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Abstract

The correlations in the arrival processes in the
Internet are very significant since voice, video and
data are transported simultaneously over high speed
links. Detailed knowledge of the behavior of the ar-
rival processes is of paramount importance in traffic
engineering and network optimization. In this paper,
we propose to use Markov-modulated arrival processes
to approzimate the correlated arrival processes in the
Internet. Two approximate procedures are developed
to evaluate the parameters of the underlying Markov
chain and the conditional density functions given a
few moments and the lag-1 autocorrelation of the ar-
rival process. The resulting queueing system can be
analyzed using the existing techniques for the G/G/1
queue with Markov-modulated arrival processes. We
also show how our model can be used in connection
admission control (CAC).

Keywords: Internet; ATM Networks; Autocorrela-
tions; Markov-Modulated Arrival Processes, CAC.

1 Introduction

The field of communication systems has been wit-
nessing tremendous growth with the development of
many complex devices and mechanisms that have
helped the explosive growth of the Internet. Inte-
grated communication systems have been designed to
facilitate the transport of video and voice along with
data and messages. High-speed routers, Frame Relay
and Asynchronous Transfer Mode (ATM) are some
examples. The arrival distributions in these networks
are typically bursty and highly correlated. The anal-
ysis of queues with correlations in the input distribu-
tions have posed serious difficulties to the researchers
and the practitioners alike. In spite of the remark-
able progress achieved in this area, these systems are
still not understood completely. Ignoring correlations
often leads to high levels of inaccuracy in the perfor-
mance measures (see Girish and Hu 1996a and Girish
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1996). A simulation study reported in Livny et al.
(1993) considered a single server queue with correla-
tions. Their results point to the fact that the average
waiting time deviates considerably from that of esti-
mations by ignoring the correlations.

Traffic management in the Internet backbone
nodes is a complex task given the large number of
switched and permanent virtual circuits that demand
differing Quality of Service requirements from the
network. In order to have effective network design,
operation and control, one needs to be able to have ac-
curate performance evaluation mechanisms in place.
The typical performance measures of interest are the
distributions of the congestion measures such as the
waiting time, buffer occupancy and buffer overflow
probabilities.

One of the few models used to study correlated
queues is the G/G/1 queue with Markov-modulated
arrivals (MAP). For a review on Markov-modulated
queues, see Prabhu and Zhu (1989) and the references
therein. The MacLaurin series for the moments of the
waiting and system time for this system were derived
in Zhu and Li (1993) and for the moments and the
lag-1 autocorrelation of the interdeparture time were
derived in Girish and Hu (1996b,c). It was shown
that Padé approximation is very effective in estimat-
ing these performance measures from their MacLau-
rin series. Refer to Baker (1975) and Petrushev and
Popov (1987) for a comprehensive treatment of the
theory of Padé approximation. Most of these models
assume that the interarrival and service time distri-
butions are known and aid in performance evaluation
of the resulting queue. But, in practice, these in-
put distributions need to be approximated from some
measurable quantities. Moreover, very little work has
been done in the area of modeling correlated arrival
processes. It is the intent of this paper to develop
simple schemes to approximately characterize the ar-
rival processes given some specific information about
them.

The dependence properties of the arrival pro-
cesses in packet-switched networks have been stud-



led widely. lhe walting time distripution and queue
size for a queue with gamma distributed arrival pro-
cess with a special Markovian structure and i.i.d. ex-
ponentially distributed service time were studied by
Tin (1985). Heffes and Lucantoni (1986) developed
methods to model packetized voice and data using
Markov-modulated Poisson processes. Fendick et al.
(1989) investigated correlated single server queues un-
der heavy traffic conditions using the concept of in-
dex of dispersion. Simple approximations using the
lag-1 autocorrelations for the single server queue and
tandem queueing networks were proposed in Whitt
(1984).

In many communication networks, including the
Internet, often only a few parameters of the arrival
processes are known. For example one can easily esti-
mate the first few moments and the autocorrelations.
But, it becomes increasingly difficult and computa-
tionally complex to measure and store or in some
cases even impossible to estimate the other charac-
teristics. In order to analyze the queue which have
these parameters characterizing the arrival process,
we need to approximate this by a suitable interarrival
time distribution. This can then facilitate the use
of several available tools to analyze and estimate the
performance measures of this system. Motivated with
this observation, we develop two procedures to ap-
proximately model a Markov-modulated Arrival Pro-
cess given a few parameters of the arrival process. In
both cases, we use a two-state Markov chain for the
sake of simplcity. We believe that this can be general-
ized to accommodate and incorporate other features.
In the first case, given the first two moments and the
lag-1 autocorrelation we approximate the conditional
distributions as Poisson processes. In the second case,
given the first three moments and the lag-1 autocor-
relation we approximate the conditional distributions
by mixed Erlang distributions. We have proposed
the use of mixed Erlang distributions only for illus-
trative purposes. It should be borne in mind that any
other suitable probability distributions can be used to
match the moments.

We are also motivated through another problem.
Most popular schemes in the performance evaluation
of general queueing networks is based on the con-
cept of parametric decomposition. The main idea in
this approach is to decompose the network into single
queues by capturing the interactions between nodes
by a few parameters. Then each queueing system can
be easily analyzed through the several approximation
schemes proposed in the literature. The interested
reader is referred to Whitt (1983) for details on one
of the most popular analyzers, called QNA. In QNA,
the interactions between nodes are captured by the
first two moments of the arrival processes. The pa-

rameterized nodes are taen analyzed based on these
two parameters and the first two moments of the ser-
vice time distribution. Though QNA works very well
under a variety of network topology and traffic loads,
it gives rise to large errors when the correlations in
the interarrival time random variables are significant
since it does not take into account the autocorrela-
tions. This can also be observed in other approxi-
mation techniques that consider higher orders of the
moments of the arrival and service time distributions
as well (see Girish and Hu 1996a and Girish 1996).
Therefore the lack of results for taking correlations
in the analysis has necessitated the need for modified
parametric decomposition methods. The results of
this paper, thus, can be used to consider the autocor-
relations along with the moments in characterizing
the interactions between nodes in general queueing
networks.

Many Internet backbone networks consist of over-
lay networks that include ATM networks as well.
ATM networks have been designed to guarantee Qual-
ity of Service (QoS) for the connections that are ad-
mitted. Different types of traffic require different ser-
vice qualities. Voice and real time video connections
require very low delay, delay variations and cell loss;
whereas regular data connections can tolerate higher
delays. Presently, most ATM networks support the
following QoS classes: CBR. (constant bit rate), VBR
(real time and non-real time variable bit rates), ABR
(available bit rate) and UBR (unspecified bit rate).
A Connection Admission Control (CAC) algorithm
determines if a call is admissible by computing the
equivalent bandwidth required by the connection and
comparing it to the available bandwidth in the net-
work. We show how the results on modeling of the
arrival processes developed in this paper can be ap-
plied to a popular connection admission control algo-
rithm. One of the pionering works in connection ad-
mission control can be found in Guerin et al. (1991).
They considered a two-state fluid-flow model to ap-
proximate the arrival processes. This process can be
completely described by three parameters: the peak
cell rate and the means of the burst and idle periods
(which are assumed to be exponentially distributed).

The remainder of this paper is organized as fol-
lows. The general problem of modeling a Markov-
modulated arrival process given the moments and lag-
1 autocorrelation is presented in Section 2. A special
case with modeling Poisson conditional arrival distri-
bution is discussed in Section 3. The case with gen-
eral conditional arrival processes is studied in Section
4. The application of this approach in Connection
Admission Control is outlined in Section 5 and this
paper is concluded in Section 6.
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Let A denote the generic random variable repre-
senting the correlated arrival process in the Internet
and let Ag;k > 1 be the interarrival time between ar-
rivals £ — 1 and k, where Ag = 0. In this section, we
outline the problem where the first n non-central mo-
ments of the arrival process (My, ... M,) are known
as well as its lag-1 autocorrelation (x). Recall that

M, = E[A"]Vn>1,
X = E[AlAQ]

The objective is to identify a Markov chain, its
transition and stationary probabilities and the mo-
ments of the conditional distributions. Let {J,;n >
0} be the underlying Markov chain, £ be the state
space of the Markov chain, P = (p;;),4,j € € be the
transition probability matrix and let 7;,7 € £ be the
stationary probability of being in state i. Further, we
denote the conditional non-central moments as:

Mijr, = E[A}]Jn =i, Jnga = j]

The problem is to determine g, Tis Dijs Mij17 cey
M;jp, from the following set of equations.

SN mipipiMig M = x
i j k
YD) mpiMip = M
i
Yo> mpiMiys = Mo
i

SO mipiiMign = M,
i

Since this general problem is not easily solvable, in
the following two sections, we consider two special
cases.

3 Matching Two Moments and the
Lag-1 Autocorrelation
We look at the case when the first two mo-
ments and the lag-1 autocorrelations of a distribu-
tion are known and our objective is to find a Markov-
modulated Poisson process (MMPP) that fits these
parameters. Note that a MMPP has Poisson condi-
tional arrival processes. Recall that the known mo-
ments are denoted by M, M, and the lag-1 autocor-
relation by x. We now consider a Markov chain which
is irreducible, aperiodic and recurrent in a state space
E. We assume that this Markov chain has only two
states (£ = {1, 2}) and the doubly-stochastic transi-
tion probability matrix is given by:

P:<1_p1 D1 )
D2 1-p2

1nen the steady state probabllities can be iminedi-
ately determined to be: m = po/(p1 + p2), m =
p1/(p1 + p2) by solving the equations, 7P = 7 and
Y ice mi = 1. We now add restrictions on the condi-
tional probability distributions of the above Markov
chain. The conditional probability distributions of
the interarrival time given J,, = i, for i = 1,2 are
exponential with mean z;; i.e,

Ly

Fz(t) = P{An < t|Jn = Z} =1- exp(—w—

(2
where Fj;(.) represents the cumulative distribution
function of the conditional arrival distribution. What
remain to be determined are pi,p2,x1, T2 from the
following set of equations which can be readily estab-
lished by applying the simplified assumptions in this
section to the general problem formulation in Section
2:

po(1—p1)z] + 2pipamima + pi(1 —p2)s = 2
p2z1 + pr22 = (p1 + p2) My (2)

1
Pzt + pras = 5(1’1 + p2) Mo

Let us denote the squared coefficient of variation
as, ¢> = (My/M}) — 1. Solving (2), we get

_ M2—2X

p1+p = My — 2017 (3)
p1(cz —1)

Ty = M{(1+ 4

1 1( 2 ) (4)
p2(c? — 1)

= Mq(1 5

T2 1( + 21 ) ( )

We note that we have one degree of freedom in deter-
mining parameters p; and po.

4 Matching Three Moments and the
Lag-1 Autocorrelation
Given the first three moments and the lag-1 au-
tocorrelation of the interarrival time random vari-
able A, we address the problem of finding a Markov-
modulated arrival process (MAP) that fits these pa-
rameters exactly in this section. The dependencies
will be captured by the Markov chain. Recall that
we denoted the moments of A by M, My, M3 and
the lag-1 autocorrelation by x. We now look at a
Markov chain which is irreducible, aperiodic and re-
current in a state space £. We again assume that this
Markov chain has only two states (£ = {1, 2}) but
with probability transition matrix

SO
1-p p



ror tnis Markov chailn, 1ts steady state probabili-
ties are given by m; = 2 = 0.5. The lag-1 correlation
coefficient, ¢ is defined as:

5 x — M}

=M, M2 ©)

We now add restrictions on the conditional prob-
ability distributions of the above Markov chain. The
conditional interarrival distributions given J,, = i, for
1 = 1,2 have z;,y;, z; as their first three non-central
moments, respectvely; i.e, for i = 1,2,

ElA, |, =14 =
E[A|Tn=1] = v

What remain to be determined are p,zy, z2,y1,
Y2, 21, 22 from the following set of equations:

pri +2(1—p)zizs +py = 2x
Ty +x2 = 2M1
Y1 +y2 = 2M>
z1+2z2 = 2Ms;

The above equations can now be solved. Solving the
first two equations for z; and zo we get:

X — M7
= _

1 My + -1 (7)
X — M7

2 ! 2p—1 (8)

If the correlation is positive, then

X
X <1
on? =P =

Now back to solving for the higher conditional mo-
ments, we have the following fundamental relation-
ships that the moments of any probability distribu-
tion have to satisfy:

M, > 0
My—M2 > 0
M\Ms— M2 > 0

Since the conditional moments have to satisfy the
above too, we get

7 < oy <2M, — a3

2 2
o< <o -2
T T2

Therefore, we define two more parameters denoted
by B and ~ that satisfy the constraints: 0 < g <

1, U s 7 s 1, such that we Can express the nigner
moments as:

yi = Bri+(1-p)(2M; — a3) (9)

Y2 = 2M>—uy (10)

a o= AU aopei- ) ay
T T2

Z9 = 2M3 — 21 (12)

Hence  and  can be chosen such that the sec-
ond and third conditional moments satisfy the above
constraints. After determining these, the first three
conditional moments can now be matched to a proba-
bility distribution such as a mixture of Erlang distri-
butions (see Johnson and Taaffe 1989). It is now easy
to evaluate the performance of the resulting queueing
system using any of the known approximation tech-
niques (see Prabhu and Zhu 1989, Zhu and Li 1993,
Girish and Hu 1996b,c and the references therein).
We summarize the procedure for obtaining the pa-
rameters of the Markov-modulated arrival process be-
low:

Algorithm for Modeling MAP:
1. Choose a value for p.

2. Determine x1 and xo from Equations (7) and

(8).

3. Choose 0 < 8 < 1 and evaluate y; and yo from
Equations (9) and (10).

4. Choose 0 < v < 1 and evaluate zy and zo from
Equations

(11) and (12).

5. Match the conditional moments to a mized Er-
lang distribution using the results of Johnson and
Taaffe (1989).

6. Use this Markov-modulated process as the inter-
arrival distribution and analyze the queue using
any of the existing techniques.

One of the main issues in the selection of the pa-
rameters, «, 3,7y is the order of the mixed Erlang
distributions (n) that are obtained by matching the
conditional moments. The procedure of Johnson and
Taaffe (1989) for matching the first three moments to
a mixed Erlang distribution of common order involves
the following two inequalities that n has to satisfy:

M2
> — 1 13
" g (13)
2(My — M})? + MMy — My M3
My Mz — (Mz — M?)(Mz — 2M¢)’

(14)



in order 1O avold numerical errors 1n the analysis,
we would like to keep n as small as possible. Our
numerical experience provides a few guidelines as to
the selection of the parameters. In general, o should
be as close to zero as possible. We also found that
v=.5and .3 < <.7,in general, give good results.
More research is needed to optimize the parameter
values for any system. One possible way is to ex-
press n given in (13) and (14) in terms of «, 8, and
use classical optimization techniques to minimize n,
thereby, obtaining the optimal parameter values.

5 The Connection Admission Control
Algorithm

An important feature of ATM networks is the con-
cept of guarantees for the Quality of Service (QoS).
A call requesting connection set up requests a certain
QoS which, if approved, can be guaranteed for the
lifetime of the connection. Currently there are four
types of QoS classes supported by most ATM net-
works: CBR (Constant Bit Rate), VBR (Real time
and Non-Real time Variable Bit Rates), ABR (Avail-
able Bit Rate) and UBR (Unspecified Bit Rate).
From the perspective of an ATM network, a connec-
tion is determined to be admissible by implementing
a CAC algorithm which determines the equivalent ca-
pacity or bandwidth required for the connection. This
equivalent bandwidth is compared with the available
bandwidth and if sufficient capacity remain, then the
connection is admitted, otherwise it is rejected. Due
to the nature of staistical multiplexing of ATM net-
works and the varying requirements of the different
QoS classes, determination of the equivalent capacity
or bandwidth is a non-trivial problem and has been
studied by several researchers and practitioners.

A pioneering work in the determination of band-
width allocation in packet switching networks can be
found in Guerin et al. (1991). They develop an ap-
proximate technique to estimate the equivalent capac-
ity for high-speed packet switching networks. In this
section, we study the relationship of their approach
to the modeling of correlated arrival processes that
was developed in this paper. The model considered
in Guerin et al. (1991) is a two-state fluid-flow model
in which the arrivals occur at a peak rate of R per sec-
ond or zero. The busy and idle periods are distributed
exponentially with means B and I, respectively. The
three parameters, (R, B, p) completely specify the ar-
rival process, where p is the utilization. During the
busy period, the interarrival time is 1/R and during
the idle period, the interarrival time is I. Also, the
average number of arrivals during one cycle of busy
and idle periods is BR. Incorporating this, we get:

I+ (RB/R)

M, = 2N
1 RB’

_ T ULD V)
M2 - RB ’
(2I/R) + (2RB/R?)

Xo= RB

Noting that p = B/(B + I), the above expressions
can be simplified as:

B+I 1
M = _— = —

! RB ~ pR’

> 1 (1-p°B 1

M = —_— _—= —_—

2 RB TR 2R TR

_2B+I) 2
X T TRB TR

Another way of looking at this problem is to trans-
form the Markov-modulated arrival process charac-
teristics to that of the fluid-flow model. Given a
MAP, the first two moments and the lag-1 autocor-
relation can be determined easily and the three pa-
rameters of the fluid model can be evaluated from the
following:

_ X
p 2M127
2M
R = =/, (15)
X
g - XUEMIM: —x?)

2M, (2M7 — x)?

The set of Equations (15) forms a useful way to use
MAP modeled from a variety of situations in applying
the CAC algorithm for ATM networks.

6 Conclusions

The arrival processes in the Internet backbone
nodes are typically highly correlated since they are
constituted by the superposition of voice, video and
data traffic streams. In order to facilitate the mod-
eling of such systems given a few parameters of the
arrival process, we considered two models that ap-
proximate the arrival processes by Markov-modulated
processes (MAP). Both these models consider a two-
state markov chain and one case with Poisson con-
ditional arrival processes and the other case with
general conditional arrival distributions. We derived
methods to calculate the parameters of these distri-
butions. This modeling technique has significance in
the analysis of many communication systems which
encounter bursty traffic. These models can also be
used to approximate the interarrival time distribu-
tions at the downstream node in tandem queueing
networks in which the interdeparture time from the
upstream nodes have significant correlations. We also
showed how our results can be applied in connection
admission control.



Al mteresting direction I1or ruture research 1s to
consider the long range dependence in our model.
This can then ensure the capture of the long range de-
pendence characteristics in the approximating arrival
processes. It would also be useful to generalize the
results of this paper by matching more moments and
increasing the state space of the underlying Markov
chain.
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