Homogeneous systems of linear ordinary
differential equation - Lecture 8 *

September 27, 2012

Transition matrix

#(t) = A(t)z(t), z(to) = o
where A(t) is a m X n matrix whose entries are continuous functions of time
t.
The solution is z(t) = P (¢, to)xzo, where ®(¢,tg) is the transition matrix given
in terms of the Peano-Baker series:

t t s
B(tto) = I+ | Als)ds+ / A($)A(0) dods + ..
to to Jto

Special case A(t) = A is a constant n X n matrix:

t t s t s o
<I>(t,t0):I+/ Ads+/ / A2d0d8+/ / / A3 drdods + . ..
to to Jto to Jto Jto

///AngdO‘dS—//Aga'—to)dO'dS
to
/A3 s~ to)’ ds

= 6A (t —to)® = —As(t—to)

The k-th term

t Ok—1 go 1
/ / / A*dogdoy ... doy_1 = —,A’“(t—to)’“
o i " k!

The Peano-Baker series can be written as:

1 1 . (A (t—to))* (i
®(t,t0) = I+A-(t7t0)+5A2(t7t0)2+§A3(t7t0)3+. L=y % = eAlt—to)

k=0

*This work is being done by various members of the class of 2012



Dynamic Systems Theory 2

Scalar systems with constant coefficients

i =az, v(0) =29 & z(t) = e - 7

Solve this by more elementary means

x—ax:>d——ax:>dx—axdt:>d—m—adt
dt T

éln(x)/tadTathCé:ce“VeC
0
and z(0) = 29 = €% = ¢
For scalar systems with time dependent coefficients
& =a(t)z(t), (0) = xo

we can write the solution

z(t) = edo alo) 720

For a n x n matrix whose entries are functions of ¢

fb(t,to):I+/ ds+/ / o)dods +.

+ elio A(@)do (in general)

There is a very special case in which the matrix case has a simplication that
is similar to the scalar case:

= f(t)Ax(t), z(0) = z¢

where f(¢) is a scalar cotinuous function and A is a constant n X n matrix.

t t o1
(I)(t,to) =1 +/O f(O')AdO’ +/0 /(; f(O'l)f(UQ)A2 dO’QdO’l —+ ...

:I+( tf((T)dU) -A_|_</t Ulf(al)f(O-Q)dUngl) A2 4
0 0o Jo

Let ~(t fo s)ds, the above series can be rewritten as

+ =024 +

D(t,to) = I + () A+ %h(t)m? 3!

(Exercise: evaluate the k-th term in the series to show that this is correct).
Seeing this pattern, we write ®(t,to) = 74 = elfo f()ds)A,
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Specific examples

Recall the controlled pendulum system

b+ cb+ % sin(6) = u(t)

07 = 0 and 05 = 7 are the two equilibrium points.
Linearize about the stable equilibrium (67) — first assuming ¢ = 0 (no fric-
tion).
T+ %x =U.
For today’s lecture we’re assuming @ = 0 (no forcing). Thus to put the
system into the framework under discussion we first orderize as follows:

= VI, ti=vii=in

To =T Z‘Q—I—**l’ \/Txl
g

(&) - 5)-()
where & = /7.

To solve this differential equation, we compute

(0 0‘>t ) .
S LR i Iy (R I
-« '\—a 0

2 0 3!

10 0 a 1 /-2 0\, 0 —a?\® 4
_(0 1)+(—oz 0)“2(0 a2)t+3'<3 0o )?!

1 Oé4 0 44 1 O 045 65 1 7066 0 56
<1—§a2t2—|—41!a4t4 6,a6t6+ . —at+%a33—§a5t5+ . )

ot — 50383 + ZaPt® — . 1= a%t? + Lottt — Jabt6 + ..

_ ( cos(at) sin(at))

—sin(at) cos(at)

Check that this satisfies the differential equation

d (cos(at) sin(at)) _ (—asin(at) acos(at))

dt \ —sin(at) cos(at) —a cos(at) fozsin(ozt)'
=5 5) (i o)

and
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(2% wad)=( %)=

The solution to the origina problem is

(i) = (i 2) - (6)

! l .
z(t) = \/;xl(t) = \/;(cos(oct)xl(()) + sin(at)x2(0))
l

= cos(at)z(0) + \/;sin(at)i'(O)

Example 2
= Az
where A is a 3 x 3 matrix
0 k. Ky
A= k, 0 —ks
—ky kg 0
where k2 + k‘g + k% =1. Ais a skew symetric matrix (a;; = —aj;).

Note: The norm of the z(t) satisfying this equation is constant (3 [lz(t)| =
0). Thus the solution “lives” on the surface of the unit sphere.

1 00 0 k. Kk, —k2—k2 kyky kok.
eM=10 1 0|+ |k 0 ke |t+| Kk —kZ—k2 Kk |
00 1 ~ky, ks O Kok, kyk. — —k2 — k2
k. _ky
L]0 —ko(—kZ —k2) — Kok, —kZ2ky — ky (kD + k2) B
—k, 0 —k,
ky —ky 0
1

1 . 1 1
=T+ At + —A%2 — — A3 — — A%+ AP
tatty 3l a4t T

1 1 1 1 1
=T+A(t— 3+t — )+ A2 (2 — b —
* ( ETR >+ SRTRRRT
=1+ Asin(t) + A%(1 — cos(t))
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Simplications that always work
—-3/2  1/2

12 —3/2)"

Compute e< > . Directly

G ) h)eea(Bh o)
(I can’t see a pattern.)

Suppose I express A w.r.t. another basis {p1,p2} and suppose that in this

basis A has the form A0 .
0 Ao

A(pL P2) = (AP Aopo)
(a0
AP =P ( ; A2)

1 (A 0
P AP-(0 o =A

I
Eh
S
S
SN—
7N
o X
S o
N—

- 1
e = PAPT [ PAPT 5 (PAPT)(PAPT)E 4.
1 1 1
=1+ PAP '+ §(PA2P—1)t2 + g(PA3P_1)t3 + 5(PA‘*P—l)zf4 +...

1 1 1
=P (I + At + §A2t2 + gA?’t?’ + IA4t‘1 +.. ) p!

eMit 0 _
:P( 0 et p!



