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4 pté' For which of the following systems is the origin asymptotically stable?

(i) i4+ai+bxr=0, a>0,b>0,

(1) T+ at+br =0, a<0,b>0,

w(2)-(52)(2) o

I —1 —a a 1
(ZU) Zifg = a -1 0 i)
T3 —a 0 -1 T3

You should, of course, state your reasons.

2. For each of the following polynomials determine how many roots are in the right half-plane:
3 pts
(1) A2 =2\ + 1,
(11) N3+ 402 + 5\ + 2,

(d0) —2XN° — AN + X3+ 202 + A+ 4.

3. (7) Show that reversing the order of coefficients (replacing a; by a,_; in the Routh criterion
must give the same result.

(77) Show that this can be helpful for testing A% + A° 4+ 3A* + 23 + 4\? + a\ + 8, where a is a
parameter.
2 pts.

(Please turn over.)



4. By examining the Nyquist locus, determine the range of gains k (if any) such that the
following closed-loop system is asymptotically stable.

1 pt.




Exercise Set 5
November 1, 2011

(a)

For the system
I+ at + bx =0, (1)

the characteristic polynomial is
s% + as + b. (2)

The roots of (2) are easily obtained from the quadratic formula,

—a £+ Va2 —4b
—

For the case in which a > 0 and b > 0, we have
—a < R(Va?—4b) < a.
Subtracting R(v/a? — 4b) provides
—a—R(Va® —4b) <0 < a — R(Va2 — 4b),

which provides the inequalities —a — R(va? — 4b) < 0 and —a + R(Va? — 4b) < 0. Thus, the
system (1) has all of its roots in the open left half-plane and is therefore asymptotically stable
at the origin.

For the case in which a < 0 and b > 0,
a < R(Va?—4b) < —a.
Subtracting R(va? — 4b) provides
a—RN(Va?—4b) <0< —a—R(Va? — 4b),

which provides the inequalities 0 < —a — R(Va? — 4b) and 0 < —a 4+ R(v/a? — 4b). Thus, the
system (1) has all of its roots in the right half-plane and is therefore not asymptotically stable
at the origin.

The matrix A is defined as

A:[ “ b}:[“ °]+' ’ b]:B+C.

—b a 0 a | b 0
Note,
a O 0 b [0 ab
BC_{O a][b 0}__ab O}_CB'
So,

oAt _ Bt Ct



The value of the first term is given by

Regarding the second term,

The value of C" is given by,

0 (_1)nb2n
and
ont1 0 (_1)nb2n+1
C = (_1)n+1b2n+1 0 )
forn =0,1,.... Thus,
s np2n t3" n1ontl $2n+1
LI S e PR
= | (Cprie (§n+1)! (=1)"b*" (th)!
This gives,
(Ot _ | cos bt sinbt
| —sinbt cosbt |’
Therefore,

AL _ e 0 cosbt sinbt | [ e™cosbt e™sinbt
—sinbt cosbt

I —esinbt e cosbt |-

If a < 0, the elements of e®! tend to zero. Therefore, the system

x = Ax
is asymptotically stable at the origin.
The matrix
[ -1 —a a ]
A= a -1 0
| —a 0 -1 |
satisfies A = B + C where ) )
-1 0 0
B = 0O -1 0
| 0 0 -1 |
and
0 —a a
C= a 0 O
—a 0 O
Note,



Therefore,

(&
Here,
et 0 0
Bi=1 0 e?' 0
0 0 et
and -
t
Ct _ n
& = Z C ﬁ
n=0
Values of C™ are given by
D% (2q)2 0 0
2n -1 n —_1)n+1 n
Cc¥ = 0 %fm)? D™ (24)?
0 (=1 (2a)2n (fi) (2a)2n
and [yt 1
- . 0 (= 31 (2q)2n+1 (—4) (2q)2n+1
Q2ntl — (*47)L+1(2a)2n+1 0 0 ’
%(Qa)2n+1 0 0
for n =0,1,.... Therefore,
(=)™ (2at)*" (=1 2a)*+! o (—1)" (2at)>n ! cos(2at) — sin(2at) sin(2at)
9] 2 (2n)! 4 (2n+1)! 4 (2n+1)! 5 1 1
eCt — Z (=D™ (2at)®"+? (=1)" (2at)*" (=1)"*! (2at)?" _ sin(2at) cos(2at) — cos(2at)
o 4 (2n+1)! 4 (2n)! 4 (2n)! - 4 4 4
n=0 (—1)nF1 (2at)2n+1 (—1)"*1 (2at)2n (=)™, (2at)®n —sin(2at)  — cos(2at) cos(2at)
4 2n+1)! 4 (2n)! 4 ( (2n)! 4 4 4
So,
et cos(2at) —e~tsin(2at) e~ tsin(2at)
2 4 4
At e~ tsin(2at) et cos(2at) —e~! cos(2at)
—e~tsin(2at) —e~fcos(2at)  e~tcos(2at)
4 4 4

Since all of the elements of e tend to zero as t tends to infinity, the system
x = Ax

is asymptotically stable at the origin.

(a) p(A) = A2 =2\ +1 = (X — 1)? has a repeated root, A = 1. Hence, p(\) has a repeated root
in the right half-plane.

() p(A) = A3+ 422 + 50+ 2 = (A +2)(A + 1)? has a root A = —2 and a repeated root A = —1.
Hence, p(A) has no roots in the right half-plane.



(c) Using the Routh algorithm for p(A) = —2A% — 4\ + A3 + 2X2 4 X\ 4+ 4

2 -4
1 1 =2
-2 4
3 -2
8
3
—2

which has 3 sign changes in the first column, implying that p(\) has 3 roots in the right
half-plane.

(a) Consider
p(\) = ap A" + a1 A" L+ ag. (4)

Ao is a right half-plane root of (4) if and only if zy = /\% is a right half-plane root of

1 n 1 n—1
an, () + an_1 <> +...+a9=0.
z z

Equivalently, zg is a right half-plane root of

ap + ap_1z+ ... +apz™ = 0. (5)

(b) The Routh table

gets quite complicated. But, complementing the indices, the Routh table is

1 3 4 8
1 2 a
1 4—a 8
a—2 a—8
2_
ks
a®—21a%+80a—32
a?—5a
8

The complicated algebraic expressions appear later in the Routh table, making it a little
easier to handle parametrically.



The function
1—s

s2 -4

has one pole in the right half-plane. Also, g(-) has the corresponding Nyquist locus

-1 w
T = +1
(9) {w2+4 Zw2+4}’

which encircles _71 once in the clockwise direction provided

g(s) =

-1 -1
T<?<O,

or
k> 4.

In which case, there are two right half-plane poles. Further, there is a single right half-plane pole
for values of k which satisfy
k < 4.

Therefore, the system is not stable for any values of k.



