ME/SE 740
Lecture 19

Differential Relationships

Let us begin our discussion by considering the planar case and consider the transformation:

cosf) —sinf x
TO,x,y) = sinf cosf gy

0 0 1

1 0 0
7(0,0,0) = 01 0

0 0 1

We are interested in infinitesimal quantities:

cosdf —sindf dx

T(d0,dx,dy) = sindfd cosdf dy
0 0 1
1 —df dzx
= o1 dy + hot(df,dz, dy)
0 0 1

working in the neighborhood of the identity. In the case of infinitesimal motions near any element of SFE(3):

daT TO+do,z+de,y+dy) — T(0,z,y)

(usecos(a + b) = cosacosb —sinasinb, sin(a+b) =sinacosb+ cosasinb and then Taylor Series expansion)

cos(f+df) —sin(6+df) z+dx cosf —sinf =
sin(f +df) cos(0+db) y+dy - sinf  cosf y

0 0 1 0 0 1
cosf —sinf «x —sinfdfd —cosfdf dx cosf —sinf x
= sinf  cosf y + cosfdf  —sinfdf dy + hot(dl, dx,dy) — sinf  cosf y
0 0 1 0 0 0 0 0 1

—sinfdf —cosfdf dx
cosfdf  —sinfdf dy + hot(dl, dz, dy)

0 0 0
0 —dof dx cosf —sinf =z
= dd 0 dy sinf@ cosf@ y | + hot(dd,dx,dy)
0 0 0 0 0 1

Now, T = A1A5A3---A,,. What do we mean by dT'7



1. We could think of a “tiny” motion in the base frame A followed by a “macroscopic” (i.e., a transformation
that is not tiny) 7.

1 —df dzx cosf —sinf x
AT = de 1 dy sinf cosf y
0 0 1 0 0 1
Then:
0 —df dx cos —sinf =z
AT = (A-IT = a0 dy sinf cosf vy
0 0 0 0 0 1

2. We could alternatively make a transformation T followed by an infinitesimal increment Ag to get T o Ap.
For this we write:

cosf) —sinf =z 0 —dfg dzg
dT = T(Ag—1) = sinf cosf y dfg 0 dyg
0 0 1 0 0 0

Now consider the 3 dof manipulator shown below:

Figure 1: Planar Case

710801 + 72 cos(01 + 02) + 13 cos(f1 + 02 + 03)
r18inf; + ro sin(é’g + 92) + 73 sin(91 + 05 + 93)
01 + 05 + 05
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J = 9y 9y 9y
891 892 893
1 1 1

In terms of SE(2) kinematics:

COS(91 + 05 + 03) — Sin(@l + 65 + 93) .73(91, 0, 03)

T = Sin(91 + 92 + 93) cos(91 + 92 + 93) y(é)l, 92, 03)
0 0 1
where :
x(61,02,05) = ricosty + rocos(fy + 02) + r3cos(fy + 6 + 63)
y(917 02, 83) = T1 sin 01 + 19 Sin(02 + 02) + 73 sin(91 + 02 + 03)
Now
oT —sin(01 + 02 + 03) —cos(01 + 02 +03) 5
o0 = cos(01 + 02 +03)  —sin(01+02+63) H=- |, i=1,23
! 0 0 0
In general, if y = F(z) defines a (nonlinear) transformation F' : R = R", then the Jacobian is a linear

transformation and has the form:

Oz Oxy,
J = :
Ox1 Oxy,

A good way to think about this is that g—i = J represents the relationship between infinitesimal quantities dzx;
and corresponding infinitesimal quantities dy;:

OF; OF; OF;
dy; = —2d —J14 oo+ —Ldx,
Yi 81'1 o1+ 8£E2 T2+ + 8xn .
In the case of T above:
0 —db dx cos —sinf =z
AT = dd 0 dy sinf cosf y
0 0 0 0 0 1

—singdgp —cosopdp dxr — ydo
= cospdep —singdep dy+ xdp
0 0 0

oT oT oT
= a—eldél + a—ezdﬁg + a—%deg



. -1 .
or —S8123 —C123 g’;i cos¢ —sing x cos¢p —sing =

0. €123 —S8123 c’?éi sing cos¢p vy sing cos¢ vy
¢ 0 0 0 0 0 1 0 0 1
0 -1 59171 +y cos¢ —sing x
= 1 0 ggj —x sing cos¢ y
0 O 1 0 0 1
Writing:
3
oT or or or
dTl = —db;, dp = dby + dfs + dbfy, drx=——db; + —db; + —db dfy + dbs + db
1.21891' @ 1+ dbs + dbs €T 90, 1+892 1+393 3 +y(doy + dbs + d3)
dy dy dy
dy = =—=—db, + —dbf, + ——dO3 — x(dbf; + dbs + db
Y 90, 1+892 1+893 3 — x(dfy + dby + db3)
These equations can be written in matrix form:
dx 027351 +y 527"”2 +y %72 +y dth
iy | = (e e W ]| @
do 1 1 1 df3
Recalling that:
x(61,02,05) = ricosty + rocos(0y + 02) + r3cos(fy + 0 + 63)
y(01,02,03) = risin€y + rosin(fs + 02) + r3sin(6; + 02 + 63)
the matrix above gives:
dx 0 risinf, r1sinfy + rosin(f; + 62) do,
dy = 0 —rycos; —ricosby + recos(fy + 62) dbs
do 1 1 1 dbs
J
cosf)y —sinf; O 0 0 7989 db;
= sinf; cos#; O 0 —ry —ri—roce dfs
0 0 1 1 1 1 dfs

never singular

Kinematic singularity of the above expression only involves 65 (when 6 = 0).

We began the lecture with:

0 —d¢p dzxp cos¢ —sing x cos¢p —sing 0 —d¢gp dzxg
dop 0 dyp sing cos¢p vy = sing cos¢ gy dog 0 dyg
0 0 0 0 0 1 0 0 1 0 0 0

A formula relating infinitesimals in E frame and B frame.



Lemma: The conjugacy relationship

1

0 —dor dxrp cos¢ —sing =z \ 0 —d¢p dxp cos¢p —sing z
dor 0 dyr = sing cos¢p y dop 0 dyp sing cos¢ y
0 0 0 0 0 1 0 0 0 0 0 1

can be rendered in vector form as:

-1

dxr 0 1 0 cos¢p —sing «x 0 -1 0 dxp
dyr = -1 0 O sing cos¢ y 1 0 O dyp
dor 0 0 1 0 0 1 0 0 1 dop
cos¢p —sing vy '/ drp
= sin ¢ co —x dyp
0 0 1 dop
Spatial Case: Think about infinitesimal rotations about the z,y axes:
1 —-df 0 1 0 do 1 —df do
a 1 0 0 1 0 = do 1 dbde
0 0 1 —d¢p 0 1 —d¢p 0 1
to first order to first order to first order
1 0 do 1 —df 0 1 —do do
0o 1 0 a1 0 = do 1 0
—dp 0 1 0 0 1 —d¢ dodf 1

Where if we “drop” the dfd¢ and dpdf terms, we see that to first order spatial rotations commute. Infinitesimals
in SE(3) have the form:

5, 0 -8, dy
5, 6, 0 dz
0 0 0 0
where
0 =4, &y dx
0, 0 =6 |, dy
—5, 6 0 dz
——
infinitesimal rotation matrix infinitesimal translation



