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Abstract

We demonstrate the important implications of the assumption of discrete time in many
sticky price models of the macroeconomy. For a given level of menu costs, discrete time
models imply longer average contract length but smaller real effects of both trend inflation
and monetary shocks than continuous time models. It is also feasible for a firm to enjoy
full price flexibility in discrete time, while this would require paying infinite menu costs in

continuous time, a distinction that is most important at high levels of trend inflation.
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1 Introduction

Many New Keynesian models incorporate time-dependent sticky prices. Most such models
are based on discrete time (for example, Woodford (2003), Chapter 3), and effectively impose
an arbitrary minimum length of time over which prices must be fixed. With many authors
defining a period as corresponding to one quarter, this implies that complete price flexibility
corresponds with prices being updated once a quarter. Removing this restriction results in a
continuous time model, as in Calvo (1983). Here we compare the real effects of trend inflation
and monetary shocks in discrete and continuous time versions of a simple model of the economy.
We assume that nominal prices are sticky due to menu costs, but that firms optimally choose
their average contract length, as argued in Ball, Mankiw and Romer (1988), Devereux and
Yetman (2002), and Romer (1990). We find that for given menu costs continuous time implies
shorter average contract lengths, and larger real effects of both trend inflation and monetary
shocks, than discrete time unless inflation is very low. Further, while discrete time models
result in complete price flexibility above some finite level of trend inflation, price flexibility
only obtains asymmptotically in continuous time models. And if changing prices requires labor
input, continuous time models imply large welfare costs of high rates of inflation, consistent

with common perception, while discrete time models do not.

2 The model

We now develop a simple model to illustrate the important differences between discrete
time and continuous time sticky price models. Suppose aggregate consumption is given by the

quantity equation, expressed in logs as

c(t) = m(t) = p(t), (1)



where ¢(t), m(t) and p(t) are aggregate consumption, money supply and general price level
respectively. Following Calvo (1983), prices are sticky, and firms reset their price with a constant
probability that is independent of the length of time for which their price has already been fixed.
As in Devereux and Yetman (2002), this probability is chosen optimally by the firm, subject
to menu costs.

Suppose that the marginal cost of production is the money supply. Then, up to a constant,

the desired price of profit maximizing firms is given by

pr(t) = m(t). (2)

Note that these assumptions are consistent with a utility function given by U(C, N) = In(C') —
N, with linear production technology (C'=Y = N).

The loss function of a representative firm that is resetting its price in period ¢ may be
approximated by the squared deviation of the log price from the desired log price (see Walsh

(1998)). In discrete time, this implies

(e 9] [e.9]

Lo(t) = F+ B, S (BorP (5() vl + )2+ =S (GomV Lot +5) |, (3

=0 j=1

where F', Bp € [0,1], pp(t) and & € [0,1] are the menu cost, the discount rate, the price
set by the firm in period ¢, and the probability that the firm will not change its price each
period respectively. That is, each time a firm adjusts its price it must pay a fixed cost F. The
probability that this price applies j periods later is given by 7. The cost to the firm of its
price deviating from the desired price is approximated by the square of the difference between
the two. And finally, there is a probability (1 — x)x/~! that the firm will next adjust its price
after j periods.

Following Calvo (1983), the loss function in continuous time is given by

Lo(t) = F + E,
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where § exp(—d7) is the probability density function of the firm adjusting its price after j units

1-8p

3 is the discount rate.
D

of time, and (¢ =

To close the model, the money supply process in the discrete time case is given by
mp(t) =mp(t —1) 4+ u+ up(t), (5)
where up(t) ~ N(0,0?) is an i.i.d. shock, while it’s continuous time counterpart is
me(t) = ut + uc(t), (6)

where uc(t) is a standard Brownian motion with variance to?.
Taking first order conditions of (3) and (4), the optimal nominal prices set by adjusting

firms in discrete and continuous time are given by

o0

Z(ﬁDﬁ)jp* (t+J)

J=0

pp(t) = (1 — Bpr)E;

and

pa(t) = (Be + 6) B : (8)
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To close the model, aggregate prices are given by
po(t) = (1= rK)pp(t) + kpp(t — 1) (9)

and

po(t) = 5[/000 exp(—0j)po(t — j)dj (10)

respectively.
Substituting (7) into (3) and (8) into (4) and taking unconditional expectations (that is,

treating Lp and Lo as stationary), we have

LDZ (1—ﬁDﬁ)F+M2%+U2% (11)
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and

1
Be(Be +6)

+0 1
LC = ﬁc F—f—/lQ )2 + O'2 (12)

Be Be(Be + 0

Firms are assumed to choose the average contract length (which is a function of x and 0)

optimally- that is, to minimize (11) and (12).!
3 Results and Discussion

We treat our model as quarterly, and calibrate as follows: Gp = 0.985, 0 = 0.01, and menu
costs are such that if annual inflation is 4%, firms change their prices once a year on average
in the discrete time version of the model (k = 0.75), implying F' = 0.0122.

Figure 1 plots the consumption-inflation trade-off in our model. We can see here that as
inflation increases from zero, consumption first rises, but then falls. With discrete time, as
inflation rises beyond 43.9% (annualized), all firms adjust prices every period, and so consump-
tion returns to the same level as at zero trend inflation. In contrast, with continuous time, full
price flexibility only obtains asymptotically. Thus trend inflation continues to have real effects
even at high levels of trend inflation.

Figure 2 provides intuition for this result, plotting the average contract length.? In discrete
time, a firm that adjusts its price once every period has a price that is always exactly equal to
its desired price, and effectively enjoys full price flexibility. Thus as inflation increases, firms
decrease their average contract length to a minimum of one. In contrast, in continuous time,
no matter how often a firm adjusts its price with non-zero inflation, it can only be equal to the
firm’s desired price for an instant. Since every price adjustment requires paying a menu cost,

an increase in trend inflation will induce the firm to shorten its average contract length, but

'We determine the optimal # and § numerically.
*The average contract lengths are given by >3 jK 7' =1/(1—k)? and [;° jexp(—dj)dj = 1/ for discrete
time and continuous time models respectively.



never to the point of full price flexibility.

Figures 3 plots the welfare-inflation trade-off. As inflation increases from zero, welfare
initially declines as prices fall below efficient levels due to the discounting by firms of future
profits. But as inflation rises still further, the average contract length shortens, reducing the
degree to which average prices undercut efficient levels. But note the scale of the vertical axis:
in percent terms, welfare varies little with trend inflation.

Until now, our analysis has assumed that changing price implies a reduction in firm prof-
its, but does not require labor input. Suppose instead that menu costs represent labor costs

3 Figure 4 plots the welfare-inflation trade-off

that firms must pay in order to adjust prices.
under this assumption, and shows that welfare is decreasing in trend inflation. As inflation
increases, firms hire additional labor to change prices, implying increased disutility from work
effort for consumers. With discrete time, this process continues only up until the point that
firms change their prices every period; thereafter further increases in inflation have no welfare
implications. But with continuous time firms will always change their prices more frequently
as inflation increases, and so welfare declines monotonically with trend inflation. In this form,
the continuous time model can illustrate the potential large real costs of high levels of inflation
that are commonly believed to exist, while the discrete time model cannot.

As an additional comparison, we return to our original model and consider the effects
of shocks. Figures 5 and 6 plot the impulse response of a one standard deviation shock to
monetary policy in both discrete and continuous time for 1% trend inflation and 20% trend
inflation respectively.* At low levels of trend inflation, there is little difference between the two

sets of impulse responses. But as trend inflation increases, the immediate inflationary effects of

the shock become relatively more pronounced with discrete time than with continuous time, and

3More precisely, N = C + Q where Qp = (1 — k)F and Q¢ = 0F.
4Constructing the impulse response in discrete time follows intuitively from equations (5), (7), and (9). See
the appendix for details of how the impulse response is constructed in continuous time.



the output effects of the shock less in terms of both impact and persistence. Thus relative to the
continuous time model, the discrete time model exaggerates the nominal effects but understates
the real effects of monetary shocks. Again, the difference between the two is increasing in trend

inflation.

4 Conclusions

We have demonstrated the important implications of the assumption of discrete time, as
opposed to continuous time, in many sticky price models of the macroeconomy. For a given
level of menu costs, discrete time models imply longer average contract length but smaller real
effects of both trend inflation and monetary shocks than continuous time models. It is also
feasible for a firm to enjoy full price flexibility in discrete time, while this would require paying
infinite menu costs in continuous time, a distinction that is most important at high levels of

trend inflation.



Appendix

We now outline the construction of the impulse responses in the continuous time version of

our model. Consider first the case without shocks. Then from equations (6), (8), and (10)

polt) = wit + 5] (13)
o Be
pelt) = ult = 75 (19)

In discrete time, a period is condensed into a single point in time, and so it makes sense
to think of a shock occurring at a point in time. In continuous time, a shock that occurs at
a single point in time would imply infinite variance at that point (see equation (6)). Thus we
model the shock in continuous time as being revealed uniformly over one period. Suppose that
there are no money shocks before time 0; there is then an unanticipated shock of one standard
deviation that is realized uniformly between time 0 and time 1; and there are no further shocks

after time 1. Then (from (14)) the price level at time 0 is given by

pel0) = 5] (15)

Be +9)
Between time 0 and time 1, price setting firms have observed the part of the shock that has
been realized already, and condition their price setting decision on this information. The price

they set for 0 < ¢ <1 is given by

po(t) = ult + | + ot. (16)

Oc + 0

For t > 1, they have observed the full shock, so set a price of

pe(t) = plt + J+o (17)

Bc + 0



It is now simply a matter of combining these prices set by firms to obtain the relevant price

indices. Between time 0 and time 1,

t
po(t) = 5[/ e po(t —j)dj| + 9
0

/ ipo(t — j)dj]
t

p 1 st
< t—gu—e&)], (18)
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and after time 1, the price index is given by

t—1 t
polt) = 6[ / et — )dj| + 6 / et — )dj| + 0
0 t—1
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t
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Thus it is possible to solve for the exact price level, and therefore the inflation rate and output

(from (1)), at all points in time.
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Consumption

Figure 1. Consumption-inflation trade-off:

Consumption measured as percent deviation from zero trend inflation
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Average contract length (in logs)

Figure 2. Average contract length
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Figure 3. Welfare-inflation trade-off: Base Calibation
Welfare measured as percent deviation from zero trend inflation
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Figure 4. Welfare-inflation trade-off: Changing prices requires labor input
Welfare measured as percent deviation from zero trend inflation
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Money

Figure 5. Impulse response to Monetary Shock: u = 1%
All variables measured as deviation from trend
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Figure 6. Impulse response to Monetary Shock: = 20%
All variables measured as deviation from trend
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