B’s.

Whereas Corollary 3 presents a set of sufficient conditions for equilibria with mini-
mum differentiation, we also present, as an addendum, a set of necessary conditions in
Corollary 5 at the end of the Appendix.

Corollary 3 has used the convention that, in the equilibrium, ¢ < rj. The following
explains the scope of the convention.
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Corollary 4. Consider the game defined by valuation densities f;, i =1,..., N, and the
separable cost function C' = Zfil ;. Suppose that at least one of the densities is a step
function.

(i) In every subgame-perfect equilibrium, firms choose an identical level for at least one

quality.
ii) If in an equilibrium (¢*, r*) there is differentiation in the 7 quality, so that ¢* # r*,
J J
and f; is a step function, j =1,..., N, then there is no differentiation in any other

quality, so g, =71}, fork=1,2,...,N, and k#j
(iii) For the special case of N =2, in every subgame-perfect equilibrium, one and only
one quality will be differentiated.

In this corollary, we have gotten rid of the convention that in equilibrium Firm A
chooses a first quality different from Firm B’s. Consider all equilibria of the multistage
game, given valuation densities and the cost function. The effect of any uniform quality-
valuation distribution and the separable cost function is strong. Suppose that the jt"
quality has a uniform valuation distribution. If it so happens that in equilibrium firms
choose ¢; # r}, then Corollary 3 applies to the 4t quality, so all equilibrium qualities
except the j™ must be identical. The only case in which equilibrium differentiation
happens in more than one quality is when ¢; = r;. Then Corollary 3 does not apply to
the ;" quality. But this means that there is (at least) one nondifferentiated quality.

Corollary 4 clarifies the “Max-Min-Min...-Min” results in Irmen and Thisse (1998).
They consider an N-dimensional Hotelling model (which can be translated into our
N-dimensional quality model). Consumers’ locations are uniformly distributed on the
N-dimensional unit hypercube. Consumers’ mismatch disutility is the (weighted) N-
dimensional Euclidean distance. Irmen and Thisse derive a subgame-perfect equilibrium
in which the two firms choose the maximum distance between themselves in one
dimension but zero distance in all other dimensions (p. 90, Proposition 2). Although
Corollary 4 does not address existence of equilibria, it is consistent with the Irmen-
Thisse result. To see this, we can rewrite Corollary 4 as follows: if Mof the qualities
have uniformly distributed valuations, 1 < M < N, then at least min{M, N — 1} qualities
will be nondifferentiated. This is a slightly more general result than in Irmen and Thisse
(1998). In their model, all valuations are uniformly distributed, so M = N. Therefore
exactly N — 1 qualities will be nondifferentiated.

Vendorp and Majeed (1995) and Lauga and Ofek (2011) are two related papers in
the vertical differentiation literature. They use a linear cost function, and restrict each
of two qualities to be in its own bounded interval. In the notation here, in both papers,
N =2, valuation density f; is uniform, quality g; is to be chosen from interval [gi,ﬁi],
i =1,2, and unit production cost at quality ¢ is C(q) = ¢1q1 + c2q2, for constants c;
and ¢y. (In fact, the values of ¢; and ¢y are set at 0 in some cases.) The linear cost
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function does not satisfy our assumption of strict convexity. Equilibria with maximum
or minimum differentiation arise due to corner solutions of firms’ profit maximization.”

We can interpret these results in terms of price-reaction and Spence effects. First,
according to Corollary 3, because quality valuations are uniformly distributed, price-
reaction effects differ according to the marginal-cost difference, independent of the
density of the set of indifferent consumers. Second, because the cost is linear, a qual-
ity’s marginal contribution to unit production cost Cj(q) is constant. The Spence
effect generically does not specify an interior solution under linear cost. Hence, the
maximum-minimum differentiation results are driven by the combination of linear costs
and uniform valuation distributions.

Garella and Lambertini (2014) use a discontinuous cost function: a firm producing z
units of the good at quality (q1, ¢2) has a total cost of cz 4 T'(q1, g2) if ¢1 > qi, but only
T(q1, ) if g1 = 4 where q; >0 and ¢>0 are fixed parameters, and T is increasing
when ¢; >q;. Consumers have homogenous preferences on the second quality, but their
valuations on the first quality follow a uniform distribution. They derive equilibria in
which firms choose different levels in both qualities. We use a continuous cost function,
so our results do not apply to their model.

4. Examples on two quality dimensions

In this section, we present two sets of examples of a model with two quality
dimensions (N = 2). Besides verifying results, we also use these examples to ad-
dress existence of equilibria. For these examples, we assume that cost is quadratic:
Clq1,q2) = %q% + 0q1qo + %q%, which exhibits a positive cost spillover if and only if
0 >0, and which is separable if # = 0. Next, we assume that consumers’ valuations of
both qualities belong to the interval [1, 2], and that v; follows the uniform distribution.
Consumers’ valuation on the second quality, vs, follows a trapezoid distribution. For
a parameter k, —1 < k <1, the density function is fo(vs) =1 —k + 2k(va — 1) (so fo
is a straight line, and has densities 1 —k at vo =1, and 1+ k at ve = 2), with the
corresponding distribution Fy(ve) = (1 — k)(v2 — 1) + k(v2 — 1)2. Notice that at k = 0,
the distribution is uniform, and at k& = 1, the density is triangular on [1,2].

Solving for a(g, r) in (10) in Lemma 1, we obtain a unique solution (see the
Mathematica program in the online supplements):

alg,r) = 3q1(6 + q1) +2(9+ k)g2 + 3¢5 — 3r1(6 + 1) — 2(9 + k)r2 — 3r2 — 60(q1q2 + r1r2) (27)
T 18(q1 — 1) ’

which will be used in the following two subsections.

9 However, for some parameter configurations, Vandenbosch and Weinberg (1995) exhibit an interior choice
of one quality.
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4.1. Quadratic cost function and two uniform distributions

The first set of examples uses the general quadratic cost function with spillover
(##£0) and two uniform distributions of consumers’ valuations (k = 0). Setting k=0
and rearranging terms in (27), we obtain

a(gr) =

1 [Q% + q2(6 4+ g2) — 12(6 + 72) + 2q1 (3 + bg2) — r1(6 + 71 + 20r3)
6 q1— 711

| e

The equilibrium set of marginal consumers is

~% . . q%+q2(6+qQ)71"2(6+T2)+2q1(3+9q2)77'1(6+r1+29r2)
1)1(’[}2,(],7’) - 6((]1—’/’1)
T2 — Q2
-
T —q

2.

The expressions for G(«, 82) and H(a, (2) are

G(a, o) = [q% +q2(q2 — 3) —ra(r2 — 3) + 20q1g2 — 1 (1 + 2‘97"2)]

6(q1 —r1)
2
+ —3) —1ro(reg — 3) + 260 —ri(ry + 20r
H(a,Bs) =1— {fh q2(q2 ) 2(72 ) 41492 1(r1 2)}
6(q1 — 1)
Price effects are:

opy 0G r+0ry Opp OH —-3+q+0g
ory +(m ql)@rl 3 7 Oq + ql)ﬁfh 3
opy 0G =3+ 2ry + 20r;
dry ( Q1)3r2 o 6 , and
opy OH  —3+2¢2+ 20,

= — = s T 2
g2 (ry q1)3Q2 6 (29)

A firm’s influence on the rival’s price is independent of the rival’s qualities, a consequence
of the uniform-distribution assumption. We verify (17):

Ipp(g,r)  Opalg,r) _ Calgr,q2) — Calri,re) g2 — 712+ 6(q1 — 1)
8(]2 (97“2 o 3 - 3 '

Solving the system of equations of the first-order conditions in Proposition 3 we find:

= (- (G = Q) - ()6

(30)
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Any equilibrium qualities must be in (30). Moreover, substituting the qualities in
(30) into the expressions for the price effects, 22 gg’r) and 22 g;g’r), in (29), respectively,
we verify that price effects of the second qualities are identical at an equilibrium.

Finally, for some specific values of the parameter 6, we have

. 3 . 3 .9 P
(1)If9:0, QIZZ q2:§ ’[“1:1 7”2:5
(2)If6‘:1, =y =g ri=2ry=1
(3) Ifa:*? q =2 2 =5 Ty =4 T2 =5 (31)

Case (1) in (31) illustrates Corollaries 3 and 4 (4): with a separable cost function and
uniform distributions, only the first dimension of quality is differentiated. Moreover, in
equilibrium, the two firms must choose ¢5 = r; = F[vs]. This is the same result in Irmen
and Thisse (1998). In Case (2), for positive cost spillover, Firm A produces a superior sec-
ond quality than Firm B. Conversely, in Case (3), for negative cost spillover, Firm A pro-
duces an inferior second quality than Firm B. Cases (2) and (3) confirm that the nondiffer-
entiation result in Irmen and Thisse (1998) depends on the separable mismatch disutility.

4.2. Separable quadratic cost function, and one uniform distribution and one trapezoid
distribution

This second set of examples uses a separable quadratic cost function (# = 0), and one
uniform distribution and one trapezoid distribution (k#0). Setting 6 at 0 in (27), we
obtain the equilibrium set of marginal consumers:

3q1(6 4 q1) +2(9 + k)go + 3¢3 — 3r1(6 +71) — 2(9 + k)ry — 312

:JT('UQ;q’ T) = 18(q1 _ Tl)

T2 — Qg2
M —q1

V2.

Using equation v} (v2; ¢, ) to compute the equilibrium prices p% in (12) and pj; in (13),
we derive the profits as functions of qualities and the parameter k. We then solve the
system of equations of the first-order conditions with respect to the qualities to obtain:

—-1<k<1 *7§ * §+§ T*fgr*7§+ﬁ
= _aQ1_4 q2_2 6 1—4 2—2 6
s 3 . 3 L. 9 . 3
WIHE=0 =7 m=5 n=3 =3
.3 ., 3 1 ., 9 . 3 1
(5)Ifk:1, ql:i (]2:§—|—6 7’121 712:54_6. (32)

The results are consistent with Corollaries 3 and 4(%i). Because ¢f < rf, and f; is
uniform, the second quality dimension must not be differentiated for any members of
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the trapezoid distributions. Solution (4) matches case (1) (@ = 0) of (31) in the previous
subsection. In fact, the consequence of a valuation distribution that puts more density
on higher valuations than the uniform is higher equilibrium quality ¢4 (= r3). Also, in
Solution (5), firms have equal shares of the market (o = 2, and 5 (v2; ¢*,7*) = a); Firm
A sells a product with a lower quality at a lower price, and the opposite is true for Firm
B: p = 2.42014 < pj = 4.67014. However, because unit costs are increasing in qualities,
profits are the same for the two firms: 7} = 75 = 0.375.

4.2.1. Existence of equilibria

Our characterization results can be interpreted as necessary conditions for subgame-
perfect equilibria. Our results do not provide a proof of the existence of equilibria. The
general difficulty regarding existence has to do with multiple qualities that maximize
profits. Consider for now just the first quality. For some given Firm B’s quality r, Firm
A’s profit-maximizing quality may not be unique; say, they are qualities ¢} and ¢}, and
¢ <r1 < ¢{ (but any convex combination of ¢i and ¢ does not maximize profit). For
other values of 7, Firm A’s profit-maximizing quality may be unique, but it may be
larger than r1, or it may be smaller. Thus, the requirement that a candidate equilibrium
has ¢; smaller than m; may be difficult to verify. We are unaware of results for the
existence of fixed points that serve as mutual quality best responses.

Nevertheless, our results allow us to construct candidate equilibria, as in the previous
two subsections. Therefore, one may verify that they are mutual best responses. We have
in fact done that for Solution (5) in the previous subsection: at k = 1 for the trapezoid
distribution (q1,¢2) = (2,3 + §) and (r1,72) = (2,2 + }) are mutual best responses. To
do so we have written a Mathematica program to compute profits m4(q1, ¢2; 77, r5) and
75(ri,re; 45, q5) in (18) and (19) for all demand configurations.'” The program is in the
online supplement.

It is important to note that some candidate equilibria may fail to be equilibria. For
the case of kK =1 in the previous subsection, another candidate equilibrium could have
firms producing identical qualities in the first dimension (valuations following a uniform
distribution), but different qualities in the second (valuations following a trapezoid
distribution). We have used Mathematica to compute such a candidate equilibrium. The
numerical method yields (¢f, ¢5) = (1.50,0.62), and (r},r3) = (1.50, 1.96). However, our
computation indicates that Firm A has a profitable deviation. In other words, for £k =1
there is no equilibrium in which firms produce identical qualities in the dimensions
where valuations are uniform.

10 We make sure that for any combination of ¢; and r;, valuations of the indifferent consumer vy (v23q,7)
must reside in [1, 2] as vy varies over [1, 2]. The Mathematica program computes maxma(q1,q2;77,75) at
491,92

ri = %,7‘; = g (We do not place any restriction on g1 or g».) We have found that indeed the maximum
profit is achieved at (q1,q2) = %, %) Then we perform the corresponding computation for Firm B’s profit

and have found that the maximum profit is achieved at (r1,r2) = (2, 3).
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5. Concluding remarks

We reexamine the principle of product differentiation relaxing price competition in
the classical quality-price game. The environment for analysis in our model is more
general than existing works. Yet, we are able to characterize equilibria without having to
solve for equilibria explicitly. Product quality is used by each firm to raise a rival firm’s
equilibrium price, so firms engage in a race. A product quality’s contribution to marginal
costs is equal among firms when firms are equal rivals in this race. Generally, firms have
different capabilities of raising the rival’s equilibrium price, due to nonuniform consumer
valuations or cost spillover, so product differentiation tends to be common. The outcome
of minimum differentiation in all but one dimension in earlier works can be attributed
to consumers’ quality valuations (or location) being uniformly distributed and quality
cost (or mismatch disutility) being separable.

Various open questions remain. First, we have used only necessary conditions of
equilibria, not conditions of existence of equilibria. Existence of price equilibrium in
any quality subgame is guaranteed by the logconcavity of the valuation functions (as in
Caplin and Nalebuff, 1991). Further restrictions may need to be imposed for existence of
the equilibrium qualities (as in the case of Anderson et al. (1997) for the single-dimension
Hotelling model with a general location distribution and quadratic transportation).
Our necessary conditions of equilibria characterize all candidate equilibria. Hence, one
may develop algorithms to check if a candidate equilibrium constitutes best responses.
Uniqueness of equilibrium seems too much to expect in our general setting, but our
characterization applies to each equilibrium.

Second, we assume linear preferences: each quality benefits a consumer at a constant
rate. The linearity assumption is so ubiquitous in modern microeconomics that relaxing
this is both challenging and consequential. Third, our approach does make use of the
independence of consumer valuations across different qualities. However, there are
actually two ways for qualities to become related. We have already incorporated one
way—that the cost function allows for positive or negative spillover between qualities.
Correlation in valuations is the other way. A full model that allows valuation correlation
and cost spillover will be for future research.

Fourth, we have assumed that consumers must buy a product from a firm. Although
the “fully-covered-market” assumption is convenient, it obviously imposes restrictions
on specific applications. Also, in a single dimensional model without production costs,
existence of duopoly equilibria is not easily established when consumers have the nonpur-
chase option (Benassi et al., 2015). The consumer nonpurchase option can be formally
likened to a model with three firms: the two original firms, and one (new but artificial)
firm that produces a good at zero quality and sells it a zero price. This covered-market
issue is related to the duopoly assumption. If there are more than two firms, obviously
strategic interactions become complex. Future research may shed light on these problems.
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Appendix A. Proofs of lemmas, propositions, and corollaries

Proof of Lemma 1. Equilibrium prices p% and p}; depend on qualities (g, ), so the

right-hand side of (8) is (affine) linear in ve, ..., vy. The solution v5(v_1;¢q,7) of (9) also
satisfies (8), so it must also be linear in vs,...,vy. Therefore, we write v} (v_1;q,7) =
alg,r) — Zszz veBr(q,7), vk € [vg,Tk], k=2,...,N for some functions «, and Sy,

k=2,...,N. Then we substitute vi(v_1;q,7) by a(q,r) — 22722 v Bk (g, r) in (9) to get

B fz_l [1 —2F(a(g,7) — Zi\;z xkﬁk(q,r))]dF_l
fz71 (fl (Ol(q7 T) - ZkNZQ (Ekﬁk(qv T))del

N
- Z vkﬂk (Qa T)
k=2

SO =C) g e

, forw € v, k], k=2,...,N.
T —q rn—q

k=2

Because this is true for every vs,...,vx,Eqs. (10) and (11) in the lemma follow. O

Steps and Lemmas for Proposition 2:

By partially differentiating p% and pj in (12) and (13) with respect to qualities, we
obtain

JG Oa Z oG Bﬂk
ory or

da arl (“)ﬂk 87‘1

Opp _ O(r —q)H(a, 1) OH da OH 8By,
= = —H(a,B) + (1 — q1) | 55 + ,
oas oar @5+ =) 50 g, kz:; 55 0y
(34)
and
oy . 0G(e,B) ,[OG da G 9B, B
or, (11 —aq1) or; =(r—q) 9a or; + 57 98, or; | 2,...,N (35)
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OH do _ OH 95,

Ipp OH Oa | OH 0f;
80& aq]' 8ﬁ] aq]' ’

8q]‘

O0H(c,8-1)
8qj'

=(r—q) =(r1—q1) =2,...,N.(36)
Because we label a differentiated quality attribute as the first attribute (¢; < ry), there
is a slight difference between the form of price-reaction effects of the first quality and
the other qualities. We now present two lemmas that are used for Proposition 2.
Lemma 2. In any subgame (g, ), the sum of the proportional changes in the firms’
equilibrium price-cost markups and the proportional change in the total density of the
equilibrium set of indifferent consumers must vanish.:

AlG(a, fr) + Hlaf)] +din [ fila—oa-fdF =0 (37)

It follows that the sum of the partial derivatives of G(c, B—1) and H(«, S—1) with respect
toa and B3, j =2,...,N are

oG OH [y fila—vy-By)dF

E 2 (38)
(fv_l fila—v_y- 5—1)dF—1)

oG  0H fu,l Jfilao—v_y - B_q)v;dF_4 (39)

ap; 9B (fv_lfl(oz—v_1 ',3—1)dF—1)2'

Proof of Lemma 2. From the definitions of G and H in (14), at each (g, 7), we have:

1

G, 1) + H(a, f1) = S, fila—v_y-B_1)dF_y

Hence
dln(G+H)+dhl/ fl(a—v_l'ﬂ_l)dF_lzo,
v_1

so the first statement of the lemma follows.
Because (37) holds for each (g, ), we can partially differentiate it with respect to «
and B, j =2,..., N, to obtain (38) and (39). O

Lemma 2 allows us to present how qualities change the equilibrium price markups.
This then allows us to find how the intercept and slopes of the equation for the
equilibrium set of indifferent consumers are impacted by qualities.
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Lemma 3. In any subgame (q, 1), in equilibrium, fori=1,... N,
aﬁ] (Q7 ’I") + 66](q7 T) =0 and 8a(qa T) + aa(Qv ’I") CZ(T) - Cz(q)
0qi 87"1' 6‘qi 3ri

(rm—a)[1+ 95 - 52)

(40)
Proof of Lemma 3. From (11), the functions 5;(q, r) are 8; = :i_gi ,7=2,...,N.Hence,
Bj _ Ti—4 9B; 9P; 1 B .
P = ——, and —_— = — = ——=, :2,...,N, 41
o1 (r1—q)? dry dq; - q oy 7 ()

and all partial derivatives of §; with respect to ¢ or i, k=2,..., N, k#j, vanish.
These prove the first equality in (40).

From definitions of G and H in (14), we write (10) as

o+ Glaf) — Hia,pq) = S0 =C@)

. 42
T —q (42)
We totally differentiate (42) to obtain

0G OH Y 106G oH o) -Clg)
{1+&)‘_‘9C¥}da+,§2<3@c_%>dﬁk—d{ ™ —q }

Then we have

[ oG 8H] Oa
1+

G _oH &(86:_%)%_8[0(@—0(@}
da  Oa | 0q £ 0B 0Bx) 01 Oq T —q1

Gl {0(7’) - C(Q)]

(r1—q1) (r1 —q1)?
140G _OH] Do (06 DHNOB _ D [C(r) ~Cla)
OJa  Oa | 0rq = 0B OBk ) Or,  Or r—q
_al) [cm - c@}
(1 —aq1) (ri—aq)? |’
where C;(q) = %q(iq) denotes the i*" partial derivative of the cost function C. Using (41),
we obtain
da | da Ci(r) — Ci(q)
8(]1 87“1 n

(ri—qu)[1+ 8¢ - 24

Oa
Next, we have, for j =2,..., N,

LG o) da
Oa  Oa | 0g;

+
1M

<6G _ 6H>6ﬂ _ a{cm C<q>} _ G
0Bk OBk 5(13' 5% ™ —q1 (7“1 - Q1)
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2 (- )5 o [0 -l

k=2

da  da 87”]

Using (41), we obtain

Oa | da C;(r) ij(q)
Oq;  Or; (r1 —q1) [1 + gz %—g]

We have proven the second equality in (40). O
Proof of Proposition 2. From (35) and (36), we have

emem>mamm>(mqﬂ{rﬁf&x+aHa@]{aGaa+em%Wﬂ}

dq; or; da dg;  9P; g; da dr; 9B, r;
ji=2,...,N.
Using Lemma 3, we have 2% = Cj(r)_(’;”éq) o — 2% and aﬂ’ = —6—5”_', and substitute
Bq (7‘1—111)[14-@— 6@] or; or;
them into the above to obtain:
Ippg,m) 9pi(g,r)

an 8rj
Coead[Pr (t=Ciw a0\ _omos] [0G oa o 05
TN\ (r—q) 422 "oy ) 9B, | |0a dr;  0B; or,

B {[_GH 804_8H8@}_[8G Ja  0G aﬂj}} 0H [C}(r)—C;(q)]
N oa o, 95, on) ~[oa on, 05, 0n,) ST oa s

0G OH| da [0G OH|0pB; H [C;(r)—C,(q)]
{2 ) il

o

Next, we define

~ Oa [1+ 8¢ - 9H)
We use (38) and (39) in Lemma 2 to obtain
Ipp(a,r)  Ipalg.r)
8qj (9’/’3'
Jo_, filae—v_1-Bo)dFy | 9
= (7"1 - Q1) 2| 3.~

_(fu,l fila—v_q- 571)dF,1> | or;

Jo file Z v Boudfa 108 o )

I (fv,l fila—v_y- gfl)del)Q_ or;

—(r1 — q1)
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(r1 _‘h)(fu_l fila—v_q- B )dF—lar -/, fila—v_1- B )U]’dF_lng>

(fv,l fila—v_q- /3—1)dF—1>2
+ Z[Cj(q) — Ci(r)]. (43)

Then we further write the first term in (43) as

6% [fv,l fila —v_q- /3—1)dF—1}

(ri—aq1) 5 (44)
(fv,l fila —v_y- 5—1)dF—1>
Hence, we have shown (15). Next, from Lemma 3, we have gf = (Tlf;f;[)l;céiéq_) oy ~ g—;
and g—f; = ,%7 so (44) also equals
L= q1) 5, 1o —=v_1-fq)df
(1 = a5 | [, | il B1)dF]
_ 5 )
(fv_l fila—v_y '5—1)dF—1)
Therefore, (15) equals (16).
Finally, from the definition of G(a, 8_1) and H(a, 5_1) in (14), we have:
9 Clasfr) = 1 ful fila —v_y-B_1)dF_4 ful Filao—wv_y-f_q)dF_
Z G, B ) =1—
0 ’ 2
“ (fv,l fila—vy '5—1)(11*11)
) Jo_ fila—voy - Bog)dFoy [, (1= Fi(e—v_y - B-1)]dF4
%H(a,ﬂ_l):—l— .

(fv,l fila—v_q- 5—1)dF—1)2

After we substitute these into the definition of Z, we obtain the same expression for Z

in the Proposition. [J
Proof of Proposition 3. We begin by simplifying Firm A’s first-order derivatives with
respect to qualities. First, for (20) we use (3) to obtain

a ~ * * *
87/ Fl(’Ul(’U—l;p (Q7r )7an ))dF—l
qj V-1
1 - * * ® .
= / fr@i(v_;p™(q,r"), q,r7))v;dFy j=2,...,N.
=41 Jy_,

Second, for (21), again we use (3) to obtain
0
oy Jo

= / [0 (v—1;p"(q,77), q,77))dF_y.

7"1*(11

Fl(’ﬁl(v—l;p*(q7r*)a Q7T*))dF—1
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We then substitute these expressions into (20) and (21), and the first-order derivative
of Firm A’s with respect to quality ¢;, j = 2,..., N, becomes

/ Fy(51(v_130"(q,7), 0, 7*))AF_1 | Ci(q)

1
T —aq
1

T —q

/ S @157 (07, 07 )0y d P [ (0, 77) — Clg)]

+

/ f1<m<u_1;p*<q,r*>,q,r*>>dF_1aa’fLpzm,r*)c<qn. (45)

We now evaluate (45) at the equilibrium qualities, so replace v (v_1; p*(q*, r*), ¢*, 1))
as Ui(v_1;¢*, 1) = al¢*,r*) —v_1 - f_1(¢*,r*). Using the equilibrium price (12) in
Proposition 1

pilgt,r) —Clgt) S, Fila—vq-Ba))dF
r—di ~J, fla—vy-B))dF ]

we simplify the first-order derivative of Firm A’s profit with respect to ¢; to

oy o, Silo—voi-BoudFy
04; " Jo  Ale—voy-Ba))dF, Ci(a)|

JRRCETE

j=2,...,N,

where we have omitted the arguments in o and S_;. We set this to zero to obtain the
first-order condition for ¢;:

Ipp fv,l Jilao —v_1 - B_q)v;dF_y
dq; [,  fla—vy-pq))dF

~Ci(¢")=0 j=2,...,N.

For brevity we do not lay out all the steps for obtaining the first-order condition of Firm
A’s equilibrium quality ¢;, but the key difference is that (3) yields g—gi = YU The

T1—q1

effect of quality ¢; on demand now becomes

0

— Fy (01 (v_q:p* * NdF_
aq1/v 1<U1<U 1;P (q,r )a(Lr )) 1

1 _ e .
= / fi@i(v_y;p™(q,7"), q, 7)) 01 dF_.
Tl - ql v-1

Following the same steps, we obtain the following first-order condition for ¢}

oy, Ju, Sila—voy - fo1)BidF-,
oqr [, fila—v_y-By))dF

- Ci(q") =0.
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The first-order conditions for Firm B’s equilibrium qualities are derived analogously.l]
Proof of Corollary 1: For each 7 =2,..., N, the terms with the integrals are the same
in the two equations in (24) and (25). Taking their difference, we have

Ipp _ Opa
5(]]' a,r,j J (q ) J (T )7

and the equivalence of (i) and (ii) in the Corollary follows. Then we simply apply
Proposition 2 on the equilibrium (¢*, ) for the equivalence of (ii) and (iii). O

Proof of Corollary 3. Consider the subgame defined by equilibrium quality (¢*, 7).
The difference in the firms’ price-reaction effects is in Proposition 2. Obviously, f{ =0
by assumption, so (15) becomes BpEét(]]:,r*) - apj;gi;,r*) = £[C;(¢*) — C;(r*)]. Under
the step-function assumption, Corollary 1 then says that 22 Eég:’r*) _ o Zé‘i;””*) =
1[Ci(q*) = C;(r*)] = Cj(q*) — C;(r*). Hence it must be C;(¢*) = C;(r*), j =2,...,N.
We conclude that 22 Eé‘;:’r*) o j,gi;,r*) = 0. Finally, we apply Corollary 2 to obtain
the nondifferentiation result. O

Proof of Corollary 4. Let the valuation density of quality j be a step function. Consider
an equilibrium (g*7*). If ¢; = r}, then the first part of the corollary is trivially true.
Suppose that g¢; # r;. Without loss of generality we let ¢j < rj. Now we relabel the
indexes so that j = 1. Then Corollary 3 applies, and the firms choose identical qualities
for all quality attributes & = 2,..., N. Finally, the last part of the Corollary is a special
case of (i) and (ii). O

Corollary 5. Suppose that the cost function C is additively separable. If in equilibrium
(¢, 1), ¢; =15 at some j, 2<j< N, then

* % * % * * (90& q*,r*
[ fitatar ) = oot rnar, o1 - a2 < g <o, 40)
V-1 J

where E(v;) is the expected value of v;. Furthermore, if qf =1} for each j =2,..., N,

then
* ok * * 80[ q*,r*
fitatar o i = a) 20 By <. (1)
J

Corollary 5 can be understood as follows. Absent differentiation at quality j, firms
have identical price-reaction effects. The slope of the line defining the set of indifferent
consumers has a zero slope at quality j (8; = 0). If fi’s derivative does not vanish, the
derivative of the intercept o with respect to r; (or g¢;), evaluated at the equilibrium
(¢*, ), exactly equals the mean of the quality-j valuation distribution divided by
(r1 — q7), independent of other qualities or distributions. Corollary 5 does not imply
any global properties of the key « function. Neither does Corollary 5 imply any global
properties that f; must satisfy.
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Opp(a"r") _ A Next
8 . - M )

Proof of Corollary 5. From Corollary 2, ¢; = r} implies 5
J

from Proposition 2, we use (15) and C;(¢*) = C;(r*) to obtain '

opp(a,r*)  Oph(qs,r")
8qj 87“j

(= D) [, Ailala™sr?) = vy - Boalg,rT)) AP
(s A0 ) — v Balg r)AE )
(TT B QT) qu f{(a(q*’r*) —U-1 ﬂfl(q*,r*)) [%;’T*) - ri‘v—jQT}dFvJ

(Jo, Fila(ar ) —voy - Boa(arr))AFoy)

In the numerator of (48), the term in the integrand involving rlvqul is

i=a) [ Al ) = v Bl r) []dF

T4
Observe that when q =rj,
fila(g*,r*) —v_1 - B-1(¢",7*)) is also independent of v;. Therefore, we can simplify
this to

a(g*,r*) —v_q-f_1(¢*,r*) is independent of wv;, so

[ B RIS I

-1

=/ [fi(a(q*,r*) —v_1 - B_1(q*, r™)) x E(v;)|dF,_,.

Using this and then setting (48) to 0, we obtain (46). Finally, if, for each j =2,... N,
we have ¢f =77, then B;(¢*,r*) = :]1:311

argument inside fi, we obtain (47). O

=0, so v_1 - f_1(¢*,r*) = 0. Simplifying the

Supplementary material

Supplementary material associated with this article can be found, in the online
version, at doi:10.1016/j.ijjindorg.2018.10.002.

References

Anderson, S., De Palma, A., Thisse, J.F., 1992. Discrete Choice Theory of Product Differentiation. MIT
Press, Cambridge, MA.

Anderson, S., Goeree, J., Ramer, R., 1997. Location, location, location. Journal of Economic Theory 77
(1), 102-127.

Belleflamme, P., Peitz, M., 2010. Industrial Organization: Markets and Strategies. Cambridge University
Press, New York.

Benassi, C., Chirco, A., Colombo, C., 2006. Vertical differentiation and the distribution of income.
Bulletin of Economic Research 58 (4), 345-367.


https://doi.org/10.1016/j.ijindorg.2018.10.002
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0001
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0001
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0001
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0001
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0002
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0002
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0002
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0002
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0003
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0003
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0003
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0004
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0004
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0004
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0004

412 F. Barigozzi, C.-t.A. Ma /International Journal of Industrial Organization 61 (2018) 380—412

Benassi, C., Chirco, A., Colombo, C., 2015. Beyond the Uniform Distribution: Equilibrium Prices and
Qualities in a Vertically Differentiated Duopoly Bologna. Dipartimento di scienze economiche DSE.
10.6092/unibo/amsacta/4424.

Cabral, L., 2000. Introduction to Industrial Organization. MIT Press, Cambridge, MA.

Caplin, A., Nalebuff, B., 1991. Aggregation and imperfect competition: On the existence of equilibrium.
Econometrica 59 (1), 25-59.

Carlton, D., Perloff, J., 2005. Modern Industrial Organization, 4th Pearson/Addison Wesley, Reading,
MA.

Champsaur, P., Rochet, J.C., 1989. Multiproduct duopolists. Econometrica 57 (3), 5633-557.

Chen, Y., Riordan, M.H., 2015. Prices, profits, and preference dependence. Journal of Industrial Eco-
nomics 63 (4), 549-568.

Cremer, H., Thisse, J.F., 1991. Location models of horizontal differentiation: a special case of vertical
differentiation. Journal of Industrial Economics 39 (4), 383-390.

D’Aspremont, C., Gabszewicz, J., Thisse, J.F., 1979. Hotellings stability in competition. Econometrica
47 (5), 1145-1150.

Degryse, H., Irmen, A., 2001. Attribute dependence and the provision of quality. Regional Science and
Urban Economics 31 (5), 547-569.

Ansari, A., Economides, N., Steckel, J., 1998. The max-min-min principle of product differentiation.
Journal of Regional Science 38 (2), 207-230.

Gabszewicz, J., Thisse, J.F., 1979. Price competition, quality and income disparities. Journal of Economic
Theory 20, 340-359.

Garella, P.G., Lambertini, L., 2014. Bidimensional vertical differentiation. International Journal of In-
dustrial Organization 32, 1-10.

Hotelling, H., 1929. Stability in competition. Economic Journal 39, 41-57.

Irmen, A., Thisse, J.F., 1998. Competition in multi-characteristics space: Hotelling was almost right.
Journal of Economic Theory 78, 76-102.

Lauga, D., Ofek, E., 2011. Product positioning in a two-dimensional vertical differentiation model: the
role of quality costs. Marketing Science 30 (5), 903-923.

Loertscher, S., Muehlheusser, G., 2011. Sequential location games. RAND Journal of Economics 42 (4),
639-663.

Ma, C., Burgess, J., 1993. Quality competition, welfare, and regulation. Journal of Economics 58 (2),
153-173.

Neven, D., 1986. On hotelling’s competition with non-uniform consumer distributions. Economics Letters
21, 121-126.

Pepall, L., Richards, D., Norman, G., 2014. Industrial Organization: Contemporary Theory and Empirical
Applications, 5th Wiley, Malden, MA.

Shaked, A., Sutton, J., 1982. Relaxing price competition through product differentiation. Review of
Economic Studies 49 (1), 3-13.

Shaked, A., Sutton, J., 1983. Natural oligopolies. Econometrica 51 (5), 1469-1483.

Spence, A.M., 1975. Monopoly, quality and regulation. Bell Journal of Economics 6 (2), 417-429.

Tabuchi, T., 1994. Two-stage two dimensional spatial competition between two firms. Regional Science
and Urban Economics 24, 207-227.

Tabuchi, T., Thisse, J.F., 1995. Asymmetric equilibria in spatial competition. International Journal of
Industrial Organization 13, 213-227.

Tirole, J., 1988. The Theory of Industrial Organization. MIT Press, Cambridge, MA.

Vandenbosch, M., Weinberg, C., 1995. Product and price competition in a two dimensional vertical
differentiation model. Marketing Science 14 (2), 224-249.

Vendorp, E.C.H., Majeed, A., 1995. Differentiation in a two dimensional market. Regional Science and
Urban Economics 25, 75-83.

Yurko, A., 2010. How does income inequality affect market outcomes in vertically differentiated markets?
International Journal of Industrial Organization 29, 493-503.


http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0005
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0005
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0005
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0005
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0005
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0006
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0006
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0007
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0007
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0007
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0008
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0008
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0008
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0009
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0009
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0009
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0010
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0010
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0010
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0011
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0011
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0011
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0012
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0012
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0012
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0012
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0013
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0013
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0013
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0014
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0014
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0014
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0014
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0015
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0015
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0015
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0016
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0016
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0016
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0017
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0017
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0018
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0018
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0018
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0019
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0019
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0019
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0020
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0020
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0020
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0021
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0021
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0021
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0022
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0022
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0023
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0023
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0023
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0023
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0024
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0024
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0024
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0025
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0025
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0025
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0026
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0026
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0027
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0027
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0028
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0028
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0028
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0029
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0029
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0030
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0030
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0030
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0031
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0031
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0031
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0032
http://refhub.elsevier.com/S0167-7187(18)30100-0/sbref0032

	Product differentiation with multiple qualities
	1 Introduction
	1.1 Literature review
	1.1.1 Single dimension models
	1.1.2 Multiple dimensions models


	2 The model
	2.1 Consumers and preferences for qualities
	2.2 Firms and extensive form

	3 Equilibrium product differentiation
	3.1 Subgame-perfect equilibrium prices
	3.2 Qualities and equilibrium prices
	3.3 Equilibrium qualities
	3.4 Quality differentiation

	4 Examples on two quality dimensions
	4.1 Quadratic cost function and two uniform distributions
	4.2 Separable quadratic cost function, and one uniform distribution and one trapezoid distribution
	4.2.1 Existence of equilibria


	5 Concluding remarks
	 Acknowledgment
	Appendix A Proofs of lemmas, propositions, and corollaries
	 Supplementary material
	 References


