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1. The dynamics of a cd-motor ar given by J6 + cf = u(t), where J is the motor inertia, c is a

3 pts coefficient representing forces opposing the motion (back EMF, viscous friction, etc.), and u(t)
is a control input proportional to the applied current. Find the feedback gains in a control law
of the form u = —k,0 — k, such that the natural undamped frequency of the system (w) is 1,
and the damping ratio, ¢ is also 1. (k, and k, are to be expressed in terms of J and c.)

2. Find a control law u(-) which steers the state of
4 pts.
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from ( 0 > to ( 0 ) in one unit of time.

3. Identify the controllable pairs
3 pts



Exercise Set 6

For the system dynamics J6 + cf = u(t), where u(t) = —k,0 — k8, the closed loop equation is
JO + (c+ ky)0 + Ky = 0. (1)

From (1), we can obtain the natural undamped frequency, w, and the damping ratio, ¢, by
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For both the natural undamped frequency and the damping ratio to be 1, the equations
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must be satisfied. This occurs when k, = J and k, = 2J —c.

There exists a control u(-) which steers the state z(t) of the system
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from xo = [0,0]7 to x; = [1,0]7 if and only if

X0 — @(0, 1)X1 (3)

belongs to the range space of W(0, 1).
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If (3) belongs to the range space of W (0, 1), then there exists € R? such that
X0 — (1)((), 1)X1 = W(Ov 1)77 (4)
The condition (4) is equivalent to the system of equations

m —3m = —1
—om  t+m2 = 0

which has the unique solution 7 = [-12, —6].
Finally, the control law in question is of the form

u(t) = —BT®1(0,t)n = —12t + 6.

For the three parts of this question, we will examine the rank of the matrix
W:[B AB A2B,...,A”_1B]. (5)
(a) For
[0 1 0 0]
A=(000{,B=|0/{,
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the matrix in (5) becomes

0 010710 0 00 0 0 00
W = 0 0 00 0 0 00 0 =100 0],
1 0 00] 1|1 0 00 1 1 00

which is rank 1. Therefore, the matrices A and B do not represent a controllable system.

(b) For
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the matrix in (5) becomes

0 0 010 0 0 0 00 0 0

W = 10 0 00 10 0 00 10

01 000 01 0 00 01
001 00O
=(10000 0],
010000

which has full row rank. Therefore, the matrices A and B represent a controllable system.

(c) For



the matrix in (5) becomes

1 100 1 100 1 111
W = 1 020 040 1 =12 4],
1 00 3 1 009 1 139

which has full row rank. Therefore, the matrices A and B represent a controllable system.





