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Abstract It has been shown that infinitesimal perturbation analysis (IPA) provides
very efficient algorithms for estimating derivatives in abroad class of discrete event dynamic
systems (DEDS). But initssimple form, it failsin most multiclass DEDS. In this paper, we
propose arevised IPA for amulticlass G/G/1 queue.

Keywords. simulation* Morkov processes* networks of queues* probability distributions

* The work in this paper was partly supported by the NSF under grants Nos. ECS85-15449 and CDR-

8803012, under ONR Contracts Nos. N00014-86-K-0075 and N00014-84-K-0465 and under Army Contract

No. DAAL-03-83-K-0171.



1. Introduction

With development of recent technol ogies, there has been increased interest in the study
of Discrete Event Dynamic Systems (DEDS). DEDS can often be modelled as queueing
networks. But, in most cases, seeking close form solutions is impossible due to their
complexity. Asan aternative approach to describe DEDS, simulation iswidely used. It can
model real systems more closely, but is often time-consuming and expensive.

One of the main issuesin studying DEDS is performance sensitivity analysis, which is
often used in modeling, analyzing, optimizing and controlling systems. Without any close
form formula, the conventional way is to run two simulations under normal and perturbed
parameter values for the system and form the finite difference ratio to give sensitivity
estimates. We shall call this the brute force (BF) method. For alarge system with many
parameters, in order to get the n-dimensional gradient vector, n+1 simulations have to be run;
so alarge amount of computation isinvolved in the BF method. The BF method also suffers
from the twin numerical evils of noise (if perturbations are too small) and nonlinearity (if
perturbations are too large). Furthermore, BF method is invasive; and hence for a real
system, sometimes it may be impossible to change the parameters to repeat experiments.

Perturbation Analysis (PA) and other single run gradient estimation techniques, on the
other hand, takes the viewpoint that a single sample path or experiment on a DEDS contains
inherently much more information about the system than conventional simulations utilize in
their output analysis. Judicious and timely processing of single run data can yield much more
information, including gradients [e.g. see Ho, 1987]. The basic idea of PA isto "reconstruct”
a perturbed sample path from the nominal one with slight changes in parameters. To achieve
thisgoal, severa algorithms have been proposed under different assumptions (see areview of
these algorithms in Ho [1987]). Among these algorithms, 1PA is the most efficient one in
obtaining sensitivity estimates. In addition to saving alot of computation, another remarkable
advantage of IPA is that it estimates performance gradients directly, not through finite
differences; thus leading to superior variance properties. One ssimplifying assumption used in
constructing the new perturbed path by IPA isthat of deterministic similarity, which assumes
that the event order of the nominal and the perturbed path is the same. Under this assumption,
perturbation propagations can be computed easily through IPA. It has been proved that in
some cases the event order changes can be ignored, so that 1PA rule gives strongly consistent
estimates of performance gradients [e.g. see Suri & Zazanis, 1987]. But there are cases



where |PA cannot routinely give strongly consistent estimates due to discontinuous sample
performance functions resulting from parameter changes. The sufficient conditions that |PA
gives strongly consistent estimates are studied by Suri [1987], Cao [1985] and Glasserman
[1988a, 1988b]. The typical counterexample is multiclass networks. The reason that |PA
does not work for multiclass networks can be briefly explained in what follows.

In general, only infinitesimal perturbations in the perturbed sample can be calculated
by IPA rules. But IPA fails to account for finite changes. In multiclass networks, finite
changes, which are caused by event order changes, play a very important role in performance
sensitivity analysis. So applying IPA directly to multiclass networks gives us biased
sensitivity estimates. Other algorithms, such as EPA and SPA, have been developed to
overcome this difficulty with some additional cost of computation. Our purpose here is to
develop arevised I PA retaining al its computational advantage but applicable in the multi-class
setting. Aswe can see, the key point to make IPA applicable to multiclass networks is how
we deal with those finite changes in the perturbed sample path. In this paper we present a
revised |PA agorithm to extend IPA to multiclass G/G/1 queue. The remainder of this paper is
organized as follows. In section 2, we briefly discuss IPA in asingle class G/G/1 queue and
show the difficulty when customers are from more than one classes. In section 3, the basic
idea of revised IPA isdescribed. An algorithm is aso proposed for estimating the derivative
of system time in a multiclass G/G/1 queue. In section 4, We prove that our revised I1PA
algorithm gives strongly consistent estimates when arrival processes are Poisson, and provide
some simulation results for the G/G/1 case as well. Finally, section 5 gives summary of our
new idea.

2. Infinitesimal Perturbation Analysis

The goal of PA isto answer the following "what if" question: what would happen if
some parameters in DEDS were changed. There are two main aspects involved in all PA
algorithms:. perturbation generation and perturbation propagation. Given a sample path of a
DEDS, perturbations in the timing of events corresponding to the changes of parametersin the
system are first fictitiously introduced to the system, then propagated along the sample path.
IPA has amost efficient way to achieve this computationally by assuming that event ordersin
both nominal and perturbed path are the same.



Consider a single class G/G/1 queue. We want to compute the first derivative of
system time (waiting time plus service time) with respect to interarrival time parameter 6. To
simplify notation, suppose that interarrival times are independently identically distributed
(i.i.d) random variables with probability distribution function F(x,0). Theinterarrival timein
simulation then can be usually generated by F1(u,0), where u is uniform random variable
between zero and one. Given asample path of the queue with parameter 6, which we call the
nominal path, we are interested in what would happen if 6 had been 6+A6, particularly when
A6 becomes infinitesimal small. First, it is easy to see that x;, the interarrival time between
customer i, C;, and customer i+1, Ci+1, in the sample path would be perturbed by the amount
of Axj=(9xi/00)A6 + O(AB2) [Suri 1987]. For the rest of this paper, we always assume that
dxil06 exists. Now we look at the start of a busy period initiated by, say, Cx+1. Under the
assumption that event order remains the same when perturbations are introduced into the
nominal path, two busy period will not coalesce or one busy period will not split into two (the
deterministc similarity assumption). So, in the perturbed path, Cy+1 would also find system
idle and the nth customer Cy+, in this period would still remain in the same position. Then

total time delayed for Cy, to enter the system is

n+k IX.
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AT = D, 5o A0 (1)
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Since servicetimes for al customers are unchanged and the arrival time of the first customer
Cyk+11nthe busy period is delayed by ATy+1, the departure time of every customer in this busy
period is changed by ATy+1. We can think the busy period is shifted by a mount of ATy..

Thus, thetotal changein system time of Cynis
n+k

— i
AT AT - ), =5 A8 (2)

i=k+2
That isto say, perturbations of interarrival times will be continuously accumulated during a
busy period, and even propagated to the next busy period. That thisis not at variance with
our assumption of no coalescing and splitting of busy periods can be explained as follows. If
we take a close look at the nominal sample path, we will find that event order changes only
cause the A order change in system time, and the probability that event order changesis also
the order of A. Therefore the total effect in system time caused by event order changes is of

higher order and can be ignored when first derivatives are concerned. We show this processin



figure.l. Therefore, the IPA estimate of thefirst derivative of mean system time summed over
all customers and busy periodsis given by

k
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where N istotal number of customers served and M is the number of busy periods observed.
The same argument can also be used to obtain estimate for the first derivative of mean system
time with respect to service time parameter. If ¢ is a parameter in service time, then |PA
estimate for dT/dg isgiven by

M Kns n
oT_ 1 0§
m=1n=K_ +1 i=K +1

where 5 is the service time for customer C;. In this case, perturbations of service times are
accumulated during a busy period, but disappear when next busy period begins under the
deterministic similarity assumption. It has been shown both theoretically and experimentally
that 1PA gives very good estimates for the G/G/1 queue. The main results can be found in
Zazanis[1986].

But thereis adifficulty in applying IPA directly to multiclass networks. Still consider
our G/G/1 example. Suppose we now have two arrival streams which corresponding to two
classes customers, and different class customers have different service time at the server. If
we change, say, the mean interarrival time of class 1 customers, by A, then the arrival order of
two classes customers will be changed sooner or later in the perturbed path. Suppose that this
change happens in the busy period starting with customer Cy.1 1. (see figure.2 where the
second subscript indicate the class of the customer) Let Cy.p,;j denote the nth customer in this
busy period and sq+nj beits service time. Let us assume that Cy+pnj isclass 1 and Cyyneyj IS
class 2 and they are going to change the arrival order in the perturbed path. Then changesin
system time for Cy+n 1 and Cisn+1,2 &€ Sken+1,2+Ak+n1 AN -Scin 1+Ak+n+1,2, respectively.
While Ax+n 1 and Ay4n+1,1 @re both the order of A, but the total change changes in the system
time are now finite. The finite terms in these changes cannot be cancelled out when being
added together, because scn 1=Sk+n+1,2. Therefore, the total average effect in system time
due to arrival order change is now of the order of A and not of A2 and thus not ignorable.

Naively applying IPA will give us biased estimate.



3. Revised IPA algorithm

To overcome the above difficulty, we shall propose a revised version of IPA
algorithm. There are two basic ideas contained in the method. One is viewing a multiclass
customer queue as a single class customer queue. Another is converting finite changes in
system time to infinitesimally small changes. Under this set-up, new perturbation generation
law isobtained. We then apply it in conjunction with the original IPA propagation rule to the
original queue to solve the problem .

To simplify discussions, suppose the multiclass G/G/1 queue we consider here only
has two classes customers. Let the arrival rate or the reciprocal of the mean interarrival time of
classi customer be Aj, and service time of classi customer has mean s, and second moment
0i2(i=1, 2). Let Aj(x) be the p.d.f. (probability distribution function) of interarrival time and
Gi(s) be the p.d.f. of servicetime. Denote T the mean system time of a customer (averaged
over both classes of customers). We wish to estimate o T/dA;.

First, instead of thinking there are two arrival streams coming to the queue, we
superpose them together as one arrival process. The superposed process can be described by
an ordered pair of random variable (Z,V), where Z is"one" or "two" depending on the arrival
which produced the customer. The random variable V is anon-negative real number: thetime
elapsed since the last customer of the component arrival stream which did not produce the
customer in the superposed process. We illustrate the notation in figure.3. Wy, is defined as
the random variable representing the time between the nth and (n+1)th customers in the
superposed arrival process. We let Wg=0. The following results about the properties of the
superposed process can be found in Cherry[1972]. Here we assume that all conditions

needed for these results are satisfied , since they are general enough for our purpose.
Property 1. Stochastic process{Zn, Vn, Wp; n=0} isaMarkov renewal process.

Property 2. The underlying Markov chain has a unique stationary distribution given by:

b[Z,= )] =2 & () d
Prob[Z,=1, V€[V, v+dV)] BT A2(v) vV,
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Mh,
and Prob[Z,=2, V E[v, v+dv)] = A.(V) dv,
AHA,
where A (x) = 1- A (X). )



Property 3. In steady state, we have

Prob[Z=i] = Mooio12 (6)
AMtAo

Property 4. In steady state, the marginal distribution for Wy, is

W, (X) = 1- Prob[W,,=X]

A A - X (AR |
T k !A {00 A(x+v) dv + JAZ(X) A (x+V) dv) (7)
}\'1+7\'2 .

Sinceit isindependent of n, we denote it by W(x).

Property 3 and 4 can be easily derived from property 2. From property 3, we know
that a customer in the superposed arrival process belongs to class 1 with probability d and
class 2 with probability 1-d, where d= A1/(A1+A2). In this sense, we can think the original
multiclass queue is equivalent to a single class G/G/1 queue, in which al the customers are
from one arrival process (superposed process) and the service time of a customer is given by
the following rule: it is equal to ; with probability d and s, with probability 1-d, where s is
the random variable with p.d.f Gj(s). Inthe "equivalent”" queue, we notice that A1 is not only
aparameter in arrival process, but also a parameter in service time through parameter d. Let T
be the mean system time in the equivalent queue, it isobviousthat T=T. Then from the chain

rule we have
dr _ oT , oT od _ ©)
dxl axl od axl

We can evaluate 0d/oA, from the definition of d. We also know that 9T/0A1 can be obtained
using the single class IPA algorithm. Because all customers are now from one arrival
process, their arrival order will remain unchanged. In (3), replacing dx;/06 by dW;/o\, we
then get the IPA estimate for dT/dAh,. The only problem left isto estimate o0T/ad.

If uand v are two independent uniform random variables over [0,1], then by the way
we establish the equivalent queue, we can generate the servicetime as.

s= G if O<u=d
={ 1) e ©

5= G, (v) if d<us1

Now we change d, say, from d to d+Ad (Ad>0). By (9), we see that service time for some



customers may change from s, to s;. Actually this happens when d<u<d+Ad. We then say
that these customers are to be switched. Obviously, switched customers will carry finite
changes in service time. Hence finite changes in system time will be generated by these
switched customers as well. Since IPA can only deal with infinitesimally small changes, it
cannot be used to estimate 0T/od directly. One way to get over this problem is to convert
finite changes to infinitesimal small changes. The basic idea was first introduced by Ho and
Cao [1985] to estimate the derivative of throughput with respect to routing probability in a
Jackson network to smooth the sample path. The method we are going to use was originally
used by Ho and Vakili [1987] to solve the routing problem in a parallel queue network.

Notice the following fact: under the condition that Osu=d (resp. d<u<1), u/d (resp. (1-
u)/(1-d)) is also auniform random variable over [0,1]. So, instead of using (9) to determine

service time we can use

{ G_ll(l- %) O<u=<d
s= (10)

G, ‘i%g) d<us<1

Itisasimple observation that if we generate service time via equation (10), the service time of
every customer changes when d is changed. That is to say we are distributing the finite
changes in service time of switched customersto infinitesimal changesin service time of all
customers.

Now what we are concerned is whether the switched customers can be ignored or not
after we carried out (10). Suppose that lower and upper bounds of servicetime s arel; and
u; respectively (Ii=0 and u; may be +), so Gj(I;)=0 and G;(u;)=1. Assume that G;(s) has

density function gi(s), and g;(s)>0 for l;<s<u;. From equation (10), we can see that when a
customer is switched, i.e. d<usd+Ad, the change in service time is G;(0) - G;(0)+O(Ad) =

l1 - I,+O(Ad). In order to make switched customers ignorable, we need

(A1) I.=1,=0, or more generd, 1= I.

Under the assumption A1, we have the order of Ad change in service time for switched
customers. On the other hand, the probability that customers in the nominal path are to be
switched is also the order of Ad. Therefore, total changes caused by switched customersis of
order (Ad)2 and can be ignored in calculating the first derivative.



After we rule out the possibility that some customers may be switched in the nominal
path, then we can get the perturbation generation rule for service time by differentiating the
both sides of equation (10):

1- G,(9)
dg %S) O<u=d
g_(sj :{ 1 (11)
1-G
- —2(3) d<us<l
(1-d) 9,(9)
In other word,
1- Gl(S) . .
— if customer isclass 1
2 dg,(9
9s _ (12)
—c if customer is class
(1-d) 9,(9)

It means that in (12) we can assume the arrival order of all customers both in nominal and
perturbed path are the same. Thus the perturbation propagation rule is still valid in
constructing the perturbed path viathe origina one.

It now becomes clear that the reason we set up an equivalent queue is because we want
to get better generation rule so that event order changes can be ignored under the new
generation rule. Thereisadistinct difference between the old and the new generation rules.
The former one only perturbs arrival time for class 1 customers. But the later one perturbs
both arrival time and service time for all customers. After getting the new perturbation rule,
we apply it the original multiclass G/G/1 queue, and the way to propagate these perturbations
isstill the same. So, substituting (12) to equation (4), we have | PA estimate for 0 T/ad.

Finally we should point out that the assumption A1 isnot a critical condition for our
method. 1t can be relaxed to general service time distributions by doing some modification on
the generation rule (11) or (12). Since we want to address on the basic idea of our
methodology, we would like not to make our algorithm too complicated by considering the
general case.

4. Analysis and simulation results
We proposed arevised |PA algorithm to estimate the derivatives with respect to the
arrival ratesin amulticlass G/G/1 queue. In this section, the algorithm is evaluated from both



theoretical and experimental aspects. From now on, we call the algorithm we developed
Revised IPA. First we have

Theorem Suppose assumption Al is satisfied. If all arrival processes are Poisson, then the
Revised IPA gives strongly consistent estimate of dT/d\;.

Outline of proof: Sinceall arrival processes are Poisson, we simply have amulticlass M/G/1
gueue. Then we know that the equivalent queue is a single class M/G/1 queue. It has been
shown in Suri and Zazanis [1988] that IPA gives strongly consistent derivative estimate of
mean system time with respect to both arrival rate and mean service time in a M/G/1 queue.
Therefore the IPA estimates for 0T/dA; and 0T/ad are strongly consistent. Substituting the

resultsto (8), the theorem can be finally verified.

So far we cannot offer any theoretical proof to show that the Revised IPA gives
strongly consistent estimate for general multiclass G/G/1 queue. Thisis not only because that
we do not have any close form formula for mean system time, but because it still remains
unproven that IPA provides strongly consistent estimate for single class G/G/1, though
extensive experiment results suggest that it istrue. In what follows, some numerical results
are provided to test our algorithm. In all these experiments, we still focus on estimating
dT/dA;. Since there do not exit close formulas to compute dT/dA; for general multiclass
G/G/1 queue, the brute force (BF) estimates are employed to compare with our Revised I1PA
estimates. We use symmetric difference estimates in the brute force method. The formulais
given by

(0T TO+AM2) - T (h-AM2)

Laxl JBF— o . (13)

The length of every sample path istotal 1,000,000 customers, and we run 100 replications for
every experiment to get the confidence interval at a 95% level by using normal distribution
approximation. The results are present for three traffic intensities p (p=A1S1+A2Sp), namely
for p =0.2, 0.5, ans 0.8. Itisinteresting to notice that |PA estimates have tighter confidence
intervals that BF estimates. Thisisthe variance property mentioned earlier which is retained
inour Revised IPA.
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Experiment.1 A;(x) is uniform distribution over [0, 2/A;]; Gi(s) is exponential distribution
with mean's. (i=1, 2) We choose AA=0.1 for A;=2, AA=0.05 for A;=0.6 and 0.2. The

resultsare givenin table.1

Experiment.2 A;(X) is exponential distribution with Aq; Ax(x) is uniform distribution over
[0,2/\5]; Ga(s) is uniform distribution over [l1, 2s;- 11]; Ga(s) = a(s - 12)3, s=[l,,1+15],
where a is a constant. We choose AA=0.1 for A1=1, AA=0.05 for A1=0.5 and 0.3. The

results are given in table.2.

5. Conclusion

IPA provides very efficient algorithms in estimating derivatives of performancesin
DEDS. The basic assumption used in |PA is that the event orders are the same in both
nominal and perturbed sample path. Thisis equivalent to assume that the event order changes
due to parameter perturbations only produce infinitesimal small changes, not finite changesin
performance measure. The probability that the event order changes happen is usually the same
order of parameter change. Therefore, given the assumption, the total effect caused by
parameter change is then the higher order and can be ignored. But this assumption is usually
violated in most multiclass networks. The goal of Revised IPA isto smooth the discontinuity
(finite changes) of the sample path such that IPA can be applied.

General speaking, there are usually more than one representations to simulate a queue
network. IPA algorithms are certainly related to the way we represent the systems, because
for different representations different rules will be derived to generate the perturbationsin the
nominal sample path. The condition required in IPA may or may not be satisfied under these
generation rules. In Glasserman [1988c], it has been shown that IPA works for one
representation of a birth and death process, but fails for the other representation. The study in
this paper gives another example to illustrate this fact. By finding an equivalent single class
G/G/1 queue representation for the original multiclass G/G/1 queue and applying IPA to the
new representation, we made it to yield consistent estimates of the first derivative of mean
system time including both class 1 and 2 customers in a G/G/1 queue. As yet, we cannot
compute the first derivative of mean system time for individual class of customer. This
problemis still under investigation.
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Ml M| S |S | e BF est. Revised IPA est.
2 12.5]0.3[0.08] 0.8]1.3030 + 0.1189 | 1.2525 + 0.0258
06| 4 |05 [0.05| 05| 0.6563 + 0.1175| 0.6423 + 0.0112
02| 05| 0.6[0.16| 0.2| 0.8124 + 0.0249| 0.8840 + 0.0053
Table.l
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1 [05(0.35( 09| 0.15 | 0.8| 1.5394 + 0.1281| 1.7274 + 0.0723
05(02|08{05| 01 |05/ 1.6043 +0.0642| 1.6615 + 0.0239
03(01]06{02| 0 | 02| 0.6212+0.0151| 0.6359 + 0.0062

Table.2




Proof of theorem: Our proof will be based on the properties of 1PA estimate derived by Suri
and Zazanis[1988] for asingle class M/G/1 queue.

If al arrival processes are Poisson, we simply have a multiclass M/G/1 queue. Then
we know that the superposed process is also Poisson. S0, the equivalent queue is now a
single class M/G/1 queue with arrival rate A=A1+A,. From Kleinrock [1975], we have

formulafor Tand T :

I Yo 14
T=T=5+ 2179 (14)

where s= ds;+(1-d)s, is the mean service time in the equivalent M/G/1 queue and o2 =

do?+(1-d)o? the second moment of service time.

In Suri and Zazanis [1988], it has been proved that for asingle class M/G/1 queue IPA
gives strongly consistent estimate of the first derivative of mean system time of a customer
with respect to arrival rate, i.e.

/ﬂ\ B /aT\ o2
Lax JIPA‘ kaxJEXACT‘ 2(1-18)2 (13)
oW OW. ah W, (o) _ 1) _ o
B i i _ i h — = = = — 16
oA N1 ON Ny OA  We avekaMleA L(??»JIPA 2(1-18)? (19

It also has been shown in Suri and Zazanis [1988] that by using IPA in asingle class M/G/1
gueue we can express the sensitivity of T with respect to any parameter, say, d as

(< 0S) (9s )
(G—T] _gfos), M Bad] XZOZELadJ. (17)
od ) ad 1-As 2(1-A9)°

From equation (4), and using assumption A1 we can get

—= .= (los)_ 1
=]=3-5, and ELSa—d)_E(Gi_OZ) (18)

Substitute (18) into (17):
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(5T) Mof-0p) 10’ (5-8)

lod) o &% 2039 T e

2,_ _

Mo%- 09) + A (5,05 - 5,0 (19
2(1-08)°

Therefore, from the chain rule and (1) we obtain the IPA estimate for dT/dA4,

=SS

__o* . ((31‘ S,)+ MO? 0§)+ xz(glgg i ézoi)\ )
2(1-08)° ( 2(1-08)° J %
_ M(S-S)) + (1-d)(07 - o)+ 1)(8,03 - 5,07)+dor+(1-d) o
A 2(1-08)°
_M(8°S)) N 07+1,(8,03 - 5,09) (20)
2 2(1-13)>

But by direct substitution of the definition of sand 62 into (14) we get the theoretical value for
dT/dAq:
ar _ A(51°8)) + 01+h,(8,05 - §,07)
dh, 2 2(1-08)°
So, we prove that Revised |PA agorithm gives the strongly consistent estimate for dT/dA.;.

(21)




