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Abstract

Manufacturers have two general strategies to guard against uncertainties in the production
or demand process: (a) building inventory to hedge against periods in which the production
capacity is not sufficient to satisfy demand, and (b) temporarily increasing the production
capacity, for example, by hiring temporary workers, adding overtime and/or extra shifts, or
outsourcing part of the production. A production control problem is to strike a balance between
the costs of building inventory, “buying” extra capacity, and backlogged demand. In this paper,
we address this problem in the context of a single failure prone machine that produces a single
part-type and show that the optimal control control policy is a switching policy that is generally
characterized by three switching levels.

1 Introduction

Uncertainty is one of the key ingredients that renders the planning and scheduling of manufacturing
systems very difficult and highly challenging. From an aggregate point of view uncertainty manifests
itself in two main areas: demand for products (volume, mix, and arrival times) and capacity of
production (availability of raw material, operators, and machines). Manufacturers have two general
strategies to guard against these uncertain elements in the demand and production processes: (a)
building inventory to hedge against periods in which the production capacity is not sufficient to
satisfy demand, and (b) temporarily increasing the production capacity, for example, by hiring
temporary workers, adding overtime and/or extra shifts, or outsourcing part of the production.
Clearly, each of these options has an associated cost and the task of a production planner and
scheduler is to strike a balance between these costs, namely, the cost of building inventory, “buying”
extra capacity, and unsatisfied demand. In this paper we address and solve this problem in the

context of a simplified example.
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We formulate the problem in the framework of flow control of manufacturing systems. In
this framework, discrete parts are approximated by fluids and the movement of parts across the
manufacturing floor is approximated by the flow of fluids among a network of capacitated machines.
The changes in the demand and the production capacity are modeled by a discrete space stochastic
process, often a Markov chain. The focus of most work reported in the literature has been the
selection of the optimal production control policy when building inventory is the sole strategy to
guard against uncertainty, i.e., it is assumed that the option of buying extra capacity is not available.
In what follows we briefly review previous work on flow control of manufacturing systems; for a more
detailed review and a comprehensive list of references on flow control of manufacturing systems,
see two recent books by Gershwin [5] and Sethi and Zhang [22].

Olsder and Suri [19] were among the first to study the flow control problem for manufactur-
ing systems and they proposed to use models with jump Markov disturbances based on Rishel’s
formalism ([20]). Kimemia and Gershwin [16] showed that the optimal control for such systems
has a special structure called the hedging point policy. In such a policy, a nonnegative production
surplus of part-types is maintained during times when excess capacity is available to hedge against
future capacity shortages. The value of the optimal hedging point for systems with one machine
and one part-type was first obtained by Akella and Kumar for the discounted cost problem [1] and
by Bielecki and Kumar [2] for the average cost problem.

Sharifnia [23] showed how the optimum hedging points in the case of one part-type multiple
machine states can be calculated. The problem of the complete evaluation of the optimal production
policy in multiple part-types multiple machines is difficult because it requires solving either systems
of partial differential equations or large dynamic programming problems that easily run into the
“curse of dimensionality.” Therefore, several approximation procedures have been proposed to
obtain near-optimal controllers (e.g., [7, 3, 4]).

In all the work mentioned above, it has been assumed that the machine failure rates are in-
dependent of the production rates and are constant as long as the system is in one of its discrete
capacity states, or in other words, the underlying Markov chain is homogeneous. Recently, several
researchers [21, 10, 12, 13, 14, 18, 17, 24] have studied the problem of flow control for systems whose
underlying state processes are not homogeneous Markov chains and established various structural
properties for the optimal control policy. Hu and Xiang [11, 13, 8, 9] showed how some of these
structural properties can be used to obtain the optimal control policy based on some known results
in the area of stochastic process and queueing theory.

In this paper, we consider a problem in which it is possible to temporarily increase the pro-
duction capacity at some additional cost. Being able to buy extra capacity is the main difference
between our problem and those previously studied in the literature. This problem was first pro-

posed by Gershwin [6]. A similar, but much simplified, problem was also considered by Hu [8]



where it is assumed that backlog is not permitted, i.e., extra capacity has to be bought whenever
the inventory level becomes zero. We will completely solve the problem in this paper. We prove
that the optimal control policy is a policy with three thresholds: one corresponds to an inventory
hedging level and the other two are levels below which extra production capacity should be bought
to prevent further demand shortages (one for each machine state: up or down). Also, the optimal
thresholds are obtained. It is interesting to notice that the optimal control policy is very much
similar to the (S, s) inventory policy studied in inventory theory. In the (S,s) policy whenever
the inventory level is below s, an order has to be placed to bring the inventory level back to S; in
our problem, extra production capacity needs to be bought when the inventory level hits certain
thresholds.

The rest of this paper is organized as follows. The problem formulation and some preliminaries
are given in Section 2. In Section 3, a class of hedging point policies is defined and some of its

properties are derived. The main results of the paper are given in Section 4. We conclude in Section
5.

2 Problem formulation and preliminaries

To put the problem we address in this paper in perspective, we begin with the description of a
general version of it. Consider a production system that produces a number of product-types. Let
x = (x1,--+,x,) denote the vector of inventory levels or backlogged demands for product-types
(x; is a continuous variable that represents the inventory level of product-type i if z; > 0, or the
backlogged demand for this product-type if z; < 0). Let @ = {«(t);t > 0} denote the stochastic
process representing random changes in the production capacity and random fluctuations in the
demand rates for product-types (in general, « is a vector process). (x,a) = {(x(¢),a(t));t > 0} is
the state process of this system.

The production capacity at time ¢, denoted by Cy (%), is a random set and the vector of demand
rates, denoted by d,(¢) is a random vector. The control variables of production rates and rates
of buying extra capacity for product-types at time ¢ are denoted, respectively, by u(x, «)(¢) and
v(x,a)(t). The vector of feasible production rates at time ¢ belongs to the random set C,(t) and
we assume that the vector of the rates of buying extra capacity belongs to a fixed set C. The
dynamics of x, the inventory-backlog vector, is given by

dx
= () = u(x,a)(t) +v(x,a)(t) — da(t). (1)
Let g(x) be the cost per unit time of holding x units of inventory or backlog, and let h(v) be the
cost per unit time of buying extra capacity at rate v. Let 7 belong to a feasible set of appropriately

defined control policies II, then we define the cost associated with policy © to be the long-run



average cost given by

.1 T
77 = Jim 2 B[ (g(x) +h(v))dt | x(0),a(0)) 2)
0
An optimal control policy in this setting is a feasible control policy n* € II that yields the
minimum cost, i.e., such that

J7 < J" forall w eIl (3)

Having defined a general version of the problem, we now turn to specifying the assumptions

that define the problem we address in this paper:

e n =1, i.e., a single product-type is produced and z is a scalar.

e « is a time-homogeneous Markov chain on the set {1,2}. (We assume that the sojourn time of
« in state i is exponentially distributed with rate ¢;. ) We assume that o = 2 represents a state
with “low” production capacity and a = 1 represents a state with “high” production capacity;
examples include the case where the production capacity C, is deterministic and remains
unchanged and the demand for the product alternates between periods of high demand (a = 2)
and low demand (« = 1) according to a Markov chain «, or the case where the demand rate
dq, is fixed and the production capacity alternates between periods of high capacity (o = 1)
and low capacity (o = 2). To simplify the presentation and highlight the connection between
the problem we consider here and others considered in the literature, we assume that the
demand is fixed (d, = d) and that o = 2 corresponds to the case where production capacity
is equal to zero (down state). It is worth pointing out that solving this problem is equivalent

to solving the others mentioned above.

e C; =[0,71]; we assume that r; > d, in other words, during the “up” periods the maximum
possible production rate is higher than the demand rate;
Co = {0};

C = [0, r2]; we assume that ro > d.

e g(x) = ¢tz + ¢ == where z7 = max(z,0), z= = max(—z,0), i.e., the inventory/backlog
cost is piecewise linear;

h(v) = ¢y, i.e., the cost of purchasing extra capacity is linear in the rate of purchase.

We limit ourselves to the class of stationary feedback control policies, where 7 (z,,t) =
m(z, @) = (u(z, ), v(z, @)).

Define the differential cost function V;"(z) (value functions for simplicity) by

V(@) = Jim 251 (060 + hiv) = )it | x(0) =, 0(0) = (@

T—00
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We use V*(z) (1 = 1,2) to denote optimal value functions. If we assume that they are differ-
entiable, then the well-known Hamilton-Jacobi-Bellman equation for the optimal control is given
by

oot o= )T o) = (7 (@) - V@) - gle) + 7
o232, d)%w(m) +ew} = q@Vi(2) - V5(2) —glz) + I ; (5)

The following theorem tells us that the Hamilton-Jacobi-Bellman equation is a sufficient con-

dition for a control to be optimal

Theorem 1 If (u,v) = n*(z,a), V{7 (x) and V5 () satisfy Equation (5), then 7 is an optimal

control policy.

The proof of Theorem 1 is essentially the same as the one given in [2] which uses the Dynkin

formula. Therefore, we shall not repeat it here.

3 Hedging point policies

In this section, we define a set of policies called hedging point policies. We will show subsequently
that the optimal control policy belongs to this class of policies.
Each hedging point policy 7” is characterized by a vector of three parameters z = (21, 22, 23)

where 23 < 29 < z1, and is defined as follows:

(0,0) x> 2
” B _J (d,0) T =7
7T(:E,1) o (’LL,U)— (Tl,O) z3 <z <21
(r1,72) r < z3,
(0,0) T > 29
’/TZ((I,‘,O) = (’U,,’U) = (Oad) T =z (6)
(0,’)"2) r < z9.

Note that, under the above policy, once the inventory/backlog is within the interval [zg,21], it
remains in this interval for ever. In other words, all inventory/backlog levels in the intervals
(—00,29) and (z1,00) are transient and are reached only a finite number of times. Thus JZ%, the
cost associated with policy 7%, is independent of z3 and is only a function of z; and zo. To make
this fact explicit, we occasionally write J(z1,22) for JZ.

The following lemma implies that in search for the optimal hedging point policy among the

class of hedging point policies, we only need to consider those policies for which z; > 0 and z5 < 0.

Lemma 1 If0 < zp < 21, then J(21—22,0) < J(21,22); if 22 < z1 < 0 then J(0,20—21) < J(21,22).



Proof. Let m and 7’ be the hedging point policies defined by (z1,22), where 0 < 23 < 2z, and
by (21 — 22,0), respectively (choose the third parameter of the hedging point policies arbitrarily).
Let X™(0) = z; and X™ (0) = 2, — 2o and assume that the stochastic processes of the capacities
are coupled, in the sense that the up and down periods of both processes coincide. Under these

assumptions it is easy to verify that
X7 (t) = X™(t) — 2.

Clearly there is no cost of backlog for either policy; moreover, under the above assumptions the
durations of time when the policies purchase extra capacity and the corresponding rates of the
purchase coincide and hence the associated costs are identical. However, in light of the above
identity, the cost of inventory for policy 7" is lower than that of policy 7; hence J™ = J(z; —2,0) <
JT = J(z1,22).

A similar argument can be used to prove the result for the case where 2o < z; < 0: Let ©’ be
defined by (0,2 — 21), assume X™(0) = 2, and X™ (0) = 2, — 21, and also couple the processes of
the capacities as above. Then

X" (t) = X™(t) — 2.

In this case, there are no inventory costs for either policy, the costs of purchasing extra capacity are
identical, and the cost of backlog is lower for policy @', hence J™ = J(0,2 — z1) < J™ = J(z1, 22).
O

In light of the above lemma, from now on, we limit ourselves to the class of hedging point
policies for which z; > 0 > z5. We denote this class by H.

Our main results, given in the next section, are based on explicit evaluation of the average cost
and the differential cost functions associated with a number of candidate hedging point policies. In
preparation for what follows, we derive the average cost of an arbitrary policy 7% € H and a set
of differential equations that characterize the differential cost functions associated with. We begin

with evaluating the average cost.

3.1 Average cost

Let 7% € ‘H be a hedging point policy. We define the following notation:

Bl = quida
62 = %7

Ao = P — B,
p=1,

p1 lhq-l?th’
p2 = lhlﬁlh

Let {X?*(t);t > 0} be the process of inventory/backlog of the system, then we have



Proposition 1 X?*(t) converges weakly to the random variable of the steady state inventory/backlog

denoted by X?(oo) with probability density

1 b1 o
f(:E) - Epl B — 526*/\0(z1722)>\06 Aola=22) 2o <z <2,
1 —_ —
le B P(XZ(OO) N zl) - m B1 — ,626*/\0(z1722) 0€ doen zz),
1

P, = P(XZ(OO) = ZQ) =

P fye e

Proof. The same results are obtained in [8] for the case zo = 0. In [8] it is shown that X*(¢) is
related to the workload process of an M/M/1 queue with limited workload, based on which the
density function of X?*(¢) can then be obtained by using the existing results in queueing theory
(also see [11]). For zz < 0, we can apply the results in [8] to the process X*(t) — z2, then shift
everything by zo. O

Given the above steady state density, it is straightforward to evaluate the average cost associated
with policy 7%. Let J¥ = cost of holding inventory, J5 = cost of having backlogged demand, and

J5 = cost of purchasing extra capacity. Then

1 . o, o
J1Z = c"‘pl ,61 — ,6267/\0(“722) {(>\0 - 3151)2’16 Xo(z1—22) _ Ell@lAOe Xo(z1—22) + 3151)\_06)\0122},
J2 = cC Bl — 6267)\0(zlfz2) {(Elﬁlpl +p2>\0)z2 — Elﬁlpl)\—oe)‘ow + EIBIPIA—O},

A
J?? = cydp2 0

Br — fae (=)

The total cost, J* = J(z1,22) = JI + J5 + J5. It is worth noting that J(z1,z22) is, clearly, a

continuously differentiable function of z; and z2 on the region {z; > 0,2, < 0} .

3.2 Value function

Let VZ#(z) = (V%(z), V5*(z))" be the vector of value functions corresponding to policy 7% (/ denotes

transpose). Also let

[ o @ 1 thd _ tnd i ld
_ d d — — — — — —
A=l gt g bi=| { Ao=| T Ty bo=| "t
| d d d d d d
i q1 q1 1 0
_ —d —d _ —d _
A= Ty & b=| " = _ 1
ro—d ro—d ro—d ro—d
i q1 __ @ - 1
Frid Frid _ T2 d
Ag= ri quz r2q2r1 bs :1 2
ro—d ro—d ro—d
We have



Proposition 2 The wvalue function V? satisfies the following set of piecewise linear differential

equations:
d‘zf) = AV(z) =b(J"—cta); a <z
%f) = AgV%(z) —by(J? —ctz); 0< z< 2
dIngx) = AV*(@) —bo(J* +cz); < <0
dlzfc) = AVE(x) — bo(J* + ¢ ) 4+ bheyro; 23 <2 < 29
dV;ZIEIE) = A3V%x) —b3(J? 4+ ¢ ) + bscyre; x < 23 (7)

with the following boundary conditions:

ctz —J?
Vi(z) = Vi(z) = ————
q1
” ” c 2o+ J%—cyd
Viz) = Vilzm) = ——— (®)

Proof. It is very straightforward, e.g., see [2].

4 Optimal Control Policies

In this section we give the main results of this paper and show that the optimal control policies
belong to the class of hedging point policies. Four cases are identified that correspond to: (1) the
hedging levels for inventory and backlog are both non-zero, (2) the hedging level for inventory is
zero but the backlog hedging level is nonzero, (3) the hedging level for backlog is zero but the
inventory hedging level is nonzero, and, finally, (4) both hedging levels are zero. In each case we
first identify necessary conditions for the existence of a hedging point policy that is optimal among
an appropriate subset of hedging point policies. This yields a candidate policy. We then identify

sufficient conditions under which the candidate policy is optimal among all control policies.

4.1 Case 1: Nonzero inventory, nonzero backlog (z; > 0, z; < 0)

A mnecessary condition for the existence of a hedging point policy 7%, with zf > 0, 25 < 0, that is
optimal among all feasible policies is that the policy be optimal among all hedging point policies.
Given the fact that the cost function J(z1, 22) is differentiable, a set of necessary conditions for the
latter to be true is the existence of two hedging levels zj > 0, 235 < 0, such that

oJ oJ

) =0, 25 E) =0 (9)



Taking derivatives, setting them equal to zero and rearranging terms yields the following set of
equations that is equivalent to (9) in the sense that the existence of zf > 0, z5 < 0 satisfying one

set of equations implies that zi > 0 and z5 < 0 satisfy the other,

* 7>\ _ *
filz) = cTpe o g eme e etE) %1"1(5r +c7) =0
* _ + _/\_O(k—c—z;) — —Xozi T_l T N
faz) = cpe e tce 7 dp1(c +c) =0, (10)

where k = dpQ[p(fI—; —¢y) — (Cq—ir — )l

Proposition 3 A set of necessary and sufficient conditions for the existence of a pair of values
27 >0, z5 < 0 that satisfy equation(9) is f1(0) < 0 and f2(0) < 0. The vector (27, z3) is unique

when it exists.

Proof. Note that f; and f are linear combinations of convex functions with non-negative coeffi-
cients, therefore they are convex (both are of the form aie? + aze™"2? + a3); moreover, f;(c0) =
fi(—00) = 00;i = 1,2 (note that by, by a1,a2 > 0). The minimizers of the functions fiand fo, de-
noted by 2]" and 27" respectively, are z{" = %, and zy" = %%; the minimums of these
functions are respectively fi(2") = (¢t +c¢™)[pe 201" — Dpy], fo(25') = (¢t + ¢ )[e 0% — Lpy].

Let f1(0) < 0 and f2(0) < 0, then given the above properties of the two functions fiand fo, it
can be easily verified that f; has a unique root zj > 0 and fy has a unique root 25 < 0.

On the other hand, assume that 2z > 0. If 2]* < 0, then fi(2") < 0 (recall f1(zf) = 0) and
clearly f1(0) < 0; Assume 2" > 0; further assume that p > 1, in this case A\g < 0 and Apz]" < 0,
and pe %" > p, therefore

Fi(#") = (" + e )[pe 0 — %m] > (et +c)lp- %m] =(c"+c)pilp—1)>0

which contradicts the existence of zi > 0; hence z{ > 0 and 2z > 0, implies p < 1. p < 1 is
equivalent to A9 > 0; this latter condition and 27" > 0 yield ¢~ In p+ Aok > 0, therefore Inp > —%;
hence

Aok

_ 20F s T
fil0)=ctpt+ce e —Spict+c ) <cTp+ep— Elpl(cJr +c)=(c"+c)pi(p—1) <O0.

d

Now assume that z5 < 0. If 25" > 0, then fo(25") < 0 (recall fa(z3) = 0) and clearly f2(0) < 0;
Assume 2z < 0; further assume that p < 1, in this case Ay > 0 and —Xg2!® > 0, and pe= %" > p,
therefore,

f2(#) = (" e )pe XF = Zpi] > (¢ e )lp— ) = (¢ e Ipi(p—1) >0

which contradicts the existence of 25 < 0; hence 25 < 0 and zJ* < 0, implies p > 1. p > 1

is equivalent to Ao < 0; this latter condition and zJ* < 0 yield — ¢TInp + Aok > 0, therefore



—Inp > —%; hence

0) = ctpe o b — T et 4 o) < et dom — p (et 4 o) = (et + =V (1 — 0
f2(0) =cTpe "t +cm ——pi(ct +eT) <t e = opileT +¢7) = (7 +cT)pi(l - p) <O

|

The following corollary is one of the main results of this subsection:

Theorem 2 A set of necessary conditions for the existence of a hedging point policy w** that is

optimal among all feasible policies and such that zi > 0,25 <0 s
fl(O) <0, f2(0) < 0. (11)

We now turn to deriving sufficient conditions for the existence of such a hedging point policy
7%*. We will show that the above conditions are also sufficient. In order to accomplish this, we
first need to specify the policy 7** completely. Note that while the set of conditions (9) uniquely
defines 2] and z3, it does not specify the hedging point policy uniquely. This is because the third
hedging point 23 is undefined. To define 23, we begin with an arbitrary z3 < 25 and consider the
hedging point policy associated with (27, 23, z3). We denote the cost associated with this policy by
J*. Note that J* is independent of z3 and is uniquely defined by z} and z5 . Using equations (9),

J* can be written in terms of either z] or 23 as

J* = ¢tz +ct ,

r1—d r
! + cy(d — 42n .
q1 +q2 q1 + g2

To simplify the presentation and with a slight abuse of notation, we denote the value functions

J' = 7 (=2z)+c (12)

associated with the above hedging point policy by V|* and V5 .

Using the set of piecewise linear differential equations (7), the boundary conditions (8), and

the above identities, we can determine dVgx(m) and dV?i*x(w). Before specifying these functions, we

introduce the following notation:

AM=4+ L

AU = rlqid - %2;

Ay = rlqid + rzqzd;
>\3 = T‘1+qT‘127d + rzqid

Let Ry = {z;2] <z}, Ro = {z;25 <z < 2{}, Ro = {523 <2 < 25}, and R3 = {z;2 < z3}.
Then )\% = average change in the inventory/backlog per one up and down period in region R;,

assuming the trajectory remains in R; during this time. Given this notation, we have

For 21 < x:
d‘/l*(l‘) i C+(q1 + q2) 1 % 1 “Ar(z—2)1.
Bw =@ ATl ol
dVy (z) g +q), 1 o @1 (a2t ct
- ~(z— B (1 —e M@=y -2
dLL' d2 [}\1 ($ zl)+ 0 )\%( e )] q



For 0 <z < 27:

vy (z) g +gq), 1 1 (=
— I PV —(1 — o(27 —z)y1.
vy (z) g +gq) 1 p (- ¢t
= —— (2 — ) + (1 — e M) -
dz d(ri —d) AO( 1) )\3( ) T
For z5 <z < O:
dVi*(z) c (g1 +q), 1 . 1 “Aola—23) c”
— _N2s o AeT _ o 1 _ o\T 22 _ .
dz A —d) " %) pAg( ¢ Nt
Wia) _ o (qta) | L
B L | R st P — My (1 — o(z—23)\] _ .
dz dr—d) a2 Ag( ¢ =
For z3 < x < z5:
dvy(z) (1 + q2) L, qi(rz —d) 1 “A2(z3 ) ¢
= ——(z5 —x) — ———— (1 —e 27 — ¢, + —;
dz (’)”1 - d) (’I“Q - d) )\2( 2 q2 (’)”1 - d) )\% ( )] v q2
dV5 (z) ¢ (g1 + q2) 1 1 o (
— I PV — (1= 2(z5 =)\ _
dx (r1 —d)(ra — d)[ A2 (z — ) A%( ¢ N=e
We are now prepared to define z35. Taking derivative of dvgx(z) over the interval z3 < x < 23, we
have )
d Vl*(x) — c_(QI +Q2) i ﬂi(l _ ef)\g(z;fw))].
d:I?Z d(’)”l - d) )\2 q2 )\2
Given that Ao = rlqid + T;I—id > 0, it follows that d2:g2($) > 0 on the interval [z3,23); hence, on
this interval, dVgx(m) is continuous and strictly decreasing. Moreover, we have %;ZS) = —cy, + Z—;
and lim,_, dVgx(m) = —oo (since z3 is arbitrary, assume z3 — —oo as x — —oc). Therefore, there

exists a unique value at which the derivative of V}* is equal to —c,. We define 23 to be this unique

value, i.e., 23 is defined uniquely via the identity

avils)

dr

We have now completely specified the policy 72  which we claim is optimal among all feasible
policies. We denote the value functions associated with this policy also by Vi* and V5. On the
interval (z3,00) the derivatives of these functions are the same as the ones calculated above for the
hedging point policy with parameters (z7, 235, 23), (replace z3 by z3). On the last region, R3, the

derivatives are given by:

For z < 23:
dvy (=) ¢ (@ +q) 1 T1q1 1 “halzi—
e S Sel —— (=) + — (1 — e s(5—2)
e o [ L W A s a5 AL
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¢ (¢ +a) L e (25 —2)
—— (25 —23) + 1 —e "3V — Cy,
(r1 +r2—d)(r2 — d) >\3( 2= %) Q1+Q2]( )~
vy (z) (g1 + q2) 1 . r1q2 1 “g(25-7)
I —— (2 — 1) + Tl R
dz v D, —d) % D G )= d) A )
- 1 —d “
+C (ql + QZ) %[——(Z’; - Z;:) + r1 ](1 _ ef)\g(z‘gfir))

(re —d)? g1~ X3 q1+qo

c+a), . .
—m[(zz —23) — (r1 —d)] — cy.

Proposition 4 Let V;*(i = 1,2) be the value functions associated with the hedging point policy

defined by =7, z5 and z3 given above; then V;* is conver and continuously differentiable (i =1,2).

Proof. The continuity of the derivatives at all points except at x = 0 and =z = 23 is obvious; the
continuity at z = 0 follows from the identities fi(z]) = 0 and f2(z5) = 0 while the continuity at
x = z3 can be easily verified by using dV{*(z3)/dz = —c,. The proof of convexity is straightforward

for z > z3. So we focus on the convexity for z < z3. First for z < 23 we have

PV () B c . . Cha(zi—z)
dz? - (7“1+T2—d)(T2—d)((q1+q2)(Z2 —#)+ (2 —n)e ’
¢ (q1+ g2) —As(zi—x)
R SIC
Nl 7 —d) =)L )

d2V2*(:L') _ c . . a(zi—w)
Td? . qmtra—d) s —d) (—q2(q1 + q2)(25 — 23) + qi(r2 — d) + q2(r1 — d))e 3

¢ (a1 + ) (1-— 6—/\3(z§—x))

)\3(7"1 —+ 79 — d) (7‘2 — d)
To prove d?Vi*(z)/dz? > 0 and d?Vy'(z)/dx? > 0, it is sufficient to show that (q1 + g2)(25 — 25) +
(re—r1) > 0 and —qa(q1 +¢2) (25 —23) +q1(r2 —d) + g2(r1 —d) > 0. To verify these two inequalities,

we consider the interval [z3, z3]. Since

dVy(23) _c —¢, and dVi(23) N
dx q2 dx
we have
— 25 277
12 z  dw
_ c’q1(Q1+Q2)(1_6_,\2@;_2;) n c (g1 + q2) (25 — 23) (13)

A3q2(r1 — d)? qi(re —d) + q2(r1 — d)
Based on (13), we have

¢ (g1 +q) (25 — 23)

¢ ¢ (g + ) oy ha(e3—2)

- = 1 —Ao(zy —23) —e "2 %277%8)) 4

2 A3ga(r1 — d)2( 7 = 2) ) q2(r1 — d)
< ¢ (@ +e)z - =)
B g2(r1 — d) ’
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hence, (¢1 + q2)(25 — 23) + (r2 —r1) > 0. On the other hand, (13) also leads to

< o @t @)z — )
@ ~ qi(re—d) +q(r1 —d)’

which gives —qa(q1 + q2) (25 — 25) + q1(r2 — d) + g2(r1 — d) > 0. This completes our proof. O
We are now prepared to state the other main result of this subsection:

Theorem 3 The set of conditions (11) is sufficient for the existence of a hedging point policy with

nonzero hedging levels that is optimal among all feasible policies.

Proof. Assume that conditions (11) are satisfied. Then by proposition (3) there exist unique
hedging levels 2z > 0 and 25 < 0 that satisfy equations (9). According to the preceding discussion,
we can then define 23 uniquely. The proof of the theorem is complete if we show that the hedging
point policy defined by (27, 23, 25 ) satisfies the Hamilton-Jacoby-Bellman (HJB) equations.

For @ = 1, i.e., when the machine is up, using formulas for the derivatives of the value functions,
vy (x)
dx

and Proposition (4), it is easy to verify that switches sign from negative to positive at z = 27,

and %I(x) + ¢, switches sign from negative to positive at z5. Therefore, the policy u(z,1) = r1,

z < zfand u(z,1) =0,z > 2{ and v(z,1) =r, z < 2§ and v(z,1) = 0, z > z; solves the following

minimization problem:

AV (z)

{(u+v—d) + v}

min
0<u<ry, 0<v<rs

It is also easy to verify that %(m)

—— + ¢, switches sign from negative to positive at 23; hence the

policy v(z,2) = re, z < 25 and v(z,2) = 0, z > 25 solves the following minimization problem:

. vy (z)
Og£2{(v - d)T + ¢cyv}.

The minimizing policy is defined everywhere except at u(z], 1) and at v(23,2). To avoid chatter-
ing, we set u(z},1) = v(z3,2) = d. This policy is exactly the hedging point policy with parameters
(27,25,23) . The HIB equation is therefore satisfied by this hedging point policy. O

Before closing this subsection, we provide some discussion on the conditions fi(0) < 0 and

f2(0) < 0. First, we present the following result:

Proposition 5 The conditions f1(0) < 0 and f2(0) < 0 imply ¢, > c*/q1 and ¢, > ¢ /qo,

respectively.

Proof. We will only give the proof for ¢, > ¢*/qy; the proof for ¢, > ¢~ /g is essentially the same.
Using the inequality 1 4+ 2 < e”, we have

Aok
ctp+c (1— CL_) - %p1(0+ +c¢7) < f1(0) <O.

13



With some simplification, this leads to

(1- P)2dCI1
(r1 —d)(q1 + g2)

(C+ - qul) < 07

which implies ¢, > ¢*/q;. O

Based on the above proposition, it is clear that ¢, > ¢*/q; and ¢, > ¢~ /qo are necessary
conditions for the existence of a hedging point policy 7%* with z{ > 0, 25 < 0 that is optimal among
all feasible policies. In the following subsections we will show that the relationships between ¢, and

¢ /q1, ¢ /qo also give necessary and sufficient conditions for the other three cases.

4.2 Zero inventory, nonzero backlog (z; =0, z5 < 0)

We now turn to the case where the optimal inventory hedging level is zero and that of backlog
is strictly negative. A necessary condition for the existence of a hedging point policy with these
properties is that it be optimal among all hedging point policies with zero inventory hedging levels;

a necessary condition for the latter to be true is

oJ (0, 2’2) .
R
Taking derivative of J(0, z3) with respect to z9, simplifying, and setting it equal to zero, yields
the following equation:
d(iri —d) 5,¢”

1 c”
29) = —[c Aozg + — (e M2 — 1)+ —— 7 22(Z— _ )] =0.
ale) = 316 doza + S )+ S )

Proposition 6 A necessary and sufficient condition for the existence of a negative root for f3(zy) =

0 s B

C
Cy > —;
q2

such a negative root is unique.

Proof. Let g1(z2) = Aof3(22). The roots of f3 and g; coincide, so we can focus on the function g;.
Note that %92—1(@) = %A%e"\‘m > 0, hence g; is convex. Moreover, it is easy to verify that the
2

minimizer of g; is at 25" = —1%03; note that p < 1 & Ag < 0, therefore zJ* > 0. Hence, a necessary

and sufficient condition for the existence of a negative root for g; is g1 (0) = dgﬂ:qg) A%(‘;—; —¢y) <0,
which is equivalent to ¢, > ‘;—;. Clearly, in this case, the negative root of g;, and hence of fs, is

unique. O

We can now give one of the main results of this subsection which is a corollary of the above

proposition.

14



Theorem 4 A necessary condition for the existence of a hedging point policy ©** with 27 =0, 25 <
0, that is optimal among all feasible policies, is

c
Cy > —. 14
> (14)

Before looking at the value functions, we prove a result about the hedging level z5 which will

be needed in what follows.

Lemma 2 Assume ¢, > f]—;, and let z5 be as defined above. Then

Q+q _ . C
— T 2> —¢y. 15
@ —d) 7 @ ! (15)

Proof. Assume Ao > 0. Using the inequality (e~*0% — 1) > —\oz in the equation f3(z3) = 0, we get

1 d(ry —d -
C 2y——C 25 < —Mko(c— — ).
p q1+q2 q2
The result follows immediately from the above inequality. The case of Ay < 0 can be proved

similarly. O

Let 0 and 23 denote the optimal hedging levels (when they exist) and let J* denote the corre-
sponding cost; J* is given by

—d
O e — 2L
q1+92 d(q1 + ¢2)
Note that the above cost function J* and that for the case zf > 0,25 < 0 (equation (12) , J*

J'=c (—2z3)+c (16)

expressed in terms of z3) are identical in form (the optimal z5 for the two cases are in general
different). Note also that the value functions are obtained from solving the set of differential
equations (7) after substituting J* for J* (J* expressed in terms of z3 is substituted on the interval
(—00,0)). Hence, given the similarity in form of J* in the two cases, the value functions V}* and
V5' are also similar in form on the interval (—oo,0). As a result, following the same steps as in the
previous section, we can define z3, and the same arguments as those given in the previous section
can be used to show that V| and V3 are convex and continuously differentiable on the interval

(—00,0). We now focus on the interval [0, c0).

For 0 < z:
* + *
dVQ* (:L‘) C+ q2 J* Y J* q2
= —zr——=——(1-— tg) — —(1 4+ =).
dx A A G

Lemma 3 The value functions Vi* and V5 are continuously differentiable.
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Proof. The only point at which the continuity of the derivatives of V}*, and V5" is not established
is at z = 0. This can be verified using the identity f3(z3) =0. O

Proposition 7 The set of conditions
- +
o= (17)
q2 a1

s sufficient for the convezity of V', and V5.

Proof. The convexity of V{*, and V5 on (—o00,0) is already established. On the interval [0, c0) we

have :
d?Vy () J* A 1 r—d c” o+
— = M=l -e M)+ ¢t —¢ cw— —(1— 2o))];
l =)+l g+ P (e, — S = B
2 +
aVelw) @I ae O
dz? q d d
It is easy to see that % is positive. As for d2;/;2(x), note that the first term is clearly positive.
We also know that ¢, < % and f]—; < ¢ imply ¢, > ‘;—;(1 - %zi‘) (Lemma 2). Therefore the
second term is also positive. Hence % > 0 on [0,00) and the proof is complete. O

Theorem 5 Under conditions (17) there exists a hedging point policy with zero inventory level

(z{ = 0) and negative backlog level (z5 < 0) that is optimal among all feasible policies.

Proof. From our previous discussions it follows that under conditions (17) there exist a hedging
point policy for which zf = 0, 25 < 0, and the associated value functions are convex and continu-
ously differentiable. To show that this policy is optimal among all feasible policies it is sufficient
to show that it satisfies the HJB equations. The proof is almost identical to the proof of Theorem
3 and is based on the fact that % changes sign from negative to positive at z = 2] =0, % —Cy
changes sign from negative to positive at z = 23, and % — ¢y changes sign from negative to positive
at ¢ = z5. O

We point out that the sufficient condition ¢, < ¢* /g used here for the optimality of the hedging

point policy with zj = 0) and 25 < 0 can be replaced two weaker conditions

f1(0)
dpz[p(‘;—Q—cn—(‘;—f—cv)] <o (19)

Y
o

(18)

(That is to say ¢, < ¢ /q, implies (18) and (19).) In fact, it can be shown that (19) is also a

necessary condition for the convexity.
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4.3 Zero backlog, nonzero inventory (z; > 0, 25 = 0)

The arguments used for establishing results in this case are very similar to those used in the previous
case. A necessary condition for the existence of an optimal hedging point policy with non-negative
inventory hedging level and zero backlog is that this hedging point policy be optimal among all

hedging point policies of the same type. A necessary condition for the latter to be true is

6J(z1,0) —0
T om0

Taking derivative of J(z1,0) with respect to z1, simplifying, and setting it equal to zero yields
the following equation:
d(ry —d) 5,c"

1
z1) = —[ct Aoz + ctple 0% — 1) + 2———IN2(Z— —¢,)] = 0.
fa(z1) )\0[ 021 ol ) . o(q1 )]

Proposition 8 A necessary and sufficient condition for the existence of a positive root for fi(z1) =
0 s
ct
Cy > —;
0

such a negative root is unique.

Proof. Let g2(z1) = Aofa(z1). The roots of f4 and go coincide so we can focus on the function gs.

Note that %(zl) = ctpA3e 0?2 > 0, hence g5 is convex. Moreover, it is easy to verify that the
1

minimizer of g is at 2]" = 1;\1—0p; note that p < 1 & Ao < 0, therefore 2" > 0. Hence a necessary

and sufficient condition for the existence of a negative root for gy is g2(0) = dgf;q;i) A%(% —¢y) <0,
which is equivalent to ¢, > ‘;—Jlr. Clearly, in this case, the negative root of gs, and hence of fy, is

unique. O
The following corollary is one of the main results of this section:

Theorem 6 A necessary condition for the existence of a hedging point policy ©** with zi > 0,25 =
0, that is optimal among all feasible policies, is
ot

Cy > —. 20
o> (20)

A useful result about the hedging level z] which will be needed in what follows is:

Lemma 4 Assume ¢, > ‘;—Jlr, and let z{ be as defined above. Then

+
wc"’zf <y — . (21)
qd Qn
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Proof. Assume Ao > 0. Using the inequality (e7*0% — 1) > — )Xoz in the equation f4(z}) = 0, we get

d(r; — d) et
(1 =p)zf < —L (e, — —).
S q1 + g2 ol q2 )
The result follows immediately from the above inequality. The case of Ay < 0 can be proved

similarly. O

Let z} and 0 denote the optimal hedging levels (when they exist) and let J* denote the corre-
sponding cost. J* is given by

dct
q1 + g2
The above cost function J* and that for the case zj > 0,25 < 0 (equation (12) , J* expressed

J*=ctz +

(22)

in terms of z{) are identical in form. Hence, using an argument similar to what we gave in the
previous section, it can be shown that the value functions V|* and V" are also similar in form on
the interval [0, co). Therefore, V;* and V5" are convex and continuously differentiable on the interval
[0,00). We focus on the interval (—oo,0).

For z3 <2 <0

dVi*(z) _ ¢ (g1 + q2) 21‘ q1 [J* —cpd n Jo J* N 5207]6)\” . Q A N (5207]
dzr (7"1 — d) (7‘2 — d) q2 r — d q2 )\2 )\% r — d )\2 )\%
q CoT2 N _q Jr
+r1—d)\2(r2—d) [6 :|+’I“1—d,
dVy (z) _ ¢ (g1 + q2) 2$ @ [J* —cpd n Jo J* N 5207]6)\” n q -02J" N (5207]
dz (Tl—d)(’)"g—d)QQ T’Z—d q2 )\2 )\% T’Z—d )\2 )\%
9 CyTy J* CyT2

M — 1] + —

_TQ—d)\Q(’I"Q—d)[ 7"2—d 7"2—d’

where 69 = 1/(r1 —d) + 1/(r2 — d). As will be shown shortly, under conditions

+ —
c—<cv<c— (23)

q1 q2

we can uniquely specify an appropriate z3 and hence completely specify the policy 7% . Then we

have

Proposition 9 Under conditions (23) the value functions Vi* and V5 are convex and continuously

differentiable.

Proof. We first complete the definition of the policy 7% . On the interval [z3,0), we have

d?Vi(z) ¢ (q1 +g2)

= 1 —eMe®
da? = da + (rs —d)ar )

18



q1 c Aoz} A2z AT A2
ri(l —e™?*1) +d(1 — p)e™?*1)e™?* + ——e™?
dZVZ*(x) q2 gt + V) A qQ C A
= Cy — (— + —=c"zf))et + ——(— —¢,)e2”
da? (ra — d),O( Y tq dqi D) Ty — d(CI2 )
21/ 21/ *
It is easy to see that d ;/;2(1:) > 0 and under conditions (23) d ;/;2(:5) > 0. Hence, the value functions
are convex on [z3,0) and therefore dVgx(m) is strictly increasing. Note that lim,_, dVgx(m) = —00.
On the other hand it can be shown that dVgx(O) > —cy, hence there exists a unique z3 such that
vy () _ —¢,. We have now completely defined the policy 7% . To verify that the value functions
dzx

are continuously differentiable for this policy we only need to consider the point x = 0; as in
the other cases, the continuity of the derivatives follows from the characterizing equation for the
optimal hedging levels (f4(2*) = 0 in this case) . Convexity of the value functions has already
been established on [z, 00); convexity on (—oo, 23) follows from arguments similar to those given

in section 4.1. O

Theorem 7 Under conditions (23) there exists a hedging point policy with positive inventory level

(zf > 0) and zero backlog level (z5 = 0) that is optimal among all feasible policies.

Proof. The proof is identical to the corresponding theorem in the previous section. O

Similar to the second case, the condition ¢, < ¢~ /go used here for the optimality of the hedging

point policy with zf > 0 and z5 = 0 can be replaced by two weaker conditions

f2(0)
dpQ[p(‘;—Q—cn—("q—f—cv)] > 0. (25)

Y

0, (24)

(i.e., ¢y < ¢ /g2 implies (24) and (25).) Furthermore, it can be shown that (25) is also a necessary

condition for the convexity.

4.4 Zero inventory, zero backlog (27 =0, z; =0)

With no inventory and no backlog, the only cost in this case is the cost of purchasing extra capacity.
This cost is given by

q1
Q1+ q2

We can prove the first basic result of this subsection immediately.

J* =c,d

Theorem 8 The set of conditions
+ —
c
Cy S — Oy < — (26)
T a2

s necessary for the hedging point policy with zi = 0, z5 = 0 to be optimal among all feasible

policies.

19



Proof. For this policy to be optimal it is necessary that J(0,0) < J(z1,0) for all z; > 0 and
J(0,0) < J(0,22) for all zp < 0. Therefore, in light of Propositions 6, it is necessary that f3 have
no negative roots, and, in light of Propositions 7, it is necessary that f; have no positive roots;
these latter conditions are equivalent to (as proved in Propositions 6 and 7) ¢, < Z—Jlr and ¢, < fp
O

The value functions associated with the above policy can be calculated as follows.

For 0 <=z

dVi¥*(x q + qo 1 1 iz
(Ijgf ) = 2 [C )\_151; — G175 )2 (1 —e ™M )]a
1
dvy (z) a+aq, 1 1 Y
= [ct—2 + cpga— (1 — e M)
dx d? A1 Y

Taking derivative we have

PV () q . ct A
R e R A 'u]-__lx;
o LIS — o) en( = 7o)
d*V5 (x) @ e, CF
— 5 = E[cve + g]
From the above equations it can be simply verified that Z @) s positive and that a sufficient
condition for & :i/:zﬂ( ) to be positive is
+
c
Cy < —. 27
a1 (27)
For z3 < <0
dVi*(z) c (p1+q) .1 1 A\ cq +c 1 A\
= _— R ]_ —_ 2T e 1 _ 2T
dz (I 1 W el S e o WS
dvy - 1 1 v 1 _
Vile) _ _clate) 1 (Q1+q22)CI2 La- 7)\2$)+@CQI+C Laemny g,
dzx (r1 —d)(r2 — d) A (ro —d)? @1 A3 @ (r2—d) X
Taking derivative we have
dzvl* (]7) — c” (QI + qZ) (1 o e/\Q:L‘) + Cyq1 +c e/\zw;
d$2 (’I“l - d) (’)"2 - d))\g (’I“l - d)
d*Vy (z) ¢ (g1 +q2) A Q@ C A
= 1— e + — —y)e™?t.
d$2 (’I“l - d) (’)"2 - d))\g ( ) (’I“Q - d) ( q2 U)
From the above identities it can be simply verified that d2:g2(w) is positive and that a sufficient
condition for 2;/*2( ) to be positive is
o
Cy < —. 28
qz (28)
If the above two conditions (27) and (28) are satisfied, as in the previous sections, we can define a

dVl (z3) _

z3 such that = —cy,. For the resulting policy we have:
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Proposition 10 The set of conditions (26) is necessary and sufficient for the value functions V{*,

and V5 to be convex and continuously differentiable.

Proof. Continuity of the derivatives follows directly from the above identities. We already showed
that under the conditions of the proposition, the value functions are convex on [z5,00). The proof

of convexity for values below 23 is similar to that given in section 4.1 for the same region.
We now can give the main result of this subsection:

Theorem 9 Under conditions (26) there exists a hedging point policy with zero inventory level

(z{ =0) and zero backlog level (z5 = 0) that is optimal among all feasible policies.

Proof. The proof is identical to the corresponding theorem in section 4.2. O

5 Conclusion

We studied a flow control problem for a system in which it is possible to obtain extra capacity at
additional cost. We set up the problem in a general setting. For systems with one part-type and
two machine states, we studied the hedging point policies with three hedging levels. We derived
necessary and sufficient conditions under which such a hedging point policy is optimal for four
different cases, depending on whether the hedging levels are zero or not. Also, the optimal values
of the three hedging levels were obtained for these cases. However, the conditions we established

do not cover all parameter ranges, and can be improved. This is a future research direction.

References

[1] R. Akella and P.R. Kumar, “Optimal Control of Production Rate in a Failure Prone Man-
ufacturing System,” IEEE Transactions on Automatic Control, Vol. 31, No. 2, pp. 116-126,
February 1986.

[2] T. Bielecki and P.R. Kumar, “Optimality of Zero-Inventory Policies for Unreliable Manufac-
turing Systems,” Operations Research, Vol. 36, No. 4, pp. 532-541, July-August 1988.

[3] M. Caramanis and A. Sharifnia, “Design of Near Optimal Flow Controllers for Flexible Manu-
facturing Systems,” Proceedings of the 3th ORSA/TIMS special Interest Conference on FMSA,
Cambridge, MA, K.E. Steche and R. Suri eds. Elsevier Science Publishers B.V., Amsterdam.

[4] M. Caramanis and G. Liberopoulos, “Perturbation Analysis for the Design of Flexible Man-
ufacturing Systems Flow Controllers,” Operations Research , Vol. 40, No. 6, pp. 1107-1125,
Nov.-Dec. 1992.

21



[5]
[6]
[7]

S. Gershwin, Manufacturing Systems Engineering, Prentice Hall, 1993.
S. Gershwin, Personal Communication, 1994.

S.B. Gershwin, R. Akella, and Y.F. Choong, “Short-Term Production Scheduling of an Au-
tomated Manufacturing Facility,” IBM Journal of Research and Development, Vol. 29, pp.
392-400, July 1985.

J.Q. Hu, “Production Rate Control for Failure Prone Production With No Backlog Permitted,”
IEEE Transactions on Automatic Control, Vol.40, No.2, pp. 291-295, 1995.

J.Q. Hu, “A Queueing Approach to Manufacturing Flow Control Models,” Proceedings of the
34th IEEE Conference on Decision and Control, December 13-15, 1995.

J.Q. Hu, P. Vakili, and G.X. Yu, “Optimality of Hedging Point Policies in the Production
Control of Failure Prone Manufacturing Systems,” IEEE Trans. on Automatic Control, Vol.39,
No.9, pp.1875-1880, 1994.

J.Q. Hu and D. Xiang, “The Queueing Equivalence to a Manufacturing System with Failures,”
IEEE Transactions on Automatic Control, 38, pp. 499-502, March, 1993.

J.Q. Hu and D. Xiang, “Structure Properties of Optimal Production Controllers of Failure
Prone Manufacturing Systems,” IEEE Transactions on Automatic Control, Vol.39, No.3, pp.
640-643, 1994.

J.Q. Hu and D. Xiang, “Optimal Control for Systems with Deterministic Cycles,” IEEE Trans-
actions on Automatic Control, Vol.40, No.4, pp. 782-786, 1994.

J.Q. Hu and D. Xiang, “Monotonicity of Optimal Flow Control for Failure Prone Production
Systems,” Journal of Optimization Theory and Applications, Vol. 86, No.l, pp. 57-71, July
1995.

J. Lehoczky, S.P. Sethi, H.M. Soner, and M.I. Taksar, “An Asymptotic Analysis of Hierarchical
Control of Manufacturing Systems under Uncertainty,” Mathematics of Operations Research,

16, pp. 594, 1991.

J.G. Kimemia and S.B. Gershwin, “An Algorithm for the Computer Control of Production in
Flexible Manufacturing Systems,” IIE Transactions, Vol. 15, pp. 353-362, December 1983.

G. Liberopoulos and M. Caramanis, “Production Control of Manufacturing Systems with
Production Rate Dependent Failure Rates,” IEEE Trans. on Automatic Control, Vol. 39, No.
4, pp.889-895, 1994.

22



[18]

[20]

[21]

[23]

[24]

G. Liberopoupos and J.Q. Hu, “On the Order of Optimal Hedging Points in a Class of Manu-
facturing Flow Control Models,” IEEE Transactions on Automatic Control, Vol.40, No.2, pp.
282-286, 1995.

G.J. Olsder and R. Suri, “The Optimal Control of Parts Routing in a Manufacturing System
with Failure Prone Machines,” Proceedings of the 19th IEEE Conference on Decision and
Control, 1980.

R. Rishel, “Dynamic Programming and Minimum Principles for Systems with Jump Markov
Distributions,” SIAM Journal of Control, Vol. 29, No. 2, February 1975.

S. Sethi, H. M. Soner, Q. Zhang, and J. Jiang, “Turnpike Sets and their Analysis in Stochastic
Production Planning Problems,” Math. OR, Vol. 17, pp. 932-950, 1992.

S.P. Sethi and Q. Zhang, Hierarchical Decision Making in Stochastic Manufacturing Systems,
Birkhauser, Boston, 1994.

A. Sharifnia, “Optimal Production Control of a Manufacturing System with Machine Failures,”

IEEE Transactions on Automatic Control, Vol. AC-33, No. 7, pp. 620-625, July 1988.

G.X. Yu and P. Vakili, “Control of Manufacturing Systems with Production Dependent Ma-
chine Failures,” in Proceedings of 31st Annual Allerton Conference on Communication, Con-

trol, and Computing, Allerton, IL, 1993.

23



