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The Online Appendix is organized as follows: Section OA1 describes the wage regression

that we reference throughout the main paper. The remaining sections contain additional

results and technical details pertaining to the indicated sections of the main paper.

OA1 Wage regression

As column (1) of Table OA1 shows, the coefficient of variation for the (level of the) wage

Wjt ranges from 0.35 to 0.50 across industries.1 The variance decomposition in columns

(2)–(4) shows that around one quarter of the overall variation is within firms across periods.

The larger part of this variation is across firms.

To explore the source of this variation, we regress the (log of the) wage wjt on the skill

mix of a firm’s labor force as given by the share of temporary (as opposed to permanent)

labor, the share of white (as opposed to blue) collar workers, and the shares of engineers

and technicians (as opposed to unskilled workers), time dummies, region dummies, product

submarket dummies, the demand shifter, and an array of other firm characteristics, namely

dummies for technological sophistication and identification of ownership and control as well

as univariate polynomials of degree 3 in age and firm size.

To motivate this regression, assume that there are Q types of labor with wages W1jt,

W2jt, . . . , WQjt and write the wage as

Wjt =

Q∑
q=1

WqjtSqjt = W1jt

1 +

Q∑
q=2

(
Wqjt

W1jt
− 1

)
Sqjt

 ,

where Sqjt is the share of labor of type q and
∑Q

q=1 Sqjt = 1. Because

wjt ≈ w1jt +

Q∑
q=2

(
Wqjt

W1jt
− 1

)
Sqjt,

the coefficient on Sqjt in the wage regression is an estimate of the wage premium
(
Wqjt

W1jt
− 1
)

of labor of type q over type 1. Because we do not have the joint distribution of skills

(e.g., temporary white collar technician) in our data, we approximate it by the marginal

distributions (e.g., share of temporary labor) and ignore higher-order terms. As columns

(5)–(8) of Table OA1 show, the estimated coefficients on the skill mix of a firm’s labor

force are often significant, have the expected signs, and are quite similar across industries.

On average across industries, temporary workers earn 36% less than permanent workers,

white collar workers earn 26% more than blue collar workers, engineers earn 85% more than

unskilled workers, and technicians earn 23% more than unskilled workers.

The wage regression also shows that some, but by no means all variation in the wage is

1The coefficient of variation for the price of materials ranges from 0.12 to 0.19 across industries.
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due to worker quality. To isolate the part of the wage that depends on the skill mix of a firm’s

labor force, we decompose the predicted wage ŵjt into a prediction ŵQjt based on the skill

mix and a prediction ŵCjt based on the remaining variables. ŵQjt and ŵCjt are positively

correlated. According to R2 =
V ar(ŵjt)
V ar(wjt)

in column (9), depending on the industry, the wage

regression explains between 63% and 76% of the variation in the wage, with an average of

70%. The skill mix by itself explains between 2% and 20% of the variation in the wage,

with an average of 10% (see R2
Q =

V ar(ŵQjt)
V ar(wjt)

in column (10)). In contrast, the remaining

variables explain between 36% and 64% of the variation in the wage, with an average of

48% (see R2
C =

V ar(ŵCjt)
V ar(wjt)

in column (11)). The larger part of the variation in the wage

therefore appears to be due to temporal and geographic differences in the supply of labor,

the fact that firms operate in different product submarkets, and other firm characteristics.

OA2 Additions to Section 3: Data

Table OA2 complements Table 1 in the main paper. Columns (1) and (2) document the

extent of entry and, respectively, exit. Column (3) describes the demand shifter. Columns

(4)–(6) document the rate of growth of the prices of the various inputs.

Outsourcing. Figures OA1 and OA2 illustrate that the fraction of firms that engage in

outsourcing as well as the share of outsourcing in the materials bill remain stable over our

sample period.

OA3 Additions to Section 4: A dynamic model of the firm

Input usage: Wage ratio. In developing the correction term λ1(STjt) in the main

paper we assume that the ratio
WPjt

WTjt
= λ0 is an (unknown) constant. To probe if the wage

premium changes over time, we replicate the wage regression in Section OA1 and add an

interaction of the share of temporary labor STjt and a time trend t (column (2) of Table

OA3). In line with our assumption, this interaction is borderline significant in just two

industries and insignificant in the remaining industries. The remaining estimates (columns

(1) and (3)–(5)) of Table OA3 are similar to those in columns (5)–(8) of Table OA1.

Input usage: An alternative model of outsourcing. If both in-house and outsourced

materials are static inputs that the firm may combine in arbitrary proportions without

incurring adjustment costs, then the Bellman equation becomes

Vt(Ωjt) = max
Kjt+1,LPjt,LTjt,MIjt,MOjt,Rjt

P
(
X
− νσ

1−σ
jt exp(ωHjt), Djt

)
X
− νσ

1−σ
jt exp(ωHjt)µ

−CI(Kjt+1 − (1− δ)Kjt)−WPjtLPjt − CLP (LPjt, LPjt−1)−WTjtLTjt

−PIjtMIjt − POjtMOjt − CR(Rjt) +
1

1 + ρ
Et [Vt+1(Ωjt+1)|Ωjt, Rjt] ,
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Figure OA1: Fraction of firms that engage in outsourcing.

where Ωjt = (Kjt, LPjt−1, ωLjt, ωHjt,WPjt,WTjt, PIjt, POjt, Djt) is the vector of state vari-

ables. The corresponding first-order conditions for in-house and outsourced materials are

νβMµX
−(1+ νσ

1−σ )
jt exp (ωHjt)

(
M∗jt

)− 1
σ
∂M∗jt
∂MIjt

=
PIjt

Pjt

(
1− 1

η(pjt,Djt)

) , (OA1)

νβMµX
−(1+ νσ

1−σ )
jt exp (ωHjt)

(
M∗jt

)− 1
σ
∂M∗jt
∂MOjt

=
POjt

Pjt

(
1− 1

η(pjt,Djt)

) . (OA2)

Equations (OA1) and (OA2) imply that the mix of in-house and outsourced materials

depends on their prices.

We assume that PMjt = PIjt(1−SOjt)+POjtSOjt so that the price of materials is an ap-

propriately weighted average of the prices of in-house and outsourced materials. We continue

to assume that Γ(MIjt,MOjt) is linearly homogenous and normalize Γ(MIjt, 0) = MIjt. This

implies M∗jt = Mjt
PMjt

PIjt
Γ
(

1− SOjt,
PIjt
POjt

SOjt

)
. Using Euler’s theorem to combine equations

4



0.000

0.100

0.200

0.300

0.400

0.500

0.600

0.700

1991 1992 1993 1994 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 2006

Metals

Minerals

Chemical

Machinery

Electrical

Transport

Food

Textile

Timber

Paper

Figure OA2: Share of outsourcing in materials bill.

(OA1) and (OA2) yields

νβMµX
−(1+ νσ

1−σ )
jt exp (ωHjt)M

− 1
σ

jt

(
PMjt

PIjt
Γ

(
1− SOjt,

PIjt
POjt

SOjt

))− 1−σ
σ

=
PMjt

Pjt

(
1− 1

η(pjt,Djt)

) . (OA3)

If
PIjt
POjt

= γ0 is an (unknown) constant, then
PMjt

PIjt
= 1−SOjt+

SOjt
γ0

and ln
(
PMjt

PIjt
Γ
(

1− SOjt,
PIjt
POjt

SOjt

))
=

γ2(SOjt) is an (unknown) function of SOjt. Equation (OA3) is thus indistinguishable from

equation (25) in the main paper. Note that if SOjt = 0 and thus PMjt = PIjt and

Mjt = MIjt, then equation (OA3) reduces to the first-order condition in a model with-

out outsourcing.

OA4 Additions to Section 6: Labor-augmenting technologi-

cal change

Additional checks: Lagged input prices. Table OA4 complements Table 4 in the

main paper. Columns (1)–(3) show that our estimates of the elasticity of substitution are

5



robust to purging the variation due to differences in the quality of labor from the lagged

wage wjt−1. In contrast to the main paper, ŵQjt is the part of the wage that depends on

the available data on the skill mix of a firm’s labor force as well as on firm size.

Firms’ R&D activities. Table OA5 complements Table 5 in the main paper. Column

(1) shows that firms that perform R&D have, on average, higher levels of labor-augmenting

productivity than firms that do not perform R&D in nine industries. Columns (2) and

(3) show that firms that perform R&D have, on average, higher rates of growth of labor-

augmenting productivity than firms that do not perform R&D in eight industries.

Firm turnover. Columns (4)–(6) of Table OA5 show that survivors account for most of

the output effect of labor-augmenting technological change.

Skill upgrading. Columns (7) and (8) of Table OA5 document the increase in the share

of engineers and technicians in the labor force between 1991 and 2006.

The first-order condition for permanent labor of type q is

νµX
−(1+ νσ

1−σ )
jt exp (ωHjt) exp

(
−1− σ

σ
ωLjt

)(
L∗jt
)− 1

σ
∂L∗jt
∂L∗Pjt

θq =
WPqjt(1 + ∆jt)

Pjt

(
1− 1

η(pjt,Djt)

) ,
(OA4)

where θ1 = 1 and the gap between the wage WPqjt and the shadow wage is

∆jt =
∂CBP (BPjt, BPjt−1)

∂BPjt
− 1

WPqjt

1

1 + ρ
Et

[
∂Vt+1(Ωjt+1)

∂LPqjt
|Ωjt, Rjt

]
=

∂CBP (BPjt, BPjt−1)

∂BPjt
+

1

1 + ρ
Et

[
∂CBP (BPjt+1, BPjt)

∂BPjt
|Ωjt, Rjt

]
.

Equation (OA4) implies that θq =
WPqjt

WP1jt
at an interior solution. Multiplying equation

(OA4) by the share SPqjt of permanent workers of type q and summing yields

νµX
−(1+ νσ

1−σ )
jt exp (ωHjt) exp

(
−1− σ

σ
ωLjt

)(
L∗jt
)− 1

σ
∂L∗jt
∂L∗Pjt

Θjt =
WPjt(1 + ∆jt)

Pjt

(
1− 1

η(pjt,Djt)

) ,
(OA5)

where Θjt = SP1jt +
∑Q

q=2 θqSPqjt = 1 +
∑Q

q=2

(
WPqjt

WP1jt
− 1
)
SPqjt is a quality index and

WPjt =
∑Q

q=1WPqjtSPqjt. Using Euler’s theorem to combine equations (22) and (OA5)
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yields

νµX
−(1+ νσ

1−σ )
jt exp (ωHjt) exp

(
−1− σ

σ
ωLjt

)
L
− 1
σ

jt Λ((1− STjt)Θjt, STjt)
− 1−σ

σ

=

Wjt

(
1 +

∆jt

1+
WTjt
WPjt

STjt
1−STjt

)
Pjt

(
1− 1

η(pjt,Djt)

) =

Wjt

(
ΛP ((1−STjt)Θjt,STjt)Θjt

ΛT ((1−STjt)Θjt,STjt)
+

STjt
1−STjt

WPjt
WTjt

+
STjt

1−STjt

)
Pjt

(
1− 1

η(pjt,Djt)

) , (OA6)

where the second equality follows from dividing equations (22) and (OA5) and solving for

∆jt. We proceed as in the main paper by assuming that
WPjt

WLjt
= λ0 is an (unknown)

constant and treating

ΛP ((1−STjt)Θjt,STjt)Θjt
ΛT ((1−STjt)Θjt,STjt)

+
STjt

1−STjt

λ0+
STjt

1−STjt

= λ1(STjt,Θjt) as an (unknown) func-

tion of STjt and Θjt that must be estimated nonparametrically. Replacing λ2(STjt) =

ln
(
λ1(STjt)Λ(1− STjt, STjt)

1−σ
σ

)
by λ2(STjt,Θjt) = ln

(
λ1(STjt,Θjt)Λ((1− STjt)Θjt, STjt)

1−σ
σ

)
in our estimation equation (12) therefore accounts for types of permanent labor that differ

in their qualities and wages.

In constructing the quality index Θjt, we assume that there are Q types of permanent

labor. We approximate the wage premium
(
WPqjt

WP1jt
− 1
)

of permanent labor of type q over

type 1 by the estimated coefficient on Sqjt in the wage regression in Section OA1 and the

share SPqjt =
LPqjt
LPjt

=
LPqjt
Ljt

/
LPjt
Ljt

of permanent labor of type q by
Sqjt

1−STjt .

OA5 Additions to Section 8: Hicks-neutral technological change

Elasticity of substitution: Lagrange-multiplier test. We replace the CES produc-

tion function in equation (6) by the nested CES production function (with β0 = βL = 1)

Yjt =

βKK −(1−τ)
τ

jt +

[(
exp(ωLjt)L

∗
jt

)−(1−σ)
σ + βM

(
M∗jt

)−(1−σ)
σ

] −σ
1−σ

−(1−τ)
τ

−ντ1−τ

exp(ωHjt) exp(ejt),

where the additional parameter τ is the elasticity of substitution between capital and labor,

respectively, materials.
The first-order conditions for permanent and temporary labor become

νµ
(
XKLM
jt

)−(1+ ντ
1−τ ) (

XLM
jt

) −σ
1−σ

−(1−τ)
τ

−1

exp (ωHjt) exp

(
−1 − σ

σ
ωLjt

)(
L∗jt
)− 1

σ
∂L∗jt
∂LPjt

=
WPjt(1 + ∆jt)

Pjt
(

1 − 1
η(pjt,Djt)

) ,(OA7)

νµ
(
XKLM
jt

)−(1+ ντ
1−τ ) (

XLM
jt

) −σ
1−σ

−(1−τ)
τ

−1

exp (ωHjt) exp

(
−1 − σ

σ
ωLjt

)(
L∗jt
)− 1

σ
∂L∗jt
∂LTjt

=
WTjt

Pjt
(

1 − 1
η(pjt,Djt)

) ,(OA8)
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where

XLM
jt =

(
exp(ωLjt)L

∗
jt

)−(1−σ)
σ + βM

(
M∗jt

)−(1−σ)
σ ,

XKLM
jt = βKK

−(1−τ)
τ

jt +

[(
exp(ωLjt)L

∗
jt

)−(1−σ)
σ + βM

(
M∗jt

)−(1−σ)
σ

] −σ
1−σ

−(1−τ)
τ

.

Proceeding as in the main paper and using Euler’s theorem to combine equations (OA7)
and (OA8) yields

νµ
(
XKLM
jt

)−(1+ ντ
1−τ ) (

XLM
jt

) −σ
1−σ

−(1−τ)
τ

−1

exp (ωHjt) exp

(
−1 − σ

σ
ωLjt

)
L
− 1
σ

jt Λ(1 − STjt, STjt)
− 1−σ

σ

=

Wjt

(
1 +

∆jt

1+
WTjt
WPjt

STjt
1−STjt

)
Pjt
(

1 − 1
η(pjt,Djt)

) =

Wjt

(
ΛP (1−STjt,STjt)
ΛT (1−STjt,STjt)

+
STjt

1−STjt
WPjt
WTjt

+
STjt

1−STjt

)
Pjt
(

1 − 1
η(pjt,Djt)

) , (OA9)

where the second equality follows from dividing equations (OA7) and (OA8) and solving

for ∆jt.

The first-order condition for in-house materials becomes

νµβM
(
XKLM
jt

)−(1+ ντ
1−τ ) (

XLM
jt

) −σ
1−σ

−(1−τ)
τ
−1

exp (ωHjt)
(
M∗jt

)− 1
σ
dM∗jt
dMIjt

=
PIjt + POjtQMjt

Pjt

(
1− 1

η(pjt,Djt)

) ,(OA10)

where PIjt + POjtQMjt is the effective cost of an additional unit of in-house materials.
Proceeding as in the main paper and rewriting equation (OA10) yields

νµβM

(
XKLM
jt

)−(1+ ντ
1−τ ) (

XLM
jt

) −σ
1−σ

−(1−τ)
τ

−1

exp (ωHjt)M
− 1
σ

jt Γ

(
1,
PIjt
POjt

SOjt
1 − SOjt

)− 1−σ
σ

=
PMjt

Pjt
(

1 − 1
η(pjt,Djt)

) .
(OA11)

From the labor and materials decisions in equations (OA9) and (OA11) we recover

(conveniently rescaled) labor-augmenting productivity ω̃Ljt = (1−σ)ωLjt and Hicks-neutral

productivity ωHjt as

ω̃Ljt = γ̃L +mjt − ljt + σ(pMjt − wjt)− σλ2(STjt) + (1− σ)γ1(SOjt)

≡ h̃L(mjt − ljt, pMjt − wjt, STjt, SOjt),

ωHjt = γH +
1

σ
mjt + pMjt − pjt − ln

(
1− 1

η(pjt, Djt)

)
+

(
1 +

ντ

1− τ

)
xKLMjt +

(
1− σ

1− σ
1− τ
τ

)
xLMjt +

1− σ
σ

γ1(SOjt)

≡ hKLMH (kjt,mjt, SMjt, pjt, pMjt, Djt, STjt, SOjt),

8



where

XLM
jt = βM (Mjt exp (γ1(SOjt)))

− 1−σ
σ

(
1− SMjt

SMjt
λ1(STjt) + 1

)
,

XKLM
jt = βKK

−(1−τ)
τ

jt +

[
βM

(
1− SMjt

SMjt
λ1(STjt) + 1

)] −σ
1−σ

−(1−τ)
τ

(Mjt exp (γ1(SOjt)))
−(1−τ)

τ .

Our first estimation equation (12) therefore remains unchanged and our second estima-

tion equation (15) becomes

yjt = − ντ

1− τ
xKLMjt

+gHt−1(hKLMH (kjt−1,mjt−1, SMjt−1, pjt−1, pMjt−1, Djt−1, STjt−1, SOjt−1), Rjt−1) + ξHjt + ejt.

(OA12)

If τ = σ, then equation (OA12) reverts to equation (15). This allows us to conduct a

Lagrange-multiplier test for τ = σ, with σ fixed at our leading estimates in column (3) of

Table 4.

Firm turnover. Table OA6 complements Table 8 in the main paper. Columns (1)–(3)

show that survivors account for most of Hicks-neutral technological change.

Total technological change and its components. Column (4) of Table OA6 shows

that the correlation between labor-augmenting productivity in output terms εLjt−2ωLjt and

Hicks-neutral productivity ωHjt is positive in all industries.

OA6 Additions to Section 10: Capital-augmenting techno-

logical change

Table OA7 complements Table 10 in the main paper. Columns (1)–(3) present the results

from estimating the analog to our first estimation equation (12) in the main paper:

mjt − kjt = −σ(pMjt − pKjt)− (1− σ)γ1(SOjt)

+g̃Kt−1(h̃K(mjt−1 − kjt−1, pMjt−1 − pKjt−1, SOjt−1), Rjt−1) + ξ̃Kjt.

∆ωKjt in column (4) presents the implied rate of growth of a firm’s effective capital stock

exp(ωKjt−1)Kjt−1.

Column (5) of Table OA7 documents the implausibly low elasticity of output with

respect to the firm’s effective capital stock that drives the output effect to zero when we

plug our leading estimates from Section 5 into equation (24) in the main paper.
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OA7 Additions to Appendix D: Estimation

Concentrating out. To reduce the number of parameters to search over in the GMM

problems corresponding to equations (12) (see also equation (16)) and (15) in the main

paper, we “concentrate out” the parameters that enter it linearly (Wooldridge 2010, p.

435). To simplify the notation, in what follows we omit the subscripts L and H that

distinguish these equations.

We exploit that the Tj × 1 vector of residuals νj(θ) as a function of the P × 1 vector of

parameters to be estimated θ can be written as

νj(θ) = yj(β)− wj(β)γ, (OA13)

where β is a P1 × 1 vector of “nonlinear” parameters and γ is P2 × 1 vector of “linear”

parameters with θ = (β′, γ′)′ and P = P1 + P2. yj(β) is a Tj × 1 vector and wj(β) is a

Tj × P2 matrix of “composite” variables whose values depend on the nonlinear parameters

β.

The first-order conditions for the GMM problem

min
θ

 1

N

∑
j

Aj(zj)νj(θ)

′ Ŵ
 1

N

∑
j

Aj(zj)νj(θ)

 (OA14)

are ∑
j

∂(Aj(zj)νj(θ))

∂β
,
∑
j

∂(Aj(zj)νj(θ))

∂γ

′ Ŵ
∑

j

Aj(zj)νj(θ)

 = 0.

This is a system of P equations. Equation (OA13) implies
∑

j
∂(Aj(zj)νj(θ))

∂γ = −
∑

j Aj(zj)wj(β).

Hence, the lower P2 equations can be rewritten as∑
j

Aj(zj)wj(β)

′ Ŵ
∑

j

Aj(zj)yj(β)−
∑
j

Aj(zj)wj(β)γ

 = 0.

Solving yields the linear parameters as a function of the nonlinear parameters:

γ(β) =

∑
j

Aj(zj)wj(β)

′ Ŵ∑
j

Aj(zj)wj(β)

−1∑
j

Aj(zj)wj(β)

′ Ŵ∑
j

Aj(zj)yj(β).

Plugging this back into the GMM problem in equation (OA14) concentrates out the linear

parameters and reduces the GMM problem to a search over the nonlinear parameters.
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We estimate the asymptotic variance of θ̂ = (β̂
′
, γ(β̂)′)′ as

Avar(θ̂) =
[
Ĝ′Ŵ Ĝ

]−1
Ĝ′Ŵ

∑
j

Aj(zj)νj(θ̂)νj(θ̂)
′Aj(zj)

′

 Ŵ Ĝ
[
Ĝ′Ŵ Ĝ

]−1

if Ŵ is an arbitrary weighting matrix and as

Avar(θ̂) =

Ĝ′
∑

j

Aj(zj)νj(θ̂)νj(θ̂)
′Aj(zj)

′

−1

Ĝ

−1

if Ŵ is the optimal weighting matrix. Both expressions depend on Ĝ =
∑

j
∂(Aj(zj)νj(θ̂))

∂θ .

Using the fact that
d(Aj(zj)νj(θ))

dβ =
∂(Aj(zj)νj(θ))

∂β −Aj(zj)wj(β)∂γ(β)
∂β , we compute

Ĝ =

∑
j

d(Aj(zj)νj(θ̂))

dβ
+

∑
j

Aj(zj)wj(β̂)

 ∂γ(β̂)

∂β
,−
∑
j

Aj(zj)wj(β̂)

 .
Correcting standard errors. We proceed as follows. Let wj be a Tj × 1 vector of

i.i.d. random variables and consider the functions gL(wj , θL) and gH(wj , θH , θL) corre-

sponding to equation (15) and, respectively, equation (12), where E[gL(wj , θL0)] = 0 and

E[gH(wji, θH0, θL0)] = 0 at the true values θL0 and θH0. Note that our notation differs

from that in the main paper to make explicit that some of the parameters in equation (15)

reappear in equation (12).

To estimate the parameters θL and θH we set up the GMM problems

min
θL

 1

N

∑
j

gL(wj , θL)

′ ŴL

 1

N

∑
j

gL(wj , θL)


(see also equation (16) in the main paper) and

min
θH

 1

N

∑
j

gH(wj , θH , θ̂L)

′ ŴH

 1

N

∑
j

gH(wj , θH , θ̂L)

 .
If E[5θLgH(wj , θH0, θL0)] 6= 0, then we have to correct the standard errors of θ̂H to ensure

their consistency (Newey & McFadden 1994, Wooldridge 2010).

The first-order condition for θ̂H is∑
j

5θHgH(wj , θ̂H , θ̂L)

′ ŴH

∑
j

gH(wj , θ̂H , θ̂L)

 = 0.

11



Expanding
∑

j gH(wi, θ̂H , θ̂L) around θH0 and substituting back into the first-order condi-

tion we have

0 =

∑
j

5θHgH(wj , θ̂H , θ̂L)

′ ŴH

∑
j

gH(wj , θH0, θ̂L)


+

∑
j

5θHgH(wj , θ̂H , θ̂L)

′ ŴH

∑
j

5θHgH(wj , θH , θ̂L)

 (θ̂H − θH0),

where θH is the value that makes the expression exact according to the mean value theorem.

Appropriately dividing and multiplying by N and replacing 1
N

∑
j5θHgH(wj , θ̂H , θ̂L) by its

probability limit GH = E [5θHgH(wj , θH0, θL0)], replacing ŴH by its probability limit WH ,

and solving for
√
N(θ̂H − θH0) yields

√
N(θ̂H − θH0) = −

[
G′HWHGH

]−1
G′HWH

1√
N

∑
j

gH(wj , θH0, θ̂L) + op(1). (OA15)

Expanding
∑

j gH(wj , θH0, θ̂L) around θL0 we have

1√
N

∑
j

gH(wj , θH0, θ̂L) =
1√
N

∑
j

gH(wj , θH0, θL0) +

 1

N

∑
j

5θLgH(wj , θH0, θL0)

√N(θ̂L − θL0)

=
1√
N

∑
j

gH(wj , θH0, θL0) +GHL
√
N(θ̂L − θL0) + op(1), (OA16)

where GHL = E[5θLgH(wj , θH0, θL0)]. Because θ̂L is a GMM estimator, it has a similar

representation to the one derived for θ̂H in equation (OA15):

√
N(θ̂L − θL0) = −

[
G′LWLGL

]−1
G′LWL

1√
N

∑
j

gL(wj , θL0) + op(1), (OA17)

where GL = E [5θLgL(wj , θL0)]. Plugging equation (OA17) into equation (OA16), we have

1√
N

∑
j

gH(wj , θH0, θ̂L)

=
1√
N

∑
j

gH(wj , θH0, θL0)−GHL
[
G′LWLGL

]−1
G′LWL

1√
N

∑
j

gL(wj , θL0) + op(1).

(OA18)

12



Plugging equation (OA18) into equation (OA15), we have

√
N(θ̂H − θH0)

= −
[
G′HWHGH

]−1
G′HWH

1√
N

∑
j

[
gH(wj , θH0, θL0)−GHL

[
G′LWLGL

]−1
G′LWLgL(wj , θL0)

]
+ op(1).

Defining

g̃H(wj , θH0, θL0) = gH(wj , θH0, θL0)−GHL
[
G′LWLGL

]−1
G′LWLgL(wj , θL0)

and

D = E[g̃H(wj , θH0, θL0)g̃H(wj , θH0, θL0)′],

we finally have

Avar(θ̂H) =
[G′HWHGH ]−1G′HWHDWHGH [G′HWHGH ]−1

N
.

The asymptotic variance can be estimated by replacing the probability limits by estimates

and the matrix D by an estimate based on gH(wj , θ̂H , θ̂L) and gL(wj , θ̂L).
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