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Abstract

In this paper, we consider the traffic grooming, routing, and wavelength
assignment (GRWA) problem for optical mesh networks. In most previous
studies on optical mesh networks, traffic demands are usually assumed to be
wavelength demands, in which case no traffic grooming is needed. In prac-
tice, optical networks are typically required to carry a large number of lower
rate (sub-wavelength) traffic demands. Hence, the issue of traffic grooming be-
comes very important since it can significantly impact the overall network cost.
In our study, we consider traffic grooming in combination with traffic routing
and wavelength assignment. Our objective is to minimize the total number
of transponders required in the network. We first formulate the GRWA prob-
lem as an integer linear programming (ILP) problem. Unfortunately, for large
networks it is computationally infeasible to solve the ILP problem. Therefore,
we propose a decomposition method that divides the GRWA problem into two
smaller problems: the traffic grooming and routing problem and the wave-
length assignment problem, which can then be solved much more efficiently. In
general, the decomposition method only produces a near optimal solution for
the GRWA problem. However, we also provide some sufficient conditions un-
der which the decomposition method gives an optimal solution. Finally, some
numerical results are provided to demonstrate the efficiency of our method.
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1 Introduction

Wavelength division multiplexing (WDM) is now being widely used for expanding
capacity in optical networks. In a WDM network, each fiber link can carry high-rate
traffic at many different wavelengths, thus multiple channels can be created within a
single fiber. There are two basic architectures used in WDM networks: ring and mesh.
The majority of optical networks in operation today have been built based on the ring
architecture. However, carriers have increasingly considered the mesh architecture
as an alternative for building their next generation networks. Various studies have
shown that mesh networks have a compelling cost advantage over ring networks.
Mesh networks are more resilient to various network failures and also more flexible
in accommodating changes in traffic demands (e.g., see [7, 12, 25] and references
therein). In order to capitalize on these advantages, effective design methodologies
are required.

In the design of an optical mesh network, traffic grooming, routing, and wave-
length assignment are some of the most important issues that need to be consid-
ered. The problem of traffic grooming and routing for mesh networks is to determine
how to efficiently route traffic demands and at the same time to combine lower-rate
(sub-wavelength) traffic demands onto a single wavelength. On the other hand, the
problem of wavelength assignment is to determine how to assign specific wavelengths
to lightpaths, usually under the wavelength continuity constraint. In previous studies
on the routing and wavelength assignment (RWA) problem (e.g., see [17, Chapter 8]
and references therein), the issue of grooming has largely been ignored, i.e., it has
been assumed that each traffic demand takes up an entire wavelength. In practice,
this is hardly the case, and networks are typically required to carry a large number
of lower rate (sub-wavelength) traffic demands.

The traffic grooming problem has been considered by several researchers for ring

networks (e.g. see, [4, 6, 8, 9, 10, 13, 14, 18, 19, 20, 22, 24]), and is only considered



recently in [23] for mesh networks. The objective considered in [23] is either to
maximize the network throughput or to minimize the connection-blocking probability,
which are operational network-design problems. Alternatively, a strategic network-
design problem is to minimize the total network cost.

Typically, the cost of a nation-wide optical network is dominated by optical
transponders and optical amplifiers. If one assumes that the fiber routes are fixed,
then the amplifier cost is constant, in which case one should concentrate on mini-
mizing the number of transponders in the network. Grooming costs should also be
considered. However, under realistic assumptions of either a low-cost interconnect
between grooming equipment and transport equipment, or integrated (long-reach)
transponders on the grooming equipment, then the relative cost of the grooming
switch fabric is negligible, and minimizing transponders is still the correct objective.
In addition, the advent of Ultra Long-Haul transmission permits optical pass-through
at junction nodes, hence, requiring transponders only at the end of the lightpaths.

Though the number of transponders has been used as an objective function in
many studies on ring networks, it has not been considered at all for mesh networks.
The objective functions that have been considered for mesh networks so far include:
the blocking probability, the total number of wavelengths required, and the total
route distance.

In this paper, we consider the problem of traffic grooming, routing, and wavelength
assignment (GRWA) with the objective of minimizing the number of transponders in
the network. We first formulate the GRWA problem as an integer linear programming
(ILP) problem. Unfortunately, the resulting ILP problem is usually very hard to
solve computationally, in particular for large networks. To overcome this difficulty,
we then propose a decomposition method that divides the GRWA problem into two
smaller problems: the traffic grooming and routing (GR) problem and the wavelength
assignment (WA) problem. In the GR problem, we only consider how to groom and

route traffic demands onto lightpaths (with the same objective of minimizing the



number of transponders) and ignore the issue of how to assign specific wavelengths to
lightpaths. Similar to the GRWA problem, we can formulate the GR problem as an
ILP problem. The size of the GR ILP problem is much smaller than its corresponding
GRWA ILP problem. Furthermore, we can significantly improve the computational
efficiency for the GR ILP problem by relaxing some of its integer constraints, which
usually leads near-optimal solutions for the GR problem. Once we solve the GR
problem, we can then consider the WA problem, in which our goal is to derive a
feasible wavelength assignment solution.

We note that the WA problem has been studied by several researchers before (e.g.,
see [5, 1, 15, 16, 17, 21, 2] and references therein). However, the objective in all these
studies has been to minimize the number of wavelengths required in a network, in some
cases by using wavelength converters. In general, the use of additional wavelengths
in a network only marginally increases the overall network cost as long as the total
number of wavelengths used in the network does not exceed a given threshold (the
wavelength capacity of a WDM system). This is mainly because the amplification
cost is independent of the number of wavelengths. In recent years, the wavelength
capacity for optical networks has increased dramatically. For example, with most
advanced techniques, a single WDM system on a pair of fibers can carry up to 160
10G-wavelengths or 80 40G-wavelengths. Of course, once the wavelength capacity is
exceeded, then a second parallel system (with another set of optical amplifiers) needs
to be built, which would then substantially increase the network cost. Therefore,
assuming a single WDM system on all fiber routes fixes the amplifier cost, then one
should focus on minimizing the number of transponders in the network, which is
already taken into consideration in the GR problem. In this setting, the objective
in our WA problem is to find a feasible wavelength assignment solution under the
wavelength capacity constraint.

It is clear that in general the decomposition method would not yield the optimal

solution for the GRWA problem. However, we will provide sufficient conditions under



which we show that the decomposition method does produce an optimal solution
for the GRWA problem. Under these sufficient conditions, we also develop a simple
algorithm that finds a wavelength assignment solution.

The rest of this paper is organized as follows. In Section 2, we present the GRWA
problem and demonstrate how it can be formulated as an ILP problem. In section
3, we first present our decomposition method. We then provide an ILP formulation
for the GR problem and develop an algorithm for solving the WA problem. We
also discuss under what conditions the decomposition method produces an optimal
solution for the GRWA problem. Some numerical results are provided in Section 4.

Finally, a conclusion is given in Section 5.

2 The GRWA Problem

An optical network architecturally has two layers: a physical layer and an optical
layer. The physical layer consists of fiber spans and nodes and the optical layer
consists of lightpaths (optical links) and a subset of nodes contained in the physical
layer. A lightpath in the optical layer is a path connecting a pair of nodes via a set of
fiber spans in the physical layer. Throughout this paper, we assume that lightpaths
and their routes in the physical layer are given. In practice, the selection of lightpaths
is another important design issue that needs to be addressed, which is beyond the
scope of this paper.

We use graph Gy = (V, E) to represent the physical layer, where E is the set of
edges representing fiber spans and V/ is the set of nodes representing locations which
are connected via fiber spans. We use graph G, = (V,, L) to represent the optical
layer, where L is the set of edges representing lightpaths and V,, C V} is a subset of
locations that are connected via lightpaths. Each edge in L corresponds to a path
in Gy. For ease of exposition, we first assume that G, is a directed graph (i.e., the
lightpaths are unidirectional). The extension to the undirected graph case is quite

straightforward and will be discussed later in this section (basically, we can simply



replace every undirected edge with two directed edges).

The GRWA problem concerned in our study can be described as follows. Assuming
that a set of traffic demands are given (some of them are of low rate, i.e., sub-
wavelength), our goal is to find an optimal way to route and groom these demands in
the optical layer, G,, and also to assign a set of specific wavelengths to each lightpath
so that the total number of transponders required is minimized. There are two key
constraints we need to take into consideration in this problem: 1) the wavelength
capacity constraint for each fiber span, and 2) the wavelength continuity constraint
for every lightpath, i.e., the same wavelength(s) needs to be assigned to a lightpath
over the fiber spans it traverses. In this problem setting, the number of transponders
required for each lightpath is equal to twice the number of wavelengths assigned
to it (one transponder for each end of each wavelength on a lightpath). Therefore,
by grooming several low rate demands onto a single wavelength, we can potentially
reduce the total number of wavelengths required by the lightpaths, thus the number
of transponders.

The GRWA problem can be formulated as an integer linear programming (ILP)

problem. First, we need to introduce some necessary notation:

W: the set of wavelengths available at each fiber;
D: the set of traffic demands;

sq: the size of demand d € D;

g: the capacity of a single wavelength;

A: = [ay,]jv,|x|L|, the node-edge incidence matrix of graph G, where

1 if lightpath [ originates from node v,
a,; = —1 iflightpath | terminates at node v,
0 otherwise;



B: = [beg]igx ||, the fiber-lightpath incidence matrix, where

1 if fiber span e is on lightpath [,
be; = i
’ 0 otherwise;

Ug: = [Upd]vev,, the source-destination column vector for d € D, where
1 if v is the starting node of d,

Uyg = —1 if v is the end node of d,
0 otherwise;

T4 = [%14ier, the column vector containing lightpath routing variables for d € D,

where

S 1 if demand d traverses lightpath [;
{71 0 otherwise;

Yuw: = [Yiwlier, the column vector containing wavelength assignment variables for

w € W, where

_ | 1 if wavelength w is assigned to lightpath [;
Yw =19 0 otherwise;

1: =[1,1,...,1], the unit column vector.

Then the GRWA problem can be formulated as the following ILP problem (which
we shall refer as the GRWA ILP problem):

mn Yy

weW,IEL

S.t. Axg = uy de D (1)
By, <1 weWw (2)
Yo sata<g Y Yw LEL (3)
deD weEW

x and y are binary variables.

where the objective function 3,y cr, Yw, is the total number of wavelengths assigned
to all lightpaths, which is equivalent to minimizing the total number of transponders

needed. The three constraints are



e (1) is the flow balance equation, which guarantees that the lightpaths selected

based on x4 constitute a path from the starting node of d to the end node of d.

e (2) implies a single wavelength along each fiber span can be assigned to no more

than one lightpath.

e (3) is the capacity constraint for lightpath [, since Y 4cp Sa%iq is the total
amount of demands carried by lightpath [, and g 3 ,,cy Y1, 1s the total capacity
of lightpath .

We refer the type of the network considered above as the basic model. There are

several variations of the basic model, which include
1. Networks with both protected and unprotected demands;
2. Networks in which lightpaths are undirected;

3. Networks with non-homogeneous fibers where different types of fiber may have

different wavelength capacities;
4. Networks in which demand exceeds a single WDM system per fiber pair.

To illustrate how the ILP formulation for the basic model can be extended, we consider

the first two cases in the remaining of this section.

2.1 Protected demands

In the basic model, we assume that each traffic demand only requires one path, i.e.,
it is unprotected. However, in many applications, some demands may need to be
protected, i.e., they require two paths: one working path and one protection path,
which do not share any common fiber span. Our ILP formulation can be easily
modified to accommodate protected demands. However, we need some additional

variables for protected demands.



DP: C D, the subset of demands that need protection;

Ty = [2] glicr, the column vector containing lightpath routing variables for the

protection path of d € DP, where

» 1 if the protection path of demand d traverses lightpath [;
x . = :
Ld 0 otherwise;
240 = [%e.d)eck, the column vector containing fiber routing variables for the working

path of d, where

_ | 1 if (the working path of) d traverses fiber e;
Fed =1 otherwise;

zg: = |20 4lecm, the column vector containing fiber routing variables for the protec-
tion path of d, where

. 1 if the protection path of d traverses fiber e;
&4 1 0 otherwise.

Then the ILP formulation for the GRWA problem with both unprotected and pro-

tected demands is as follows:

min Z Yuw,l

weW,leL

st.  Azg=uy de D
Az = ug de D" (4)
Bzg < kz4 de DP
Bal < k2l de DP (5)
2+ <1 de DP (6)
By, < 1 weW (7)
> satiat Y 5atig <9 Y Y lel (8)
deD deDp weW

x, y, and z are binary variables,

where k is a very large positive constant, e.g., we can set k = |W|. Here are some

explanations on the additional constraints we introduced:



e Each element in Bz, (resp. Bal) indicates the number of lightpaths on the
working (resp. protection) path of d that contain a particular fiber span. Note
that a fiber span may be contained in more than one lightpath on a working or
protection path, which implies that a demand may traverse a fiber span more

than once. Since z4 is binary, k is needed in (5).

e (6) ensures that the working path and the protection path do not share any

common fiber span.

2.2 Undirected Lightpaths

As pointed out earlier, in the basic model we assume that all lightpaths are unidi-
rectional. We now consider the case in which all lightpaths are undirected, i.e., the
optical layer graph G, is undirected. We can easily convert this undirected model
to the basic model. We first replace each undirected edge [ € L with two opposite
directed links /' and /2, each representing a unidirectional lightpath and having the
same end-nodes and the same fiber path as that of I. Let 2 = [y glier, (1 = 1,2),

where

[ 1 if demand d traverses lightpath [;
Tii.d 0 otherwise.

Then the GRWA problem with undirected lightpaths can be formulated as the fol-

lowing ILP:

min Yy

weW,leL

st Alw)—123) = uy deD (9)
By, <1 wewWw (10)
> salrg+23) <9 Y Y lel (11)
deD weW

x and y are binary variables.
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3 A Decomposition Method

In the previous section, we formulated the GRWA problem as an ILP problem, how-
ever, it may not be computationally feasible to solve the ILP problem, particularly
for large networks (e.g., see numerical results in Section 4). Therefore, it is necessary
to find more efficient ways to solve the GRWA problem. In this section, we propose
a decomposition method that divides the GRWA problem into two smaller problems:
the traffic grooming and routing (GR) problem and the wavelength assignment (WA)
problem. In the GR problem, we only consider how to groom and route demands
over lightpaths and ignore the issue of how to assign specific wavelengths to light-
paths. Based on the grooming and routing, we can then derive wavelength capacity
requirements for all lightpaths. Similar to the GRWA problem, we formulate the GR
problem as an ILP problem. The size of the GR ILP problem is much smaller than
its corresponding GRWA ILP problem. Furthermore, we can significantly improve
the computational efficiency for the GR ILP problem by relaxing some of its integer
constraints, which usually leads to near-optimal solutions for the GR problem. Once
we solve the GR problem, we can then consider the WA problem, in which our goal is
to derive a feasible wavelength assignment solution that assigns specific wavelengths
to lightpaths based on their capacity requirements derived in the GR problem.

It is obvious that in general the decomposition method would not yield the optimal
solution for the GRWA problem. However, we will provide sufficient conditions under
which we show that the decomposition method does produce an optimal solution for
the GRWA problem. We also develop a simple algorithm that finds a wavelength
assignment solution under these sufficient conditions.

For ease of exposition, in the rest of this section we focus exclusively on the basic
model. However, similar to the GRWA problem, our results can be easily extended

to more general models.
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3.1 The GR Problem

Let t = [t;]ier, a column vector containing lightpath capacity decision variables, where
ti = Y wew Yiw is the number of wavelengths needed for lightpath [ € L. Then, the

GR problem can be formulated as:

min Z t

lel

S.t. Azg = uy de D (12)
Bt < W1 (13)
Z S4T1,d < gty lelL (14)
deD

x binary variable and ¢ integer variable.

We refer the above ILP problem as the GR ILP problem. We now present the

following result:

Theorem 1 Ifx and y are feasible solutions for the GRWA ILP problem, then x and

t are feasible solutions for the GR ILP problem, where t = Y, cw Yu-

Proof We first note that by summing over w € W in (2) it leads to (13). Secondly,
(3) is the same as (14). Hence, the result follows. |

Based on Theorem 1, it is clear that

Theorem 2 If x and t are the optimal solutions of the GR ILP problem, and there
exists a binary y such that 3 ,cw yw =t and By, <1 for w € W, then x and y are
the optimal solutions of the GRWA ILP problem.

Obviously, the GR ILP problem is much easier to solve than the GRWA ILP
problem since it has less integer variables and less constraints (e.g., see numerical
examples in Section 4). More importantly, we can now relax the integer constraint

on t in the GR ILP problem and solve a relaxed mixed ILP problem and then round
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up the values of ¢ to obtain a solution for the GR problem. This would dramatically
improve the computational efficiency. On the other hand, the relaxation approach
is much less effective for the GRWA ILP problem since all its decision variables are
binary. Various additional improvements can be made for this relaxation method. In
general, if most lightpaths have relatively high wavelength counts, then the relaxed
GR ILP problem often produces very good solutions for the GR problem, as illustrated

by our numerical examples in Section 4.

3.2 The WA Problem

The WA problem of our interest is to find a binary solution y such that

Zyw:t and By, <1 forwe W,
weWw

where t is a feasible (or optimal) solution of the GR problem. This problem can be
viewed as an ILP problem (without an objective function), which is much easier to
solve than the GRWA ILP and the (relaxed) GR ILP problems. For example, it can
be solved for networks with a few hundred nodes and lightpaths in seconds or minutes
by using commercially available LP software, e.g., CPLEX. Based on Theorem 2, we
know that if x and ¢ are optimal solutions of the GR problem and the WA problem
has a feasible solution y, then z and y are optimal solutions of the GRWA problem.
In case when we cannot find a feasible solution for the WA problem, we can either
increase the number of wavelengths in 17 in the WA problem (note that we can always
find a feasible solution for the WA problem if W has enough wavelengths), or we can
use W* C W in the GR problem (specifically, replace |W| with |[W*| in (13)) but
still use W in the WA problem. Obviously, the latter approach is preferred in which
case the decomposition method provides a feasible solution for the GRWA problem.
An alternative approach is to use wavelength conversion via lightpath regeneration,
which is equivalent to modifying L by breaking select lightpaths into two or more

lightpaths. In addition, there are other possible remedies available to alleviate the
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infeasibility of the WA problem.

Though the WA problem can be solved as an ILP problem, it is also possible to
solve it directly based on some heuristic algorithms (e.g., see [5]). In what follows,
we consider a special type of the GRWA problem, in which the lightpaths satisfy a
certain condition. Under such a condition, we show that a feasible solution for the
corresponding WA problem can always be found, and we also develop an algorithm
for finding a feasible solution. Without loss of generality, we assume that the required
capacity of every lightpath is one wavelength. For a lightpath whose required capacity
is more than one wavelength, we can treat it as several identical parallel lightpaths,
each of which has capacity of one wavelength. Let p, (e € E) be the number of
lightpaths that traverse fiber span e, and p = max.cg p., which is the minimum
number of wavelengths required for the network.

We now convert the WA problem to a special coloring problem for a bipartite
graph. First, we construct a bipartite graph G = (U, V, C') based on the WA problem

as follows:
1. Each node in U represents a lightpath;
2. Each node in V represents a fiber span;

3. Two nodes (one in U and one in V') are connected by an edge in C' if and only

if the corresponding fiber span is on the corresponding lightpath.
Define
Cy: = {c € C| uis an end-node of ¢}, u € U;
Cy: = {c € C| v isan end-node of ¢}, v € V;
Vi ={veV| (u,v) e C},uel,

Uy ={uelU|(uv)eC} velV,

14



te: the end-node of ¢ € C' in U;
v.: the end-node of c € C'in V.

We now introduce the following coloring problem for the bipartite graph G.

Definition (The Coloring Problem) We want to color all nodes in U and all edges
in C so that Yu € U,v € V: 1) the edges in C,, all have the same color as u, and 2)

no two edges in C,, have the same color.

If we let each color represent a wavelength, then it is not difficult to prove
Theorem 3 The WA problem is equivalent to the coloring problem for G.

It is worth noting that the WA problem can also be converted to a classical
node coloring problem (e.g., see [17, Section 8.5]), which is different from the coloring

problem we introduced above. We now present an algorithm for the coloring problem.

Algorithm 1 (for the coloring problem)
1. Select an initial node uy € U (arbitrarily), and color uy and C,, with one color.
2. Suppose V,,, = {vi,va,...,vc}. Set Uy = {ug} and Cy = C,,. For i =1 to k, do

(a) Color every edge ¢ € C,,\ Up<j<; C; such that no two edges in C,, share
the same color (note that C,,\ Uy<;<; C; is a subset of edges in C,, which

are not colored yet).

(b) For ¢ € C,,\ Up<j<i Cj, color u, and C,, with the same color as ¢ (note

c€Cly,).
(c) Let
Ui = {u] c € Cy\ Ui Cj},
Ci — UuGUiCu\O’Uu
‘/; = UuEUiVU\{Ui}‘
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We note that U; is the set of nodes that are colored in Step 2(b), C; is the
set of edges that are colored in Step 2(b), and V; is the set of nodes in V'

that are connected to the edges in Cj.

3. Fori=1,2,...,k, apply the procedure in Step 2 to V; (with V,,, being replaced
with V;), and continue until all the elements in £ and U are colored (note that
since all edges connected to nodes in V,,, have been colored in Step 2, we can

simply replace V; by Vi\V,,)-
The following properties associated with Algorithm 1 can be easily verified:

Proposition 1
1. Every node in V; is connected to at least one node in U; via an edge in C;.
2. For1<j<i,v;¢&V;
3. UinU; =0 (i#3);
4. If u € U;, then it is not connected to nodes {vy,...,v;_1};

5. If VinV; # 0 (i # j), then there exists a cycle in G with one node in U; and

one node in Uj;

6. If a node is connected to one node in U; and another node in U; through two
paths in the subgraph whose nodes are (U\ Uo<p<i Up, V\V,,), then there exists

a cycle in G with one node in V; and one node in V.

Proof First note that U; C U,, is the subset of nodes in U,, which are not colored

yet, C; is the subset of edges in U,cp,C,, which are not colored yet, and V; = {v. €
V| S Cz}

1. By definition.

16



2. For 1 < j <4, it is clear that all the edges in C,, have been colored at the end
of Step 2(a) (for V;). On the other hand, for any node v € V;, at least one edge
in £, is not colored at the end of Step 2(a) since V; = {v. € V| ¢ € C;}. Hence,
v; ¢ Vi.

3. All nodes in U; (and their associated edges) are colored at the end of Step 2(b)

and they will not be considered again in later iterations.

4. It u and v; were connected (1 < j < i), u would have been colored at the end

of Step 2(b) for Vj}, i.e., u € U;. But this contradicts to U; N U; = 0.

5. Suppose v € V; NV;. Based on (1), v is connected a node in U;, say u;, and
another node in Uj;, say u;. Furthermore, u; and u; are connected to v; and v,
respectively, which are then connected to ug. Therefore, we have a cycle with

nodes v, u;, v;, Ug, Vj, ;.
6. The same argument used in (5) can be applied here as well. |

In general, one needs to be careful about what colors to use in Step 2(a) of
Algorithm 1, otherwise it is possible that it may not produce a feasible solution
for the coloring problem. For example, consider the following example in which
Vo = {v1, 02}, Uy = {u1}, Uy = {uz}, and V; =V, = {v}. If we use the same color
to color u; and usy, then we have to use the same color to color the corresponding two
edges in C),, which is not permissible. Therefore, we have to color u; and uy with
different colors.

It is clear that the number of different colors needed in the coloring problem is
at least p. In what follows, we provide a sufficient condition under which p different
colors are enough to solve the coloring problem. First we need to introduce the

following definition.

Definition G is a complete bipartite graph if every node in U is connected to every
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node in V. A cycle in G is a complete cycle if the subgraph produced by its nodes is

a complete bipartite graph, otherwise, it is a non-complete cycle.

The bipartite graph G contains a non-complete cycle if and only if there exist a
set of lightpaths {l1,ls,...,l} C L such that [; and ;44 (i =1,...,k and lx;1 = [1)
share at least one common fiber span and there is at least one fiber span that is shared
by some but not all lightpaths in {l1,ls,...,l;}. The network depicted in Figure 1
is an example whose corresponding bipartite graph G has a non-complete cycle. The
network has four nodes (A, B, C, D), three fiber spans (A-B, B-C, C-D), and three
lightpaths (A-B-C, C-B-D, D-B-A).

Figure 1: A 4-Node Network

Theorem 4 If G does not contain any non-complete cycle, then Algorithm 1 can

produce a feasible solution for the coloring problem which only needs p colors.

Proof Since G does not contain any non-complete cycle, based on (4) and (5) in
Proposition 1 we have V; N'V; = (. Hence, when coloring edges in C,,\ Uo<j<i Cj
(1t = 1,2,...,k), we can use arbitrary colors, and it guarantees that the coloring
method in Step 2(b) is permissible (i.e., no two edges in C, have the same color,
where v € Ui<;<V;). Using the same argument along with (6) in Proposition 1, it is

not difficult to show that we can use arbitrary colors in Step 2(a) for V; (i = 1,2,..., k)
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and the coloring method in Step 2(b) is still permissible. Repeat this argument, we
can show that in Algorithm 1 we can use arbitrary colors in Step 2(a) and obtain
a feasible solution for the coloring problem. Since colors used in Step 2(a) can be
arbitrary, the maximum number of different colors needed throughout Algorithm 1

should be no more than p. This completes our proof. |

Theorem 4 implies that if G' does not contain any non-complete cycle, we can find
a solution for the WA problem which only needs p wavelengths. In [5], the problem of
whether the WA problem can be solved with p wavelengths was also studied. However,
we believe that the result there (Theorem 2 in [5]) is incorrect, which states that if
a network is acyclic then its WA problem can be solved with p wavelengths. The
network in Figure 1 is a counterexample to this result. It is a tree (hence acyclic).
Clearly we have p = 2, but need three wavelengths for its WA problem.

Since ¢ in the WA problem is a feasible solution for the GR problem, i.e., Bt < W1.

Hence, we have p < |WW|. This, together with Theorem 4, leads to the following results:

Theorem 5 If graph G does not contain any non-complete cycle, Algorithm 1 pro-
duces a feasible solution for the WA problem, and the decomposition method gives an

optimal solution for the GRWA problem.

In case that G contains non-complete cycles, let ¢* be the minimum number of
nodes in U (i.e., the minimum number of lightpaths) that need to be removed from G
so that the remaining portion of G does not contain any non-complete cycles. Then

we have

Theorem 6 There exists a feasible solution for the WA problem which required at
most ¢*+p wavelengths. Therefore, if c*+p < |W/|, then we can find a feasible solution
for the WA problem and the decomposition method still gives an optimal solution for

the GRWA problem.
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Before closing this section, we should point out that the result in Theorem 6
may be further refined, which can lead to better upper bounds on the number of

wavelengths required for the WA problem.

4 Numerical Results

In this section, we present four sets of numerical examples. All ILPs and mixed
ILPs were solved by using CPLEX 7.0 on a Dell Precision 420 PC with two 1GHz
processors. We compare the numerical results obtained based on the three methods
proposed in the previous two sections: the GRWA ILP formulation, the decomposition
method combined with the GR ILP formulation, and the decomposition method
combined with the relaxed GR ILP formulation. The run time for the decomposition
method includes the run times for both the (relaxed) GR ILP problem and the WA
problem. The run time for the WA problem in all four examples is very fast (it is
less than a second in the first three cases and less than 3 seconds in the last case).
Our numerical results clearly indicate that the decomposition method combined with
the relaxed GR ILP formulation produces quite good results with reasonably fast run

times.

Example 1. This is relatively small network with 12 nodes, 17 fiber spans, 24
lightpaths, and 104 traffic demands. For this example, we were able to obtain the
optimal solution based on the GRWA ILP formulation. The results are presented in
Table 1.

‘ H Run Time ‘ Solution ‘
GRWA ILP 400 seconds 128
Decomposition with GR ILP 80 seconds 128
Decomposition with Relaxed GR ILP 2 seconds 136

Table 1: Numerical results for Example 1.

Example 2. The network we consider in this example has 30 nodes, 38 fiber spans,

47 lightpaths, and 242 demands. The results are presented in Table 2. For the GRWA
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ILP problem, we stopped the CPLEX program after 75 hours and obtained a feasible

solution with objective value 249.

‘ H Run Time ‘ Solution ‘
GRWA ILP >75 hours 249
Decomposition with GR ILP 37 hours 189
Decomposition with Relaxed GR ILP || 12 seconds 202

Table 2: Numerical results for Example 2.

Example 3. The network in this example has 49 nodes, 75 fiber spans, 155 lightpaths,
and 238 demands. It is a medium size network. For this example, the decomposition
method based on the relaxed GR ILP problem produced a solution with value 345 in
about 13 minutes, while the CPLEX program did not even return a feasible solution
for the GRWA ILP and GR ILP problems after 40 hours (at which point we stopped
the program). We were also able to obtain a lower bound (based on the GR ILP
problem) 328 for the objective function. Hence, the solution provided by the relaxed
GR ILP based decomposition method is within 5% of the lower bound. We also point

out that the WA problem was solved in 0.37 seconds for this example.

| | Run Time | Solution |

GRWA ILP >40 hours | No Solution
Decomposition with GR ILP >40 hours | No Solution
Decomposition with Relaxed GR ILP || 13 minutes 345

Table 3: Numerical results for Example 3.

Example 4. The network in this example has 144 nodes, 162 fiber spans, 299
lightpaths, and 600 demands. It is a relatively large network (a typical size for a
nation-wide network). For this example, the method based on the relaxed GR ILP
problem produced a solution in about 38 minutes, and the CPLEX program did not
even return a feasible solution for the GRWA ILP and GR ILP problems after 100
hours (at which point we stopped the program). The WA problem in this case was

solved in 2.67 seconds for this example.
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| | Run Time | Solution |

GRWA ILP >100 hours | No Solution
Decomposition with GR ILP >100 hours | No Solution
Decomposition with Relaxed GR ILP || 38 minutes 431

Table 4: Numerical results for Example 4.

5 Conclusion

We studied the GRWA problem for optical mesh networks and proposed a decompo-
sition method based on both ILP formulation and its relaxed version. In the decom-
position method, we divided the GRWA problem into two smaller problems: the GR
problem and the WA problem, both of which are much easier to solve compared to the
original GRWA problem. We also provided some necessary conditions under which
we proved that the decomposition method in fact produces an optimal solution for
the GRWA problem. In general, our numerical results showed that the decomposition
method produces quite good approximate solutions with relatively short run times
and it can be used to solve the GRWA problem for large optical mesh networks (with

a few hundred nodes and fiber spans).
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