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In this paper a higher order approximation for single server queues and tandem
queueing networks is proposed and studied. Di�erent from the most popular two-
moment based approximations in the literature, the higher order approximation
uses the higher moments of the interarrival and service distributions in evaluating
the performance measures for queueing networks. It is built upon the MacLaurin
series analysis, a method that is recently developed to analyze single-node queues,
along with the idea of decomposition using higher orders of the moments matched
to a distribution. The approximation is computationally 
exible in that it can
use as many moments of the interarrival and service distributions as desired and
produce the corresponding moments for the waiting and interdeparture times.
Therefore it can also be used to study several interesting issues that arise in the
study of queueing network approximations, such as the e�ects of higher moments
and correlations. Numerical results for single server queues and tandem queueing
networks show that this approximation is better than the two-moment based
approximations in most cases.
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1 Introduction

Many important systems developed in modern technology, including computer-communication
networks, complex manufacturing facilities, automated teller machines, and transporta-
tion systems, have a common feature that they consist of jobs requesting service from
various resources and thus can be ideally modeled as queueing networks. Unfortunately,
it is extremely di�cult (perhaps will never be possible) to obtain exact solutions for most
queueing networks except a few limited classes (e.g., see [2, 16]). Therefore, approximation
methods become crucial to the analysis of queueing networks.

Most queueing network approximations developed in the literature are two-moment
based approximations, i.e., they only use the �rst two moments of the service and inter-
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arrival distributions (e.g., see [32] and references therein). Though these approximations
work reasonably well in many applications, it has been shown that in some cases they can
perform poorly. For example, it was shown in [31] and [33] that for the GI/GI/1 queue
the errors in two-moment based approximations increase when the squared coe�cients of
variation (de�ned as the variance divided by the square of the mean) of the interarrival
and/or the service times increases and the tra�c intensity decreases. It is shown in [7]
that the �rst two moments do not capture the degree of clustering in the arrival processes
completely, especially in light tra�c. Furthermore, the two-moment based approxima-
tions can only give at most the �rst two moments of performance measures of interest.
However, in some applications it might be interesting to obtain other statistics; for exam-
ple, in communication networks it is often of importance to know the probability that the
waiting time of a message exceeds a given limit. Also, it was shown in [36] that given the
�rst two moments of the hyperexponential interarrival and service distributions for the
GI/G/1 queue, the speci�cation of additional parameters of the interarrival distribution
are more important than those of the service distribution.

On the other hand, both theoretical and empirical evidence has been established in
the literature to support the superiority of three-moment based approximations over two-
moment based approximations. Therefore, several researchers have suggested using higher
moments of service and interarrival distributions to improve the accuracy of queueing
approximations, e.g., see [19, 20] and [33]. The major di�culty in using higher moments
in queueing network approximations is the scarcity of results available on simple queues
involving higher moments.

Recently, a new method has been developed in [10] and [15] to study the GI/GI/1
queue based on MacLaurin series analysis (MSA). The chief advantage of their method is
that it can work with as many moments of the service and interarrival times as desired to
produce the corresponding moments of the waiting time and interdeparture time. In this
paper, we propose a higher order approximation for tandem queueing networks based on
this method. Similar to many other queueing network approximations (see [22], [23], [24],
[29], [30], [32] and [37]), our approximation also uses the idea of parametric decomposition
to separate queueing networks into single-node queues, to which the MSA method can be
applied. The decomposition in our approximation is achieved by matching high orders
of moments of the interdeparture time to a mixed Erlang distribution which forms the
approximating interarrival time distribution to the downstream node. Since the number of
higher moments that can be incorporated in our approximation is 
exible, it also provides
a valuable tool to study the e�ects of higher moments as well as correlations on queueing
approximations. In fact, our simulation results suggest that relatively large improvements
can be made in many cases if the third moment is used in the decomposition and in some
cases if the fourth moment is used while the improvement becomes less signi�cant when
more than the �rst four moments are used. Also, we observe that for tandem queueing
networks correlations in departures are often not very signi�cant and thus can be ignored.

We present a number of numerical examples in this paper. Three examples of GI/G/1
queue are studied in which various interarrival and service distributions are considered.
Then, we present three examples of tandem queueing networks with two nodes in which
the previous three examples act as the �rst queue. Two cases of tandem networks with
8 nodes and one case with 9 nodes are studied. Finally, we study two examples of a
two-node network in which the correlations in the departure process from the �rst nodes
are quite signi�cant.
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The rest of this paper is organized as follows. In Section 2, we �rst introduce the
MacLaurin series analysis method developed in [10] and [15], and then in Section 3 we
discuss how it can be used to develop our higher order queueing approximation. Some
numerical examples of the GI/G/1 queue are also presented in this section. In Section 4,
we apply the approximation to tandem queueing networks, and we investigate its accuracy
and compare it with the Queueing Network Analyzer (QNA). The paper is concluded with
a conclusion and some discussions on future research in Section 5.

2 MacLaurin Series Analysis

In this section, we introduce the MSA method developed in [10] and [15] and summarize
the results there. Consider the GI/GI/1 queue with in�nite bu�er size, �rst-come-�rst-
served service discipline, and independent and identically distributed (i.i.d.) service and
interarrival times. First, let us introduce the following notation.

W = steady-state waiting time of a job

T = steady-state system time of a job

A = interarrival time between two adjacent jobs

S = service time of a job

D = steady-state interdeparture time between two adjacent jobs

f(�) = probability density function (p.d.f.) of A

�k = E[Sk]=k!


k = E[Ak]=k!

�k = f (k)(0+) = k-th right hand derivative of f(�) at 0

We now introduce a scale parameter � into the service time, i.e., we consider a GI/GI/1
queue with interarrival time A and service time �S. It is clear that this parameterized
queue reduces to the original queue when � = 1. For convenience, we still use the same
notation introduced for the original queue for this new queue; however we should note
that all the quantities except the interarrival time are now functions of �.

In [14] it is proven that E[W k], [T k], and E[Dk] (k = 1; 2; : : :) are analytic at � = 0
if the following two conditions are satis�ed.

(A1). All the moments of S are �nite, and E[Sn] � n!(Cs)
n for n = 0; 1; 2; : : :, where

Cs > 0 is a constant;

(A2). f(x) is an analytic function over [0;1), and

f(x) =
1X
n=0

�n

n!
xn for x � 0,

where �n satis�es j�nj � (Cf )
n (n = 1; 2; : : :), where Cf > 0 is a constant.

We note that Condition (A1) is satis�ed by almost all distributions used in queueing
theory. On the other hand, (A2) is satis�ed by all phase-type distributions, but it excludes
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all c.d.f.'s whose support is not [0;1), such as uniform, triangle, and shift exponential
distributions. In fact, two examples are provided in [14] which show that if A has either
a uniform distribution or a shifted exponential distribution, then the moments are not
analytic at � = 0. Throughout the rest of this paper, we assume that Conditions (A1)
and (A2) are satis�ed.

Since E[W k], [T k], and E[Dk] are analytic at � = 0, we can write

E[W k]

k!
=

1X
m=0

wkm�
m; (1)

E[T k]

k!
=

1X
m=0

tkm�
m; (2)

E[Dk]

k!
=

1X
m=0

dkm�
m: (3)

Then it is shown in [10] and [15] that wkm, tkm, and dkm can be calculated based on the
following recursive equations

tkm =

8<
:

�k; m = kPk

i=1 �k�iwi(m�k+i); m > k

0; m < k

(4)

wkm =

� Pm�k�1

i=0 �it(k+1+i)m; m > k

0; m � k
(5)

dkm =

kX
j=max(1;k�m)

(�1)j�k�j

 
jX

i=1

(�1)j�i
j�iti(m�k+j) � wj(m�k+j)

!

+

�
�m
k�m; m � k

0; m > k
(6)

In the next section, we will discuss how these MacLaurin series can be used to approximate
the moments of the waiting time and the interdeparture time, based on which higher order
approximations can be developed.

3 Higher Order Approximations

In this section we discuss how the MacLaurin series of the moments of the waiting time
and interarrival time obtained in the previous section can be used to develop higher order
approximations for queueing systems.

3.1 Rational Approximation Based on MacLaurin Series

The simplest way of approximating the moments of the waiting time and the interde-
parture time based on their MacLaurin series is to use polynomial functions. However,
it is well known that the convergence rates of polynomial approximations are usually
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very slow; even worse, they may not converge at all in some cases, especially for queues
in heavy tra�c. This is illustrated in [10] and [11] for some simple queues such as the
E2=M=1 queue with two-stage Erlang interarrival time and exponential service time. This
fact necessitates the need to look at more robust approximation techniques. One choice
is to use rational approximation. A detailed account of rational approximation based on
MacLaurin series can be found in [1] and [27]. Recently, the use of rational approxima-
tion to estimate performance measures for a class of discrete event stochastic systems
was proposed in [11], which included the mean system time of the GI/G/1 queue also.
Here we also use rational approximation to estimate the moments of the interdeparture
time, waiting time and the system time. In what follows, we summarize the rational
approximation procedure based on MacLaurin series.

Let Y be the variable to be approximated, which can represent D, W or T . Let the
MacLaurin series coe�cients of E[Y k]=k! be denoted by ykj . Suppose we use the following
rational approximant to approximate E[Y k]=k!

E[Y k]

k!
�

Pm

i=0 qki�
iPn

i=0 rki�
i
;

where qki and rki are coe�cients to be determined (without loss of generality, we can
select rk0 = 1). The order of the rational approximant (m;n) needs to be speci�ed
in advance. Usually, the larger m and n, the better the approximation, but of course,
more computation is involved. To obtain the coe�cients qki and rki, the �rst m+ n+ 1
MacLaurin coe�cients yk0; yk1; : : : ; yk(m+n) are needed. The coe�cients qki and rki can
be determined as follows. First solve for rki for i = 1; 2; :::; n from the following set of
linear equations:

n�1X
i=0

yk(m�n+j+i)rk(n�i) = �yk(m+j) for j = 1; ::::; n: (7)

Then, evaluate

qkj = ykj +

min(j;n)X
i=1

rkiyk(j�i) for j = 1; ::::;m: (8)

The MacLaurin series obtained in the previous section can then be used to approx-
imate E[W k], E[T k], and E[Dk] based on the above rational approximation procedure.
Note that the coe�cients wki and tki depend on (�1; : : : ; �i) and (�0; : : : ; �i�k�1) and in
addition the coe�cient dki also depends on (
1; : : : ; 
i), hence the order of rational ap-
proximation can be chosen in such a way as to depend on a speci�c number of parameters
of the input distributions. To summarize, the following three steps have to be followed in
order to use the higher order approximation procedure:

1. Select the parameters for the approximation: k, m and n.

2. Calculate the MacLaurin series coe�cients iteratively using Equations (4)-(6).

3. Approximate the moments using Equations (7) and (8).
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It is worth pointing out that for estimating higher moments of the waiting time using
low orders of rational approximation, the method mentioned above may not be very good
in some cases. This is due to the fact that for some queues the �rst several coe�cients of
the waiting time moments (wij) may be equal to zero and hence a low order approximation
does not yield good estimates. This can be illustrated when the arrival distribution is
mixed Erlang with b branches where branch i has probability Pi, number of stages ni,
and rate �i. Let n

� = min(n1; n2; : : : ; nb). The derivatives of the arrival density function
at 0 can then be expressed as

�k = f (k)(0+) =

bX
i=1

ni�k+1

(�1)k+1�ni

�
k

ni � 1

�
Pi�

k+1
i (9)

Then, it can be easily veri�ed that �k = 0 for k = 0; 1; : : : ; n� � 1. This means that
wij = 0 for j = 0; 1; : : : ; i+n��1. On the other hand, the �rst coe�cient of the departure
moments (di0) is always positive and the number of zero coe�cients immediately following
are very few. Hence, even a low order rational approximant yields a very good estimate
of the moments of the departure process. This leads us to develop an alternate method to
estimate the moments of the waiting time based on the moments of the departure process
which is presented in the next section. However, we want to point out that if a very high
order rational approximant is used, then both these methods will give very close results.

3.2 An Alternate Method for Estimating E[W k]

In this section, we develop an alternate procedure to obtain the moments of the waiting
time based on the moments of the departure process. We �rst note

D = max(A� T; 0) + S

which leads to

E[
Dk

k!
] = �k +

kX
j=1

�k�j(�1)
j [(T �A)j �W j ]

j!

(for detailed derivation of the above equation see [15]). On the other hand

E[
(T �A)j �W j

j!
] =

jX
i=0

(�1)j�i
j�iE[
T i

i!
]�E[

W j

j!
]

= E[
W j�1

(j � 1)!
](�1 � 
1) +

j�2X
i=0

[(�j�i � 
1�j�1�i)E[
W i

i!
] + (�1)j�i
j�i

iX
l=0

�i�lE[
W l

l!
]]

After considerable simpli�cations in the above equations we obtain

Wk = (�1)k+1
Ck+1 +Bk+1 � dk+1 + �k+1


1 � �1
(10)

where

Wk = E[
W k

k!
]
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dk = E[
Dk

k!
]

Ck =

k�1X
j=1

(�1)j�k�jWj�1(�1 � 
1)

Bk =

kX
j=1

(�1)j�k�jaj

aj =

j�2X
i=0

[(�j�i � 
1�j�1�i)Wi + (�1)j�i
j�iei]

ei =

iX
l=0

�i�lWl

We can observe that the kth moment of the waiting time depends only on the (k + 1)th

moment of the interdeparture time and up to k � 1 moments of the waiting time. For
k = 1 we have

E[W ] = �1 +
2�2 + 
2 � �1
1 �E[D2]=2


1 � �1
(11)

It is interesting to note that Equation (11) is used in [26] to estimate the second moment
of the interdeparture time based on the estimation of E[W ].

Before closing this section, we provide some numerical results to illustrate the supe-
riority of the alternate method we discussed above (Method 2) over the direct rational
approximation given in the previous section (Method 1) for estimating the moments of the
waiting time. For the GI/GI/1 queue used in our numerical study, the interarrival time
is mixed Erlang with two branches and (P1; P2) = (0:3; 0:7); (n1; n2) = (3; 3); (�1; �2) =
(3:94; 1:18), and the service time is two-stage Erlang (E2), hyperexponential with two
branches (H2), or uniform (U). The tra�c intensity (� = E[S]=E[A]) was set to three
di�erent values: 0.2, 0.5, and 0.8. The parameters for the H2 distributions are (P1; P2)
= (0.6, 0.4) and (�1; �2) = (2.0, 4.0), (1.2, 0.8) and (1.0, 0.4), corresponding to � = .2,
.5 and .8, respectively. The uniform distributions are between [0.0, 0.8], [0.0, 2.0] and
[0.0, 3.2], corresponding to � = .2, .5 and .8, respectively. In the rational approximation,
we took m = n = 10, and simulation results were obtained based on 40 replications,
each with 50000 customers and a warm-up period of 10000 customers. All the simulation
results in this paper are presented as simulation estimate � standard deviation. Note
that c2a and c2s denote the coe�cients of variation of the interarrival and service distribu-
tions, respectively. The numerical results are presented in Table 1, which clearly indicate
that Method 2 works much better in many cases, especially for cases in which � is large.
(Another reason why Method 2 works better than Method 1 for large � is because when �
approaches one, E[W k] approaches in�nity while E[Dk] is �nite, i.e., E[W k] is normalized
by a factor 1� � via Equation (10).) So in the rest of this paper, we will use Method 2
for estimating the moments of the waiting time.

3.3 Comparison with Two-Moment Based Approximation

In this section, we compare our higher order approximation method with Whitt's two-
moment based approximation, QNA, for the GI/G/1 queue. Further comparison between
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the two methods will be made in the next section for tandem queueing networks. Refer
to [32] for the formulas to estimate the �rst two moments of the waiting time and the
interdeparture time for the GI/G/1 queue. In what follows we present numerical results
for three examples. In all the three examples, rational approximants with n = m = 16
were used, and simulation results were obtained based on 40 replications, each with 50000
customers and a warm-up period of 10000 customers. In the tables, c2a and c2s denote the
coe�cients of variation of the interarrival and service time distributions, respectively. We
note that QNA can only be used to estimate the �rst two moments of W and D.

Example 1. The interarrival distribution is two-stage Erlang and the service distribu-
tion is either two-stage Erlang or two-branch hyperexponential. The parameters for the
hyperexponential distributions are (P1; P2) = (0:6; 0:4) and

(�1; �2) =

8<
:

(2:0; 4:0); which corresponds to � = 0:2
(1:2; 0:8); which corresponds to � = 0:5
(1:0; 0:4); which corresponds to � = 0:8.

The resulting queue is studied under three tra�c conditions (� = 0.2, 0.5, 0.8). Numerical
results are presented in Table 2. We notice that our method performs better in almost
every single case. However, the improvement of our method over QNA is not signi�cant
in this example. This is because the coe�cients of variation of the interarrival and service
distributions are small (c2a = 0:5 and c2s = 0:50; 1:50; 2:08; 1:42), in which case QNA
usually works reasonably well.

Example 2. In this example the interarrival and service distributions are both hyperex-
ponential with four branches. The parameters for the interarrival time are given by

(P1; P2; P3; P4) = (0:1; 0:2; 0:3; 0:4)

(�1; �2; �3; �4) = (0:3; 0:2; 3; 2);

which yield c2a = 3:68. For the service distribution

(P1; P2; P3; P4) = (0:3; 0:1; 0:35; 0:25)

(�1; �2; �3; �4) =

8<
:

(13:2; 16; 1:2; 36); which corresponds to � = 0:2
(5:28; 6:4; 1:2; 14:4); which corresponds to � = 0:5
(3:3; 4; 0:3; 9); which corresponds to � = 0:8.

which yield c2s = 3:57. Numerical results are given in Table 3. In this example, since c2a
and c2s are much larger than one, QNA does not perform as well for the light and medium
tra�c cases, while our method produces very good approximations in all cases.

Example 3. In this example, mixed Erlang distributions are used for the interarrival and
service distributions. The parameters for the interarrival distribution are given by

(P1; P2; P3; P4) = (0:1; 0:2; 0:3; 0:4)

(n1; n2; n3; n4) = (2; 3; 4; 5)

(�1; �2; �3; �4) = (0:5; 0:6; 0:7; 0:92);

and for the service distribution (P1; P2) = (0:6; 0:4), (n1; n2) = (3; 2), and (�1; �2) is
again set to three di�erent values: (3, 2), (1.2, 0.8), (0.75, 0.5), which correspond to �
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= 0.2, 0.5, 0.8, respectively. Numerical results are given in Table 4. We observe that
our method gives much better approximations for � = 0:2 while for � = 0:5 and 0.8 the
results based on both methods are very good. We should point out that in this example
c2a = :313 and c2s = :4.

4 Queues in Tandem

In this section, we consider tandem queueing networks. Almost all of the methods reported
in the literature have been based on second order approximation which considers only
the �rst two moments of the interarrival and service distributions (see [32, 35] and the
references therein). In this section, we apply our high order approximation method to
tandem queueing networks. The main idea is to characterize the arrival process to each
queue by using the moments of the departure process from the previous queue. The �rst
queue in the network, which has the external arrival process, can be analyzed easily using
the procedures described in the previous section. Then, the moments of the departure
process from this queue can be matched to that of a mixed Erlang distribution, and this
approximating distribution becomes the interarrival distribution for the next queue.

The issues involved are what distribution is selected by the moment matching pro-
cedure, how many moments to match, the presence of dependence among interdeparture
times and how these a�ect the results, and how this method of approximation works for
a network having a large number of queues. In this paper, we match moments to mixed
Erlang distributions only using the results of [17, 21]. It should be noted that the quality
of the approximations will depend on the type of moment matching procedure used. The
numerical results presented later in this section show that this procedure produces very
good results for tandem queueing networks. We also construct two examples of a two-
node tandem network in which the correlations in the departure process form the �rst
node are signi�cant rendering MSA to be inaccurate since it does not take dependencies
into account.

4.1 Matching Moments to Phase-type Distributions

The departure process from a GI/G/1 queue is a complicated point process which is not
a renewal process in general. If the arrival process to the next queue is assumed to be
a renewal process, its distribution can then be approximated by matching the moments
of the departure process from the previous queue. We propose to select a mixed Erlang
distribution. A number of methods have been proposed and studied in the literature to
match moments to a mixed Erlang distribution (e.g., see [17], [18], [19], [21] and [28]).
Here we resort to two procedures, which were developed in [17] and [21], respectively.

The �rst procedure is to analytically determine the distribution parameters and hence
is very easy to use. In this procedure the �rst three moments are matched to a mixed
Erlang distribution of common order with two branches. We brie
y state the result here;
for more details see [17]. Let Mi be the ith non-central moment of the approximated
distribution. To match the �rst three moments to a mixture of two Erlang distributions
of common order (n), the parameters to be determined are n; p; �1 and �2. Suppose n

�
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is the smallest integer that satis�es the following two inequalities:

n� �
M2

1

M2 �M2
1

(12)

n� �
2(M2 �M2

1 )
2 +M2

1M2 �M1M3

M1M3 � (M2 �M2
1 )(M2 � 2M2

1 )
(13)

Choose any n � n�. The other parameters of the mixed-Erlang distribution can then be
determined based on the following equations:

�1 =
2D1

D2 +
p
D2
2 � 4D1D3

(14)

�2 =
2D1

D2 �
p
D2
2 � 4D1D3

(15)

p = �1
1� �2A

�1 � �2
; (16)

where

A =
M1

n

B =
M2

n(n+ 1)

C =
M3

n(n+ 1)(n+ 2)

D1 = A2 �B

D2 = AB � C

D3 = B2 �AC

The second procedure is to use the nonlinear programming approach which matches 4
to 6 moments to a mixed Erlang distribution. The moments are speci�ed in the constraints
or in the objective function. The program MEFIT developed in [21] can be used to
achieve this. After selecting the number of branches and the number of stages in each
branch, one has to specify the initial mixing probabilities and the rates. The program
solves a nonlinear problem which approximates the gradients by �nite di�erences. In the
numerical examples that follow we have used this procedure to study the improvement in
the performance measures by matching upto 6 moments of the departure process.

4.2 Two Queues in Tandem

Three examples of a network with two queues in tandem are considered in this section.
In these three examples, the �rst queues are the same as the GI/GI/1 queues considered
in Examples 1-3 in Section 3.3. The second queue is analyzed based on MSA by treating
it independently and determining its interarrival distribution by matching the moments
of the departure process from the �rst queue. Let � denote the number of departure
process moments matched. The approximating interarrival distributions to the second
queue, obtained by matching the moments of the departure processes, which are mixed
Erlang distributions, and their parameters can be found in [8] for all the three examples.
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Example 4. In this example we use the E2=E2=1 queue studied in Example 1 as its �rst
queue. The service distribution of the second queue is either E2 or H2. Note that the c

2
a

and c2s values are the same as in Example 1. The moments of the waiting time and the
interdeparture time for the second queue are shown in Tables 5, 6 and 7. QNA performs
reasonably well in this example, but MSA is better in most cases and the improvement
is prominent for the higher moments. We also note that increasing � improves the MSA
estimates in low tra�c.

Example 5. In this example we use the GI/GI/1 queue studied in Example 2 as its
�rst queue. The service distribution of the second queue is also the same as the service
distribution of the �rst queue (hyperexponential with four branches). Note that the c2a
and c2s values are the same as in Example 2. This example captures the case with large
coe�cients of variation in the arrival and service distributions. Tables 8, 9 and 10 list
the performance measure estimates for the second queue. For this example, the MSA
estimates are extremely accurate and are signi�cantly better than that of QNA which
does not perform well when the arrival distribution has high variability. By increasing �
the improvement of MSA is not signi�cant, even though the values converge toward that
of simulation for the most part.

Example 6. In this example we use the GI/GI/1 queue studied in Example 3 as its �rst
queue. The service distribution of the second queue is again the same as that of the �rst
queue (mixed Erlang). Note that the c2a and c2s values are the same as in Example 3.
The performance measure estimates are provided in Tables 11, 12 and 13. Similar to the
previous example, MSA also performs better than QNA for this example, especially in
light and medium tra�c cases, and increasing � in general improves the MSA estimates,
but its e�ect is not signi�cant.

To summarize, we point out that the numerical results obtained in the above exam-
ples indicate that the higher order approximation (MSA) yields better estimates of the
performance measures in general in comparison with the two-moment based approxima-
tion procedure. MSA with � = 3 gives excellent accuracy for most cases. In some cases,
reasonable improvements can be achieved by setting � = 4, but the extra computation
of increasing � further is not rewarding enough. Though not included here, higher mo-
ments of the waiting and interdeparture times can also be approximated with remarkable
accuracy using MSA. We shall see that similar conclusions can be drawn for the more
complicated examples considered in the next section.

4.3 Long Tandem Networks

We numerically investigate the e�ect of MSA on long tandem queueing networks here by
studying three examples. First we consider a tandem network with 8 nodes (Examples 7
and 8). Numerical results of two cases are presented which di�er in the external arrival
distributions. The estimates of QNA and MSA with matching 3 to 6 moments are com-
pared with that of computer simulation. Secondly, in Example 9, we consider a tandem
network of 9 queues studied in [6]. The mean waiting time estimated by MSA (with
� = 3; 4), QNA and Sequential Bottleneck Decomposition method (SBD with n = 4)
are compared with that of simulation. Note that in Tables 14, 16 and 18, c2a and c2s
denote the squared coe�cient of variation of the external arrival process and the service
distributions, respectively.
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Example 7. The external interarrival distribution and the service distributions at queues
1, 5, 6, and 8 are two-branch hyperexponential distributions with balanced means, and
the service distributions at queues 2, 3, 4, and 7 are two-branch mixed Erlang. Four tra�c
intensities (� = :2; :4; :6; :8) are randomly assigned to each queue. Numerical results are
given in Tables 14 and 15. MSA performs very well for this network and the average
absolute % error is signi�cantly lower than that of QNA. We need to point out that
for this network MEFIT was unable to �nd a mixed Erlang distribution matching the
sixth moment for the last two nodes and hence the corresponding estimates based on six
moments matching are omitted. Also, for the last two nodes mixed Erlang distributions
found based on MEFIT do not match the fourth and �fth moments well (with large
errors), so the corresponding MSA estimated are shown with a � in Tables 30 and 31.
In fact, in some cases errors in MSA estimates partially result from errors on moment
matching based on MEFIT, which could be the reason why MSA estimates based on
high moment matching in some cases are worse than those based on the three moment
matching.

Example 8. The external interarrival distribution and the service distributions at queues
2, 3, 7, and 8 are two-branch mixed Erlang distributions and the service distributions at
queues 1, 4, 5, and 6 are hyperexponential with balanced means. Four tra�c intensities
(� = :2; :4; :6; :8) are randomly assigned to each queue. The numerical results are shown in
Tables 16 and 17 which list the �rst and second moments of the waiting time, respectively.
For this example MEFIT was unable to �nd a mixed Erlang distribution matching the
sixth moment for most nodes, therefore we did not include the MSA estimations for
� = 6. MSA with � = 3 performs well and some improvement can be made by increasing
�. Notice that MSA outperforms QNA for this network as well. Even though not listed,
higher moments of the waiting times can also be estimated with very good accuracy using
MSA.

Example 9. (Section 3.3 in [6]) The external interarrival distribution is a balanced hy-
perexponential distribution with mean 1 and the squared coe�cient of variation 8. The
service distributions are exponential with mean 0.6 except the last queue with mean 0.9.
The results are given in Table 18. SBD denotes the Sequential Bottleneck Decomposition
method developed in [6]. Note that MSA performs better than the other two approxima-
tions for this network as well.

4.4 The Role of Correlations

Most queueing network approximations, including ours, have been based on the renewal
assumption on the arrival process to each queue. Our numerical results in the previous
two sections seem to indicate that this assumption is reasonable in most cases. In fact, our
simulation results show that in all the examples we studied in the previous sections the
correlations of the departure processes are very small (in most cases they are almost equal
to zero). However, the examples provided in [25] show that in some cases correlations in
arrival and service processes do a�ect performance measures such as the average waiting
time. In this section, we want to investigate the e�ect of correlation of departure (arrival)
process on queueing network approximations. We provide two examples, both are two-
queue tandem networks, one with positive correlation in the departure process from its
�rst queue and the other with negative correlation. However, we want to point out that
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we had to work very hard to �nd these examples with large enough correlations in their
departure (arrival) processes. Most examples we had come up with in our study do have
very small correlations. We also point out that MSA can also be used to obtain the
correlations of the departure process from the GI/G/1 queue (see [15]).

Example 10. This is a two-queue tandem network. The arrival process to the �rst queue
has two-branch hyperexponential distribution (H2) and the service distributions for both
queues are Erlang with 20 stages (E20). We consider three tra�c intensities (0.2, 0.5,
and 0.8) for each queue. For the three di�erent tra�c intensities, the lag-1 correlation
coe�cients of the departure process from the �rst queue are equal to 0.015, 0.056, and
0.107, respectively. The estimates on E[W ] for the second queue are given in Table 19.
When � = 0:8 for the �rst queue, MEFIT was unable to �nd a mixed Erlang distribution
with � = 6 and hence the corresponding estimates are not given in Table 19. Note that
in Table 19, c2a and c2s denote the squared coe�cient of variation of the arrival process
in the �rst queue and the service distributions in both queues (which are the same),
respectively. Our numerical results show that in all the cases MSA gives better estimates
than that of QNA. However, compared with the examples in the previous sections, it is
clear MSA does not perform as well. This is mainly due to the e�ect of the correlations.
So correlation does appear to have a signi�cant e�ect.

Example 11. This is again a tandem network with two queues. The interarrival distri-
bution of the �rst queue is Erlang with 20 stages (E20) and both queues have two-stage
Erlang (E2) service distributions. Again three tra�c intensities (0.2, 0.5, and 0.8) are
considered for each queue. For the three di�erent tra�c intensities, the lag-1 correlation
coe�cients of the departure process from the �rst queue are equal to -0.224, -0.284, and
-0.124, respectively. The estimates on E[W ] for the second queue are given in Table 20.
When � = 0:8 for the �rst queue, MEFIT was unable to �nd mixed Erlang distributions
with � = 4; 5; 6 and hence the corresponding estimates are omitted in Table 20. Note that
in Table 20, c2a and c2s denote the squared coe�cient of variation of the arrival process
in the �rst queue and the service distributions in both queues (which are the same), re-
spectively. For this example, our numerical results show that MSA only does well in light
tra�c case, and furthermore, MSA does not always perform better than QNA. In fact, in
some cases QNA estimates are better. This again implies that correlation has signi�cant
e�ect on both MSA and QNA.

5 Conclusions

In this paper we proposed a higher order approximation for queueing networks. Our
numerical results show that in most cases the higher order approximation performs better
than the two-moment based approximation QNA; especially it provides signi�cantly better
approximations for queues with low tra�c intensities or with large squared coe�cients
of variation for interarrival and service distributions. Our simulation results also suggest
that su�ciently large improvements can be obtained by considering the third and fourth
moments and the contributions of the higher moments are less prominent. Finally, since
the renewal assumption is used in approximating the arrival process to each node in most
queueing network approximations such as QNA and our approximation, we also studied
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the e�ect of correlations of departure/arrival processes on queueing approximations (We
would like to point out that modi�cations to QNA have been done in [35] to take the
correlations into account. But, we did not include it in the QNA approximation in this
paper). Our results show that in most cases the correlations are very small and thus can
be ignored, therefore, the renewal assumption is reasonable; however, in the few cases
in which the correlations are large, they do have signi�cant impact on the accuracy of
queueing approximations.

The following are possible future research directions which are related to our work in
this paper.

1. Since the improvement in the approximation is signi�cant upto matching the �rst
four moments, it would be interesting to develop some simple and e�cient proce-
dures to �nd distributions that match the �rst four moments.

2. In this paper, we have only studied tandem queueing networks. It is of great interest
to investigate how the high order approximation can be applied to general queueing
networks. Recently, methods for analyzing superposed phase renewal processes and
the �Phi=Ph=1 queue have been developed in [3, 4]. By combining their methods
with MSA we may be able to provide better ways of analyzing general queueing
networks.

3. As we already mentioned, whenever the correlation of departure/arrival processes
has signi�cant impact on performance measures, they should be taken into consid-
eration. However, very little is known about how to analyze queues with correlated
arrival processes. One possibility is to use G/G/1 queues with Markov-modulated
arrival and service processes. In fact, the technique of MSA to study G/G/1 queues
with Markov-modulated arrival and service processes was illustrated in [9] and [38].
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Table 1
Comparison of Methods 1 and 2 for the waiting time moments (E[A] = 2.0, c2a = .554)

Service dist. � c2s Perf. measure Method 1 Method 2 Simulation

E[W ] .029 .029 .028 � .001
E2 0.2 0.500 E[W 2] .016 .016 .016 � .001

E[W 3] .013 .013 .013 � .001

E[W ] .480 .427 .446 � .009
E2 0.5 0.500 E[W 2] .920 .895 .968 � .040

E[W 3] 3.956 2.895 3.08 � .251

E[W ] -41.542 2.997 3.25 � .153
E2 0.8 0.500 E[W 2] 3.141 25.762 28.614 � 4.190

E[W 3] -47.108 328.871 400.143 � 196.000

E[W ] .056 .056 .056 � .002
H2 0.2 1.500 E[W 2] .060 .060 .060 � .004

E[W 3] .098 .098 .097 � .011

E[W ] .695 .714 .716 � .022
H2 0.5 2.083 E[W 2] 2.126 2.593 2.614 � .183

E[W 3] 30.259 14.157 14.604 � 2.020

E[W ] 4.213 5.940 6.136 � .429
H2 0.8 1.422 E[W 2] .151 101.785 103.321 � 16.200

E[W 3] -5.328 2553.106 2619.280 � 782.000

E[W ] .021 .021 .021 � .000
U 0.2 0.333 E[W 2] .008 .008 .008 � .000

E[W 3] .004 .003 .004 � .000

E[W ] .485 .348 .368 � .006
U 0.5 0.333 E[W 2] 4.270 1.041 .599 � .021

E[W 3] .097 4.644 1.388 � .095

E[W ] -.621 2.304 2.712 � .092
U 0.8 0.333 E[W 2] -.353 17.635 18.810 � 1.580

E[W 3] .041 182.022 195.689 � 33.000
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Table 2
Numerical results for Example 1 (E[A] = 2.0, c2a = 0.5)

Service dist. � c2s Perfor. measure QNA MSA Simulation

E[W ] .026 .024 .024 � .001
E[W 2] .010 .013 .014 � .001

E2 0.2 0.500 E[W 3] - .011 .011 � .001
E[D2] 6.000 6.083 6.082 � .045
E[D3] - 24.595 24.533 � .323

E[W ] .423 .390 .389 � .009
E[W 2] 1.075 .805 .798 � .038

E2 0.5 0.500 E[W 3] - 2.443 2.406 � .198
E[D2] 6.000 6.219 6.225 � .043
E[D3] - 25.973 25.946 � .320

E[W ] 3.069 2.987 2.973 � .125
E[W 2] 25.935 23.981 23.977 � 2.592

E2 0.8 0.500 E[W 3] - 287.884 292.822 � 72.524
E[D2] 6.000 6.173 6.178 � .053
E[D3] - 25.863 25.837 � .369

E[W ] .068 .049 .048 � .002
E[W 2] .010 .051 .050 � .003

H2 0.2 1.500 E[W 3] - .082 .079 � .009
E[D2] 6.148 6.224 6.227 � .041
E[D3] - 25.642 25.620 � .313

E[W ] .713 .658 .657 � .016
E[W 2] 3.415 2.315 2.312 � .125

H2 0.5 2.083 E[W 3] - 12.345 12.418 � 1.442
E[D2] 6.583 6.851 6.857 � .045
E[D3] - 31.925 31.920 � .373

E[W ] 6.018 5.905 5.887 � .387
E[W 2] 106.350 96.103 95.069 � 14.188

H2 0.8 1.422 E[W 3] - 2256.049 2289.126 � 617.019
E[D2] 8.360 8.568 8.570 � .063
E[D3] - 57.888 57.965 � 1.127
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Table 3
Numerical results for Example 2 (E[A] = 2.0, c2a = 3.68)

� c2s Perfor. measure QNA MSA Simulation

E[W ] .298 .450 .448 � .015
E[W 2] .925 1.146 1.133 � .084

0.2 3.573 E[W 3] - 4.398 4.312 � .605
E[D2] 12.477 12.080 12.035 � .226
E[D3] - 163.597 161.516 � 5.738

E[W ] 2.987 3.623 3.604 � .118
E[W 2] 34.432 41.084 40.762 � 3.530

0.5 3.573 E[W 3] - 700.413 694.402 � 136.100
E[D2] 12.416 11.381 11.375 � .202
E[D3] - 141.952 141.562 � 5.612

E[W ] 19.282 20.507 19.982 � 1.631
E[W 2] 927.887 973.272 916.619 � 172.500

0.8 3.573 E[W 3] - 69394.740 61883.810 � 20905.000
E[D2] 12.302 11.511 11.537 � .251
E[D3] - 135.645 136.091 � 5.730

Table 4
Numerical results for Example 3 (E[A] = 5.0, c2a = 0.313)

� c2s Perfor. measure QNA MSA Simulation

E[W ] .015 .027 .026 � .001
E[W 2] .011 .031 .030 � .002

0.2 0.4 E[W 3] - .053 0.051 � .006
E[D2] 32.935 33.435 33.535 � .214
E[D3] - 275.198 275.944 � 2.800

E[W ] .573 .579 .573 � .011
E[W 2] 2.286 2.289 2.255 � .082

0.5 0.4 E[W 3] - 13.311 13.062 � .944
E[D2] 33.392 34.954 35.034 � .202
E[D3] - 307.114 307.563 � 2.708

E[W ] 5.097 5.035 4.981 � .143
E[W 2] 73.609 73.450 72.851 � 5.034

0.8 0.4 E[W 3] - 1600.222 1610.193 � 231.090
E[D2] 34.241 35.559 35.689 � .206
E[D3] - 327.048 328.222 � 3.234
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Table 5
Numerical results for the second queue in Example 4 with � = 0:2 at the �rst queue

Service � Perf. QNA MSA MSA MSA MSA Simulation
dist. measure � = 3 � = 4 � = 5 � = 6

E[W ] .026 .023 .033 .029 .030 .029 � .001
E[W 2] .010 .013 .020 .017 .017 .016 � .001

E2 0.2 E[W 3] - .010 .017 .014 .014 .013 � .001
E[D2] 6.000 6.169 6.137 6.150 6.147 6.148 � .046
E[D3] - 25.201 25.053 25.113 25.101 25.035 � .325

E[W ] .423 .406 .416 .415 .415 .403 � .009
E[W 2] 1.075 .848 .887 .880 .879 .825 � .037

E2 0.5 E[W 3] - 2.612 2.780 2.746 2.744 2.467 � .208
E[D2] 6.000 6.271 6.250 6.253 6.253 6.252 � .047
E[D3] - 26.341 26.283 26.283 26.289 26.226 � .340

E[W ] 3.069 3.073 3.074 3.074 3.074 3.013 � .132
E[W 2] 25.935 25.237 25.273 25.271 25.259 24.476 � 2.649

E2 0.8 E[W 3] - 309.329 310.604 310.575 310.394 300.782 � 67.320
E[D2] 6.000 6.184 6.184 6.183 6.183 6.183 � .049
E[D3] - 25.959 25.991 25.984 25.983 25.956 � .388

E[W ] .068 .049 .057 .054 .055 .053 � .001
E[W 2] .010 .052 .060 .057 .058 .056 � .003

H2 0.2 E[W 3] - .084 .097 .092 .093 .089 � .008
E[D2] 6.148 6.305 6.280 6.289 6.288 6.289 � .045
E[D3] - 26.220 26.118 26.156 26.149 26.105 � .334

E[W ] .713 .676 .683 .682 .682 .665 � .020
E[W 2] 3.415 2.397 2.431 2.426 2.425 2.312 � .158

H2 0.5 E[W 3] - 12.925 13.144 13.107 13.102 12.110 � 1.664
E[D2] 6.583 6.898 6.883 6.886 6.886 6.886 � .048
E[D3] - 32.288 32.250 32.257 32.257 32.221 � .402

E[W ] 6.018 5.977 5.978 5.977 5.976 5.838 � .347
E[W 2] 106.350 98.112 98.442 98.520 98.461 94.740 � 13.080

H2 0.8 E[W 3] - 3629.825 2447.067 2446.522 2443.942 2311.704 � 580.900
E[D2] 8.360 8.581 8.580 8.581 8.582 8.570 � .072
E[D3] - 57.583 57.937 58.056 58.020 57.624 � 1.231
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Table 6
Numerical results for the second queue in Example 4 with � = 0:5 at the �rst queue

Service � Perf. QNA MSA MSA MSA MSA Simulation
dist. measure � = 3 � = 4 � = 5 � = 6

E[W ] .026 .032 .028 .028 .029 .029 � .001
E[W 2] .010 .018 .016 .016 .016 .016 � .001

E2 0.2 E[W 3] - .015 .013 .013 .013 .013 � .001
E[D2] 6.000 6.278 6.291 6.289 6.288 6.286 � .044
E[D3] - 26.436 26.498 26.487 26.484 26.405 � .331

E[W ] .423 .439 .435 .435 .436 .416 � .009
E[W 2] 1.075 .953 .937 .941 .947 .866 � .044

E2 0.5 E[W 3] - 3.045 2.971 2.967 3.002 2.656 � .311
E[D2] 6.000 6.342 6.350 6.349 6.348 6.344 � .049
E[D3] - 27.303 27.326 27.329 27.342 27.197 � .381

E[W ] 3.069 3.198 3.190 3.190 3.185 3.001 � .121
E[W 2] 25.935 27.099 27.088 27.262 27.483 23.495 � 2.110

E2 0.8 E[W 3] - 343.372 341.798 343.482 347.013 269.163 � 43.174
E[D2] 6.000 6.221 6.227 6.227 6.231 6.220 � .046
E[D3] - 26.463 26.568 26.776 27.118 26.366 � .369

E[W ] .068 .058 .055 .055 .055 .055 � .002
E[W 2] .010 .061 .058 .059 .059 .058 � .003

H2 0.2 E[W 3] - .099 .094 .095 .096 .092 � .009
E[D2] 6.148 6.414 6.424 6.422 6.422 6.421 � .044
E[D3] - 27.464 27.505 27.498 27.496 27.450 � .325

E[W ] .713 .708 .705 .705 .705 .686 � .019
E[W 2] 3.415 2.552 2.539 2.540 2.538 2.423 � .145

H2 0.5 E[W 3] - 13.978 13.894 13.898 13.945 13.021 � 1.373
E[D2] 6.583 6.970 6.976 6.975 6.976 6.972 � .048
E[D3] - 33.246 33.263 33.259 33.258 33.181 � .441

E[W ] 6.018 6.104 6.101 6.099 6.117 5.931 � .352
E[W 2] 106.350 102.069 101.775 101.651 102.380 97.192 � 13.184

H2 0.8 E[W 3] - 2571.569 2579.866 2720.757 2619.256 2410.459 � 606.007
E[D2] 8.360 8.616 8.618 8.620 8.606 8.605 � .071
E[D3] - 58.470 58.177 58.089 58.570 58.293 � 1.193
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Table 7
Numerical results for the second queue in Example 4 with � = 0:8 at the �rst queue

Service � Perf. QNA MSA MSA MSA MSA Simulation
dist. measure � = 3 � = 4 � = 5 � = 6

E[W ] .026 .027 .023 .025 .026 .026 � .001
E[W 2] .010 .015 .013 .014 .014 .014 � .001

E2 0.2 E[W 3] - .012 .010 .011 .011 .012 � .001
E[D2] 6.000 6.248 6.258 6.251 6.250 6.252 � .052
E[D3] - 26.410 26.458 26.424 26.422 26.367 � .354

E[W ] .423 .416 .413 .415 .415 .404 � .010
E[W 2] 1.075 .880 .868 .874 .882 .835 � .043

E2 0.5 E[W 3] - 2.741 2.690 2.720 2.739 2.531 � .247
E[D2] 6.000 6.341 6.347 6.343 6.343 6.340 � .053
E[D3] - 27.426 27.443 27.427 27.452 27.345 � .403

E[W ] 3.069 3.133 3.136 3.106 3.084 3.000 � .147
E[W 2] 25.935 26.113 26.146 25.687 26.145 24.000 � 2.779

E2 0.8 E[W 3] - 325.423 325.790 321.022 324.875 286.452 � 64.070
E[D2] 6.000 6.226 6.223 6.247 6.265 6.213 � .055
E[D3] - 26.571 26.565 26.454 27.326 26.366 � .402

E[W ] .068 .053 .050 .052 .052 .051 � .002
E[W 2] .010 .055 .053 .054 .055 .053 � .003

H2 0.2 E[W 3] - .089 .085 .088 .088 .082 � .009
E[D2] 6.148 6.385 6.393 6.387 6.387 6.378 � .052
E[D3] - 27.435 27.467 27.444 27.442 27.291 � .390

E[W ] .713 .687 .685 .687 .686 .667 � .015
E[W 2] 3.415 2.452 2.442 2.452 2.449 2.322 � .112

H2 0.5 E[W 3] - 13.289 13.231 13.344 13.394 12.248 � 1.158
E[D2] 6.583 6.965 6.969 6.965 6.966 6.960 � .049
E[D3] - 33.323 33.334 33.324 33.327 33.179 � .464

E[W ] 6.018 6.046 6.045 6.032 6.048 5.831 � .329
E[W 2] 106.350 100.455 100.396 99.974 100.476 92.960 � 12.775

H2 0.8 E[W 3] - 2514.573 2512.995 2477.485 2579.824 2194.630 � 597.722
E[D2] 8.360 8.616 8.617 8.627 8.614 8.594 � .071
E[D3] - 58.548 58.497 58.267 58.533 58.055 � 1.173
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Table 8
Numerical results for the second queue in Example 5 with � = 0:2 at the �rst queue

� Perf. QNA MSA MSA MSA MSA Simulation
measure � = 3 � = 4 � = 5 � = 6

E[W ] .298 .411 .429 .439 .447 .462 � .012
E[W 2] .924 1.015 1.074 1.107 1.133 1.181 � .065

0.2 E[W 3] - 3.776 4.055 4.209 4.333 4.535 � .439
E[D2] 12.466 11.774 11.729 11.699 11.683 11.617 � .219
E[D3] - 156.097 155.654 155.428 155.228 153.122 � 5.747

E[W ] 2.986 3.475 3.510 3.500 3.522 3.584 � .130
E[W 2] 34.395 38.420 39.028 38.838 39.218 40.228 � 3.291

0.5 E[W 3] - 638.319 652.275 647.669 656.501 681.257 � 106.100
E[D2] 12.407 11.212 11.164 11.164 11.144 11.121 � .231
E[D3] - 137.001 136.918 137.129 136.871 135.271 � 5.548

E[W ] 19.271 19.942 20.067 19.397 20.028 20.418 � 1.718
E[W 2] 926.827 926.956 932.099 900.279 934.611 966.817 � 208.600

0.8 E[W 3] - 64619.330 65141.784 62766.134 65408.611 68311.420 � 28926.000
E[D2] 12.298 11.468 11.428 11.779 11.453 11.398 � .271
E[D3] - 134.901 130.795 138.799 135.171 133.033 � 5.770

Table 9
Numerical results for the second queue in Example 5 with � = 0:5 at the �rst queue

� Perf. QNA MSA MSA MSA MSA Simulation
measure � = 3 � = 4 � = 5 � = 6

E[W ] .297 .402 .449 .464 .466 .489 � .013
E[W 2] .919 .987 1.141 1.189 1.195 1.288 � .073

0.2 E[W 3] - 3.647 4.372 4.606 4.632 5.113 � .555
E[D2] 12.466 11.097 10.975 10.936 10.932 10.925 � .199
E[D3] - 135.502 134.469 134.148 134.113 133.860 � 5.411

E[W ] 2.976 3.344 3.404 3.413 3.412 3.499 � .134
E[W 2] 34.203 36.083 37.054 37.167 37.159 39.045 � 3.498

0.5 E[W 3] - 585.245 606.831 609.858 609.830 665.111 � 129.679
E[D2] 12.407 10.727 10.630 10.615 10.616 10.655 � .227
E[D3] - 122.111 122.139 122.042 122.055 122.066 � 5.680

E[W ] 19.210 19.189 19.209 19.274 19.206 20.281 � 1.784
E[W 2] 921.270 862.269 863.753 864.306 860.860 973.380 � 230.248

0.8 E[W 3] - 58132.121 58303.181 58389.838 58165.009 70915.739 � 34133.768
E[D2] 12.298 11.255 11.242 11.200 11.243 11.189 � .221
E[D3] - 128.110 128.585 126.032 125.987 127.984 � 5.239



M. K. Girish and J-Q. Hu / Higher Order Approximations 24

Table 10
Numerical results for the second queue in Example 5 with � = 0:8 at the �rst queue

� Perf. QNA MSA MSA MSA MSA Simulation
measure � = 3 � = 4 � = 5 � = 6

E[W ] .295 .471 .504 .494 .494 .511 � .012
E[W 2] .909 1.218 1.333 1.297 1.299 1.368 � .063

0.2 E[W 3] - 4.749 5.319 5.139 5.150 5.516 � .494
E[D2] 12.466 11.047 10.962 10.989 10.987 11.015 � .251
E[D3] - 127.508 126.797 127.022 127.009 127.691 � 5.726

E[W ] 2.959 3.512 3.594 3.530 3.521 3.649 � .128
E[W 2] 33.849 39.026 40.033 39.535 40.674 41.999 � 3.383

0.5 E[W 3] - 651.362 670.876 638.547 699.434 734.399 � 122.851
E[D2] 12.407 10.584 10.450 10.555 10.569 10.551 � .227
E[D3] - 115.017 114.220 115.561 118.688 115.152 � 5.430

E[W ] 19.096 19.321 27.969 18.751 16.835 20.229 � 2.072
E[W 2] 910.998 882.719 1277.561 887.548 716.708 961.435 � 250.274

0.8 E[W 3] - 58971.415 86779.392 62178.264 49290.899 69226.617 � 34502.708
E[D2] 12.298 11.300 5.714 11.668 12.906 11.156 � .210
E[D3] - 127.791 97.146 159.718 85.749 124.795 � 4.381

Table 11
Numerical results for the second queue in Example 6 with � = 0:2 at the �rst queue

� Perf. QNA MSA MSA MSA MSA Simulation
measure � = 3 � = 4 � = 5 � = 6

E[W ] .016 .029 .034 .035 .038 .035 � .001
E[W 2] .011 .033 .040 .041 .046 .041 � .002

0.2 E[W 3] - .055 .069 .070 .081 .069 � .006
E[D2] 33.019 34.006 33.962 33.956 33.931 34.038 � .225
E[D3] - 284.785 284.321 284.254 284.015 284.763 � 3.080

E[W ] .579 .628 .642 .644 .643 .613 � .014
E[W 2] 2.327 2.556 2.650 2.663 2.653 2.429 � .108

0.5 E[W 3] - 15.250 15.992 16.092 16.058 14.074 � 1.219
E[D2] 33.458 35.290 35.226 35.216 35.220 35.310 � .244
E[D3] - 313.446 312.922 312.844 312.848 313.086 � 3.576

E[W ] 5.131 5.261 5.214 5.232 5.299 5.021 � .187
E[W 2] 74.469 80.014 80.158 80.508 80.297 72.353 � 6.253

0.8 E[W 3] - 1799.089 1812.688 1820.352 1817.291 1550.256 � 253.123
E[D2] 34.272 35.693 35.808 35.770 35.636 35.734 � .257
E[D3] - 331.563 334.832 334.591 329.253 329.382 � 3.963
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Table 12
Numerical results for the second queue in Example 6 with � = 0:5 at the �rst queue

� Perf. QNA MSA MSA MSA MSA Simulation
measure � = 3 � = 4 � = 5 � = 6

E[W ] .018 .054 .040 .040 .043 .040 � .001
E[W 2] .015 .069 .048 .048 .052 .047 � .003

0.2 E[W 3] - .124 .083 .082 .102 .079 � .008
E[D2] 33.458 35.321 35.431 35.434 35.414 35.475 � .200
E[D3] - 314.365 315.539 315.569 315.359 315.340 � 2.724

E[W ] .614 .747 .737 .737 .718 .687 � .014
E[W 2] 2.547 3.302 3.178 3.175 3.163 2.792 � .107

0.5 E[W 3] - 21.246 20.144 20.120 19.525 16.493 � 1.143
E[D2] 33.800 36.219 36.267 36.268 36.361 36.257 � .215
E[D3] - 337.050 337.016 337.022 338.666 335.500 � 3.123

E[W ] 5.305 5.612 5.828 5.829 5.417 5.211 � .195
E[W 2] 79.054 93.104 94.296 94.029 90.426 74.592 � 6.019

0.8 E[W 3] - 2262.024 2295.536 2286.449 2183.664 1561.684 � 217.824
E[D2] 34.437 36.509 36.076 36.075 36.899 36.068 � .226
E[D3] - 352.158 339.322 338.448 358.914 338.606 � 3.415

Table 13
Numerical results for the second queue in Example 6 with � = 0:8 at the �rst queue

� Perf. QNA MSA MSA MSA MSA Simulation
measure � = 3 � = 4 � = 5 � = 6

E[W ] .024 .035 .037 .037 .042 .037 � .001
E[W 2] .022 .041 .044 .044 .052 .044 � .002

0.2 E[W 3] - .070 .076 .076 .092 .076 � .008
E[D2] 34.272 36.079 36.060 36.062 36.022 36.169 � .201
E[D3] - 335.875 335.672 335.686 335.258 336.465 � 3.186

E[W ] .679 .731 .735 .735 .735 .702 � .015
E[W 2] 2.976 3.132 3.159 3.159 3.168 2.921 � .136

0.5 E[W 3] - 19.730 19.966 20.011 20.066 17.853 � 1.890
E[D2] 34.437 36.900 36.881 36.881 36.883 36.930 � .210
E[D3] - 355.793 355.641 355.649 355.741 354.939 � 3.469

E[W ] 5.628 5.976 5.976 5.968 5.986 5.456 � .185
E[W 2] 87.875 98.693 98.746 98.842 98.698 82.382 � 6.506

0.8 E[W 3] - 2435.964 2438.822 2558.740 2433.656 1855.567 � 300.403
E[D2] 34.743 36.385 36.384 36.401 35.364 36.429 � .226
E[D3] - 350.382 350.499 351.462 349.585 349.230 � 3.996
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Table 14
E[W ] estimates for the network of 8 queues in tandem in Example 7 (E[A] = 1.0, c2a = 6.0)

Node � c2s QNA MSA MSA MSA MSA Simulation
� = 3 � = 4 � = 5 � = 6

1 .2 6.00 .300 .301 .301 .301 .301 .303 � .002
2 .6 0.67 3.000 2.562 2.602 2.666 2.670 2.677 � .019
3 .4 0.41 .598 .324 .228 .245 .258 .259 � .001
4 .8 0.42 6.261 5.925 6.200 6.254 6.338 7.770 � .118
5 .4 6.00 1.004 1.030 1.022 1.064 .951 1.000 � .010
6 .6 6.00 3.709 3.898 3.986 3.949 3.914 4.374 � .046
7 .2 0.32 .098 .058 :144� :171� - .087 � .000
8 .8 6.00 15.142 16.349 19:351� 18:463� - 17.678 � .410

Avg. abs. % error 25.75 13.57 15.21 17.89 5.86

Table 15
E[W 2] estimates for the network of 8 queues in tandem in Example 7

Node QNA MSA MSA MSA MSA Simulation
� = 3 � = 4 � = 5 � = 6

1 .979 .895 .895 .895 .895 .911 � .016
2 22.078 15.478 15.913 16.693 16.729 16.602 � .251
3 1.140 .384 .227 .252 .272 .274 � .002
4 84.708 76.067 79.762 73.827 80.118 144.381 � 5.743
5 6.277 7.059 7.005 7.228 6.503 7.101 � .157
6 50.990 58.165 59.871 58.817 58.504 69.925 � 1.722
7 .059 .020 :074� :097� - .038 � .000
8 596.913 685.244 743:234� 672:438� - 757.862 � 38.629

Avg. abs. % error 64.13 21.29 22.53 30.43 12.09
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Table 16
E[W ] estimates for the network of 8 queues in tandem in Example 8 (E[A] = 1.0, c2a = 0.572)

Node � c2s QNA MSA MSA MSA Simulation
� = 3 � = 4 � = 5

1 .4 6.00 .852 .825 .825 .825 .834 � .007
2 .8 0.42 2.979 2.870 2.861 2.908 2.903 � .022
3 .2 0.32 .025 .011 .008 .008 .006 � .000
4 .6 6.00 3.036 2.994 3.008 2.985 2.951 � .034
5 .2 6.00 .216 .229 .253 .217 .260 � .002
6 .8 6.00 14.058 14.401 14.748 14.500 13.015 � .236
7 .4 0.41 .700 .496 .463 .442 .574 � .002
8 .6 0.67 2.160 1.909 2.210 1.733 2.168 � .012

Avg. abs. % error 47.90 16.89 9.38 13.34

Table 17
E[W 2] estimates for the network of 8 queues in tandem in Example 8

Node QNA MSA MSA MSA Simulation
� = 3 � = 4 � = 5

1 6.787 5.448 5.448 5.448 5.573 � .098
2 20.505 19.479 19.366 19.689 19.521 � .374
3 .008 .002 .002 .002 .001 � .000
4 42.380 40.088 40.199 39.931 38.899 � .970
5 .558 .651 .705 .624 .771 � .013
6 521.326 549.374 559.370 587.937 441.774 � 23.293
7 1.536 .757 .678 .628 1.014 � .009
8 11.722 19.038 13.939 7.585 12.260 � .153

Avg. abs. % error 104.66 28.26 23.55 29.26
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Table 18
E[W ] estimates for a network of 9 queues in series in Example 9 (E[A] = 1.0, c2a = 8.0)

Node � c2s QNA SBD MSA MSA Simulation
� = 3 � = 4

1 0.6 1.0 4.05 4.05 3.44 3.44 3.28 � .12
2 0.6 1.0 2.92 1.82 2.08 2.05 2.32 � .10
3 0.6 1.0 2.19 1.49 1.70 1.71 1.91 � .07
4 0.6 1.0 1.73 1.19 1.50 1.52 1.72 � .07
5 0.6 1.0 1.43 1.10 1.38 1.39 1.60 � .06
6 0.6 1.0 1.24 1.06 1.29 1.30 1.48 � .06
7 0.6 1.0 1.12 1.03 1.22 1.23 1.42 � .05
8 0.6 1.0 1.04 1.01 1.17 1.18 1.41 � .07
9 0.9 1.0 8.90 36.45 13.08 13.03 30.12 � 5.07

Avg. abs. % error 23.22 26.05 16.98 16.70

Table 19
E[W ] estimates for Queue 2 in Example 10 (E[A] = 1.0, c2a = 1.083)

� � c2s QNA MSA MSA MSA MSA Simulation
Queue 1 Queue 2 � = 3 � = 4 � = 5 � = 6 E[W ]

.2 .05 0.027 0.027 .024 .020 .018 0.008 � .000
.2 .5 .05 0.273 0.266 .248 .239 .237 0.252 � .008

.8 .05 1.747 1.719 1.692 1.692 1.694 1.769 � .090

.2 .05 0.022 0.007 .004 .002 .001 0.000 � .000
.5 .5 .05 0.219 0.133 .105 .093 .080 0.076 � .002

.8 .05 1.400 1.187 1.145 1.175 1.828 1.520 � .085

.2 .05 0.012 0.002 .000 .000 - 0.000 � .000
.8 .5 .05 0.118 0.054 .019 .018 - 0.006 � .000

.8 .05 0.755 0.551 .351 .346 - 0.489 � .036

Table 20
E[W ] estimates for Queue 2 in Example 11 (E[A] = 1.0, c2a = 0.05)

� � c2s QNA MSA MSA MSA MSA Simulation
Queue 1 Queue 2 � = 3 � = 4 � = 5 � = 6 E[W ]

.2 .5 0.014 0.002 .001 .000 .000 0.001 � .000
.2 .5 .5 0.142 0.290 .026 .067 .068 0.062 � .002

.8 .5 0.909 1.678 1.785 1.600 1.560 1.715 � .020

.2 .5 0.017 0.036 .032 .030 .030 0.006 � .000
.5 .5 .5 0.166 0.273 .265 .201 .200 0.106 � .002

.8 .5 1.060 1.661 1.639 1.378 1.323 0.819 � .025

.2 .5 0.021 0.012 - - - 0.010 � .000
.8 .5 .5 0.210 0.231 - - - 0.157 � .003

.8 .5 1.341 1.553 - - - 1.062 � .036


