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Motion and Information

Motion is used 
ubiquitously as a 

source of information

Generate, perceive, 
and comprehend 

motion
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Relative Motion Messaging

Observed signal
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Use motion itself to communicate 
information, rather than using 

motion to improve performance of 
other communication media

Dhananjay Raghunathan, John Baillieul, 
Exploiting Information Content in 

Relative Motion , ACC 2009

Red robot is gesturing to the blue robot
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Applications

Formations 
ReconÞguring formations 

using information in 
motion

¥ Alternative in noisy radio environment
¥ Stealthy communication with radio silence
¥ Secure low-bandwidth communication

¥ DifÞe-Hellman Key Agreement Scheme
¥ Motion Camoußage
¥ Formation Motion 
¥ Gestures in a robot-human interaction context
¥ Codebooks, orthogonal polynomials

Lane Change Maneuver

Overtake Maneuver

4 AFOSR MURI-16 Review Arlington VA 11/12/2009 1515 Hrs



Signaling Paradigms

Offset Signaling

Inline signaling
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Robot Model
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Variable speed DubinÕs vehicle

DubinÕs vehicle

Unicycle
úx = v sin !

úy = v cos!
ú! = "

v = vc > 0

|! |/v c < " max

|turn radius | > 1/ " max

v ∈ (0, vc]

|! |/v < " max (" max > 0)

|turn radius | > 1/ " max
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0 < ! max !
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Curves for Message Encoding
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Parameterize message C2 
with respect to the path s 

of the receiver robot

C2(s, ! (s))

s

|K (C(s, ! (s))) | =
|! !! (s)|

(1 + ! !2)3/ 2
!

2
d

! (s) is a smooth function of s

C = C(s, ! (s))
Curve geometry

tan ! 2 =
d" (s)
d(s)

=
d"
ds

! (s) =
" !! (s)

(1 + " !2(s)) 2

d! 2

dt
=

ds
dt

! (s)

Kinematics Geometry

Dhananjay Raghunathan, John Baillieul, Exploiting Information Content 
in Relative Motion , ACC 2009
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Control Challenges

Red robot is gesturing to the blue robot

Manifold M

We need to develop a control law that has 
¥a tracking  part, that keeps the red robot on the manifold M
¥ an overlay  part, that encodes information along  the manifold M
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Coordinate System

ú! = ! v cos" + vr cos(" ! #)

ú" = ! $ +
v sin" ! vr sin(" ! #)

!
ú# = $r ! $

vr > 0

Control
Cooperation

and
State feedback
linearization ...

J. Baillieul and A.Suri, 
ÒInformation patterns and hedging 
brockettÕs theorem in controlling 
vehicle formations,Ó CDC 2003.
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R 1 : (vr , ! r )

R 2 : (v, ! )
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Control Strategy
Partial Feedback Linearization

v =
vlin + vr cos(! ! " )

cos!

# = #lin +
v sin ! ! vr sin(! ! " )

$

vlin = K p! (! ! ! 0) + K i ! "

#lin = K p" ($ ! $0) + K i " %

ú! = " ! " 0

ú# = $ ! $0

ú! = " ! " 0

ú# = $ ! $0

!̇ = ! K p! (! ! ! 0) ! K i ! "

#̇ = ! K p" (# ! #0) ! K i " $

%̇ = ! &lin ! vlin
tan #

!
!

vr

!
[tan # cos(# ! %) ! sin(# ! %)]
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Straight Line Trajectory Tracking
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!

!
"

!

Stabilization is about a trajectory, with both agents 
moving with non-zero linear velocity

A controller exists that makes the state [! 0, " 0, 0, 0, 0]T

asymptotically stable for " 0 ! (" #/ 2, #/ 2), ! 0 > 0, vr > 0.
Theorem



Tracking Messages

!
!
(s)

(s)" !

! err (t) = ! (t) ! ! 0(t)

" err (t) = " (t) ! " 0(t)

#err (t) = #(t)

ús = vr

! 0(s) = ! 0 ! ! s cos(" ss)

#0(s) = #0 + tan ! 1(! s" s sin(" ss))

sup
s" R

| #0(s) | < $/ 2

vr > 0 " r = 0 , s(0) = 0 , 0 < ! s < ! 0, " s > 0

Theorem -  There exists a local 
control law that is able to track the 

prescribed sinusoidal input trajectory 
with bounded tracking error. 

Signal Source

Proof is by Lyapunov theory.
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Protocols for Messaging

Red robot is gesturing to the blue robot

Synchronization Messaging Termination

Synchronization
Messaging

Termination
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Applications

Formations 
ReconÞguring formations 

using information in 
motion

¥ Alternative in noisy radio environment
¥ Stealthy communication with radio silence
¥ Secure low-bandwidth communication

¥ DifÞe-Hellman Key Agreement Scheme
¥ Motion Camoußage
¥ Formation Motion 
¥ Gestures in a robot-human interaction context
¥ Codebooks, orthogonal polynomials

Lane Change Maneuver

Overtake Maneuver
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Developing Codebooks
How many distinguishable messages can be transmitted given 

vehicle constraints, sensor constraints, and a control law?

C(s,β1(s))

C(s, ! 2(s))

L
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! β1(s) " β2(s)! #

!
!
!
! max

s! [0,L ]
|ρ(s) " ρ0(s)|

!
!
!
!

2



Information in Control Operator Null Space
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u!
control (t) = B "eA ! (T # t ) W # 1x(T)

W (0, T) =
! T

0
eA (T # t ) BB "eA ! (T # t ) dt

Optimal
Control

u(t) = u!
control (t) + ucomm (t), t ! [0, T]

Possible Control
Structure

Message
Coding and
Hamming
Distance

ucomm (t) =
!

! k " k (t), t ! [0, T]

Find { ! k } such that Span({ ! k } ) ! Ker (öL)

H(! i , ! j ) ! sup
t ! [0,T ]

! L[! i ](t) " L[! j ](t)!

H (! i , ! j ) > h c > 0

úx = Ax + B u, y = Cx , x(0) = 0

x(t) = L[u](t) =
! t

0
eA (t ! ! ) Bu(! )d! , L : C0[0, T ] ! C1([0, T ], Rn )

x(T) = öL[u](T), öL : C0[0, T] ! Rn

The range of öL is a Þnite dimensional vector space spanned by (B , AB , á á á, A n ! 1B ).

The domain of öL and hence,Ker (öL), reside in an inÞnite dimensional function space.

max
u comm ( t )

min
u control ( t )

! " T

0
u2(t)dt

#

! Emax

s.t .

úx = Ax + B u

x(0) = 0 , x(T) = xT

u = ( ucontrol (t), ucomm (t))

ucontrol " Ker (öL)!

ucomm " Ker (öL)

An Optimal Control and 
Communication  Problem
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Information in The Null Space of Linear Systems

Optimal
Trajectories

Contexts

Trajectories
with message

encoding
0.0 0.5 1.0 1.5 2.0! 5

! 4

! 3

! 2

! 1

0

1

2

Time !s"

St
at
es

From Linear 
Systems Theory

u! (t) = 3 − 7.5t + 3 .75t2

Null-space 
constraints

! 2

0
uc(t)dt =

! 2

0
tuc(t)dt =

! 2

0
t2uc(t)dt = 0

Triple Integrator ...
x = u(t)

u∗(t) = min
u( t )

! 2

0
u2(t)dt

s.t ."

#
ẋ1

ẋ2

ẋ3

$

% =

&

'
0 1 0
0 0 1
0 0 0

(

)

"

#
x1

x2

x3

$

%+

"

#
0
0
1

$

%u(t)

x(0) = [0, 0, 0]T

x(2) = [1, 1, 1]T

BA

Theorem  For an N-integrator system, any 
orthogonal polynomial sequence generates 

uc(t) ! { w(t)Pi (t)}
!
i = N ! Ker (öL)
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Information in The Null Space of Linear Systems
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S
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Optimal
Trajectories

Contexts
Trajectories

with message
encoding

u! (t) = min
u(t )

! 1

0
u2(t)dt

s.t."

#
úx1

úx2

úx3

$

% =

"

#
1 0 0
0 2 0
0 0 3

$

%

"

#
x1

x2

x3

$

% +

"

#
1
1
1

$

% u(t)

x(0) = [0 , 0, 0]T

x(1) = [1 , 1, 1]T

! 1

0
e! t uc(t)dt =

! 1

0
e! 2t uc(t)dt =

! 1

0
e! 3t uc(t)dt = 0

Null-space 
constraints

uc(t) = a0 + a1t + a2t2 + a3t3 + t4

Use polynomials in the null-space as messages

From Linear Systems Theory
u∗(t) = 83 .69e−3t ! 128.02e−2t + 47.14e−1t



Related work  
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Camoußaged Communication
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Harmony between man and machine

Search strategies in games
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The End

Up Next ...
Making Sense of 

Human 
Decisions in 

Search Games

Formation changes
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