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Abstract

The interarrival time random variables at the nodes of queueing networks are typically correlated. The analysis, by
ignoring the correlations, may not be very accurate in many instances, especially when the correlations are high. The
G/G/1 queue with Markov-modulated arrivals is one of the few models that can be used to study queues with non-
renewal arrival processes. The waiting time of the Markov-modulated G/G/1 queue has been studied widely in the
literature. In this paper, we study its departure process. We derive the MacLaurin series for the moments and the lag-1
autocorrelation of the departure process. The coefficients of the MacLaurin series are calculated through simple
recursive equations, which are then used to approximate the moments and the lag-1 autocorrelation based on Padé
approximation. Several numerical examples are provided which show that our method gives very good estimates. Our
results on the departure process can be potentially used to develop better approximation methods for general queueing
networks. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

The performance evaluation of many complex manufacturing and communication systems is achieved
by modeling them as queues or in general as queueing networks. It is well known that the arrival and
service processes in a wide variety of cases are correlated. Examples of these systems include many
communication systems and transport mechanisms developed recently; such as the routers that are
deployed in Internet backbone networks and asynchronous transfer mode (ATM) based broadband
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integrated services digital networks (B-ISDN) where voice, data and video are sent which induce large
correlations. Empirical and in some cases, theoretical evidence has been established about the significant
impact of the correlations on the performance measures. Livny et al. (1993) studied single server queues
with correlated arrival and service distributions which were generated by the transform expand sample
(TES) method (see Melamed, 1991). Their simulation results of this system suggest that the mean waiting
time varies drastically with increased correlations. In the analysis of queueing networks, the arrival
process to any node is usually approximated as a renewal process. However, in many situations, the
accuracy of the performance measures deteriorate whenever the correlations are significant (e.g., see
Girish, 1996; Girish and Hu, 1996).

Many papers have addressed the issue of correlated queues. Fendick et al. (1989) investigated
correlated single server queues under heavy traffic conditions. Simple approximations for the lag-1
correlation and the first two moments of the departure process in a tandem queueing network have been
studied by Whitt (1984). The waiting time distribution and queue size for a queue with gamma dis-
tributed arrival process with a special Markovian structure and i.i.d. exponentially distributed service
times were studied by Tin (1985). One of the few models that have been developed to study queues with
non-renewal arrival processes is the G/G/1 queue with Markov-modulated arrival process. For a review
on recent work on Markov-modulated queues, refer to Neuts (1992, 1995), Prabhu and Zhu (1989),
Szekli et al. (1993, 1994), and the references therein. Despite the tremendous progress achieved in the
study of the Markov-modulated G/G/1 queue, little work has been done to study its departure process. If
we consider the queue to be part of a queueing network, then the analysis of the network will be possible
only if its departure process is characterized which essentially becomes the arrival process to the
downstream node(s). Our derivation of the lag-1 autocorrelation and the moments of the departure
process can potentially be used in the development of more accurate and robust approximations for
queueing networks.

Analysis of queueing systems based on the MacLaurin series method has been shown to be effective
and useful. Gong and Hu (1992) and Hu (1996) showed that the MacLaurin series of the moments of the
waiting, system and the interdeparture time for the GI/G/1 queue can be calculated easily using simple
recursive formulas. Sufficient improvements in the accuracy of the performance measures can be obtained
for queueing networks using this approach (see Girish and Hu, 1996, 2000). Recently Zhu and Li (1993)
derived the MacLaurin series of the moments of the waiting and the system time for the Markov-
modulated G/G/1 queue. The performance measures were approximated using polynomial approxima-
tion. In this paper, we derive the MacLaurin series for the moments of the departure process and the
lag-1 autocorrelation. We then use these MacLaurin series to obtain the moments and the lag-1 auto-
correlation based on Padé approximation, which gives much better results than those based on poly-
nomial approximation.

In order to test the applicability and accuracy of the proposed method, a number of numerical examples
are studied in this paper. The performance measures of interest are the lag-1 autocorrelation and the second
and third moments of the departure process as well as the first three moments of the waiting time. These
measures are approximated by rational functions based on their MacLaurin series and are compared with
that of simulation estimates. In all cases, the estimates at light and medium traffic are very accurate; but the
accuracy of these estimates decreases as the traffic intensity gets closer to one. We also observe that the
departure process moments can be estimated with significantly higher accuracy than the waiting time
moments.

The rest of this paper is organized as follows. In Section 2, the MacLaurin series of the moments of the
interdeparture time is derived and in Section 3, the MacLaurin series of the lag-1 correlation of the de-
parture process is derived. In Section 4, we show how to approximate the performance measures based on
their MacLaurin series using Padé approximation. Some numerical results are presented in Section 5 and
some discussions and conclusion are given in Section 6.
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2. The moments of the departure process

We consider the G/G/1 queue with Markov-modulated arrival process and i.i.d. service distribution
which is independent of the arrival process. The underlying Markov chain for the arrival process is denoted
by {J,; n = 0} which we assume to be irreducible, aperiodic and recurrent on a state space E. The tran-
sition probability matrix is denoted by P with elements (p;;), i,/ € E and the stationary probability of being
in state i € E is given by m;. Moreover, this Markov chain is assumed to be stationary which implies that
Prob{Jy =i} = m;, for i € E. The interarrival time between customers n and »n + 1 is denoted by 4, and the
service time of customer 7 is denoted by S, and 4 and S are the generic interarrival time and service time.
The conditional distributions, F};(x) for 4, are given by

El(x) :P{An <x|‘]rl = i7 Jn+1 :]}

In this paper, for convenience we work with the quantity, £[4,4,] (and similarly for the interdeparture time
in Section 3), which along with the first two moments can be used to determine the lag-1 covariance and
autocorrelation coefficient given as follows:

2

Lag-1 Covariance = E[4,4,] — (E[4])",

E[4,4)) — (E[4])° .

Lag-1 Autocorrelation Coefficient = >
E[4%] — (E[A])

Note that we loosely use the term autocorrelation in this paper and the reader is cautioned to keep in mind
the correct definition. Then the moments of 4, and the autocorrelation, E[4,45] can be calculated from

EA) =" D Kmupyyye, EMdid] =) % D mpubiadip i

icE jeE icE jeE q€E
where
4, Ay . ) o Xk
Vi = Eij {k'} = E[k' PAES VAR J] = /0 7 9F (). (1)

Let f;(x) denote the conditional interarrival density function. We assume that f;;(x) can be expanded as a
MacLaurin series over x € [0,00) for all i, j € E. An example is the class of phase type distributions. We
now parameterize the queue by introducing a scale parameter 0 in the service time, which makes the
service time of customer n to be 0S,, where 0 is independent of S,. Note that {S,, n=1,2,...} are
independent and identically distributed. With the introduction of 0, the moments of the waiting time and
the moments and autocorrelations of the departure process all become functions of 0. The MacLaurin
series for the moments of the waiting and system time have been derived by Zhu and Li (1993). We
concentrate on the moments of the generic stationary interdeparture time and the lag-1 autocorrelation.
Let D, denote the interdeparture time between customers n and n + 1. Let W, and 7, be the waiting and
system time, respectively of the nth customer. Let 4, D, W and T represent the generical random
variables interarrival time, interdeparture time, waiting time and the system time, respectively. Starting
from Lindley’s equation and following the approach adopted in Hu (1996) and Zhu and Li (1993) we
have:

Wy = Ty — A1), 2)

T, = W, + 0S,, 3)
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D, = (An - Tn)+ + 6Sn+la (4)
where (y)" = max(y,0). Moreover, we introduce the following notation for simplicity:

E[S]

ﬁkETa

k . .
Lijk Efl.ﬁ,)(()), J(yng, o iy iy i) = {Jnl—zlJn i in}?

m

I
Xi(nm,na, ... Nyi,in, ... i) =E {l' J(ny, nz,...,nm,zl,zz,...,zm)]

for m = 1, where fiﬁk)(O) is the kth derivative of f;(x) at x =0 and the random variable X stands for
A, D, Wor T. Thenforanyn>1, k=1, i€ E, j€E, we have

Di(n,n+ 1i,)) = ]:'E[((A T,)" +0S,.1)" (n,n—i—l;i,j)}

Z ﬁk IE A_li'mj(n»n+ l;ivj)‘|' (5)
Note that for / > 1
(4= T)") = (1)'[(T, = ) = W}, (6)

Substituting Eq. (6) in (5), we get

k i
. _ -1 .
Dh(mn - 151,7) = mpy et + 30 By SB[ — )~ W1 )]
=1 °

k k
TPij Z Bivije—n 0"+ Z( 5k 0!
=0

=1

1
l 4 . .
Z Vz‘.f(l—mT;f (n,n+ 11, )

h=1

-w!, (nn—|—11])1 (7)

This queueing system being stable and ergodic is tantamount to the following:
(Van TnanaJann+l)i)(W7 T,D,j,.])

d . . . . .
(— means converging in distribution). If we express the moments of D, W and T as

F Dk .
E l{J l.]_]}] Zdljkme (8)
L m=0
[k
E 1{1 J}:| ijkmgm )
E 1{J_,}} Z im0 (10)
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then based on Egs. (7)-(10), we have

k I
dijim = TUpij Z (_l)lﬂk—l < Z( - l)lih’yij(/fh)tjh(mfk+l) - th(mk+1)>
)

I=max(1,k—m h=1

TDyBwYijte—my, M<Kk,
* { 0, m> k. (1)

Note that the above expression involves the terms ¢4, and w;,, which can be calculated iteratively from the
following equations (for their derivations, refer to Zhu and Li, 1993):

By, m =k,
Likm = er(::l ﬂkfnwj”(m*kﬂl)’ m> k’ (12)
0, m < k,
m—k—1
Wikm = ZqEE 2o Paj%jnlgk1emm, M >k, (13)
/ 0, m<k.

We would like to point out that the common factor m;p;; in Eq. (11) comes about from the fact that Eq. (7)
has J(n,n + 1;i, j) on the right-hand side, whereas Eqgs. (9) and (10) depend only on 1y,_j.

3. The lag-1 autocorrelation of the departure process

In Section 2, we derived the MacLaurin series for the moments of the interdeparture process. In this
section, we derive the MacLaurin series for the lag-1 autocorrelation of the departure process. The same
idea can be extended to derive the higher lag correlations. We start with the following well-known rela-
tionship:

D,=T,,—T,+A4, for n>1. (14)
From Eq. (14) we have
ED\Dy — 4 \4,) = E[T\ T+ T — Ty — Ty + ATy — A1 o + A T — A>T (15)

Now, we express the expectations on the right-hand side as functionsof O forh > 1, i€ E, j€ E, q € E as
follows:

E[NT3J(2,3;1,)) |1 = q] = E[TVW3J (2,354, /) |1 = q] + B E[TWJ (2,354, /) |1 = q]0,
where

E[TiW3J (2,350, )) |1 = q) = E[T\(Ty — 42)"J(2,3:i,)) |y = q]

- E[/o U 0023 = q}

7 o £m g
/ TI(B_X)ZJ(U ( )dex.](273;i7j)|,]1 :q‘|
0

=F
m!

m=0

B o0 T1T2m+2 o _
- Zaiij{mJ(273a17]) ‘Jl =4\,

m=0



M.K. Girish, J.-Q. Hu | European Journal of Operational Research 134 (2001) 540-556 545

A T(T) — 4,)")"
E|: lh'z'](z 3717])|J1_q:| E WJ(273717])|J1:Q]
00 Tm+h+2
h 2 i sz T 1 AV 2, J = y
= bt | (g 201 = ]

T a W,
[ NN —q] = B ETI(2:0) |y = 0" +Zﬂk_,,E[ 0,300 —q} 0
h=1
and in a very similar way, we can show that:
E[ATJ (2,31, /) |y = q] = E[41 W3] (2,334, /) |1 = 4] + pyipijB17gn b, (16)
ELARI(2,3:0,) | = g = Zaw el =], (17)
_Al 2h 0 Tlm+h+2
E|—=rJ(2.30 )1 = Q] = ;(ﬂﬂr 1)p,-,-0<q,-mE{W+2)!J(2;1) |1 = 61} (18)
[ A4, T} . a A
B[ RT3 =a] = papinnt + 3 h | FE @300 15 =g 0 (19)
L : h=1
It is easy to verify that:
0 T1m+2
E[A:T2J(2,351,7) | = q) = i | PapiiB10 + ZP@/“qimE{i,J@? 0|1 = ‘1] ; (20)
powrd (m+2)!
E[DT3J(2,3:0,)) | = q] = pp Y E[TITJ(2,3;/,5) [ =, (21)
sEE
E[4,ThJ (2,351, )) |1 = q] = pyyipn E[TVJ (2;1) |1 = q]. (22)

Note that in our derivations, we assumed that the expectations and integrals can be freely exchanged.
We have not investigated the conditions under which this is true in this paper. But, this issue has been
studied by Hu (1996) for the case of the GI/GI/1 queue in which the arrival process is a renewal
process. It is likely that the results in Hu (1996) can be extended to the Markov-modulated G/G/1
queue. The numerical studies that we conducted show that these formulae are correct. Nevertheless, this

serves as a possible future research problem. Since the expectations in Egs. (15)—(22) are all functions
of 0, let
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o[ ITE S . AT
1k'2 J(2 3117]) |J1 - q:| = Zt :jzkmo E|: k|2 J(2 3717]) |J1 - CI:|
m=0
12) am TIT
= E]/kmg |: k|3J(2 3?17])|J1 _q:|

]3 m A)T,i{ ..
ttﬂc)rng E|: k! J(273717]>|J1:q

I
MG

]kmgm E[(DlDz 1A2) (2 3,1,] ‘Jl = q = Zd (12) Qm
m=0

qijm

i
=]

If the coefficients of the powers of 0 are compared, then for m > 0,

12 (12) (13)
dqt/m tqz]]m + Pyi E tzjv]m - tqzjlm 2pql ijom + Ayijim — aqzjlm + a
sEE

ql]]m pij’yi_/'ltqilmv (23)
where

pljﬁk qil(m—k)»
t(lzk) — +pl] Zh 1 ﬁk h Zm o Z(r + h + z)aqirtqi(i'+h+2)(m—k+h)7 m>k + 17
o PiiBitgints m=k+1,
0, m<k+1,

m—k—1
Pij Zh Bin >y (FF Dotgirtgiriniym—risny, m>k+1,
0, m=k+1,
PaiPijBrVgn m=k,
0, m <k,

a2
qt]km

qulm PiiPitan, m=2,

0, m <2,

m—2 (12)
Zr:() aijraqij(rJrZ)m’ m > 1’

pqipijﬁlyqila m=1,
0, m<1,

(13)

qt/lm

-2
Zi” 0 pl]aqlr/lj]tql (r+2)m m > 1,
PailiiP1vin m=1,
07 m<1.

(22)
qt]lm

{pl/ﬁl qil(m—1) + Zr 0 a’/’ qij r+2) m> 27
Moreover, the other coefficients, #;, and w;;, can be calculated iteratively via the following:
pijﬁ/m m = k7

tijkm = 22:1 ﬂkfnwijn(m7k+n)7 m > k7 (24)
0, m <k,
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e 0 Pttt i, m > 25
W’f"”’{o,q m<k. (25)

Note that E[(D,D, — 4,4,)J(2,3;1,))|Ji = ¢] can be approximated using polynomial or rational functions
based on its MacLaurin series. Our numerical studies indicate that in most cases polynomial approxima-
tions converge only for a very limited range of 6 and the convergence rates are also very poor in general. On
the other hand, Padé approximation is robust and has excellent convergence properties. In Section 4, we
will present the Padé approximation method.

4. Padé approximation

The simplest way to approximate the moments and the autocorrelations based on their MacLaurin series
is to use polynomial functions. But, it is well known that the convergence properties of polynomial ap-
proximations are poor, especially for queues in heavy traffic. Therefore, we use Padé approximation. A
detailed account of Padé approximation based on MacLaurin series can be found in Petrushev and Popov
(1987) and Baker (1975). Recently, Gong et al. (1995) proposed the use of Padé approximation to estimate
performance measures for a class of discrete event stochastic systems, including the mean system time of the
GI/G/1 queue. Padé approximation is also used in Girish and Hu (1996) for estimating the performance
measures in tandem queueing networks. In what follows, we summarize the Padé approximation procedure
based on MacLaurin series.

Let Y be the variable to be approximated and let the MacLaurin series coefficients of E[Y*]/k! be de-
noted by y;;. Suppose we use the following [L/M] Padé approximant to approximate E[Y*]/k!:

EYY  Yioqut”
k! Z?f:u rad"’

where gy, and ry, are coefficients to be determined (without loss of generality, we can select 7,y = 1). To
obtain the coefficients ¢y, and 7y, the first L + M + 1 MacLaurin coefficients yio, i1, - - - , Vez+ar) are needed.
The coefficients gy, and ry;, can be determined by solving for 7y, for A =1,2,..., M from the following set of
linear equations:

M—1
Zyk(L—M+I+h)rk(M—h) =~y for I=1,....M. (26)
=0

Now set gy = v and then evaluate

min(/,M)
Gkl = Ykl —+ Z rkhyk(l—h) fOI' l = 1, e ,L. (27)

h=1

It can be shown that the computational complexity of estimating the first X moments of the interdeparture
time by a [L/M] Padé approximant is

Ok((L+M+ 1)’ + M + (L+1)%), (28)

where g is the total number of states in the underlying Markov chain.
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5. Numerical results

In this section, some examples of the Markov-modulated G/G/1 queue are presented. We calculate the
lag-1 autocorrelation, second and third non-central moments of the interdeparture time and the first three
moments of the waiting time. The MacLaurin series of the waiting times are evaluated using Eqgs. (12) and
(13) and that for the departure process are evaluated through Egs. (11) and (23). The moments are then
approximated by rational functions based on Padé approximation which is described in Section 4. In the
MacLaurin series approximation (MSA), we set [L/M] = [10/10] and the simulation estimates are obtained
for 40 replications each with 50 000 customers with warm-up time of 10000 customers. The standard de-
viations for the simulation estimates are also shown in the tables. Of course, the accuracy of our estimates
can be improved if we increase L and M. The tables containing the numerical results also include
E[A,45], E[A*], E[4%] in order to help the reader compare the corresponding departure process parameters
with these. Example 8 studies the effect of changing the number of coefficients of the Padé approximant.

Example 1. The Markov chain has two states and the transition probability matrix is given by
0.1 09
P= (0.7 0.3 )
The conditional arrival distributions are exponential with rates = (0.51,0.50,0.52,0.45). The service dis-
tribution is three-staged Erlang with rates, u = (7.5,3.0,1.875) corresponding to traffic intensities,
p =(0.2,0.5,0.8), respectively. Numerical results are given in Table 1. The lag-1 autocorrelation and the
second and third moments of the interdeparture time evaluated using MSA are extremely accurate in all
cases. The first three moments of the waiting time are very close to the simulation estimates when p = 0.2;

the first moment is also close to the simulation estimates when p = 0.5 and 0.8; but E[#?] and E[W?] are
highly inaccurate under medium and heavy traffic.

Table 1
Numerical results for Example 1

0 Performance measure MSA Simulation Arrival measure Value

0.20 E[D\D,] 4.057 4.079+0.004 E[4,4,] 4.023
E[D?] 7.953 7.9204:0.009 E[4?] 8.065
E[D?] 47.986 47.363+0.125 E[43] 48.792
E[W] 0.068 0.0674:0.000
E[W?] 0.039 0.03840.000
E[W3) 0.032 0.0304:0.000

0.50 E[D\D,) 4.124 4.147+0.005 E[A,4,) 4.023
E[D?] 7.360 7.3524:0.008 E[4?] 8.065
E[D?] 42.655 42.130+0.112 E[43] 48.792
E[W] 0.676 0.6834-0.001
E[WY 1.649 1.7184+0.009
E[W3) 5.908 6.6204-0.053

0.80 E[D\D,) 4.078 4.119+0.005 E[A,4,) 4.023
E[D?] 6.218 6.3014:0.008 E[4?] 8.065
E[D?] 30.717 30.386+0.089 E[43] 48.792
E[W] 4.292 4.449+0.017
E[W?] 43.859 51.396+0.532
E[W3) 670.805 954.0124+17.886
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Example 2. The arrival process in this example is the same as in Example 1. But, the service distributions
are hyperexponential with three branches. The parameters are

(1.5,2.0,5.0), which corresponds to p = 0.2,

(P, Py, P;) =(0.3,0.2,0.5), (1,1, H5) =< (0.6,0.8,2.0), which corresponds to p = 0.5,
(0.375,0.5,1.25), which corresponds to p = 0.8.

Numerical results are given in Table 2. All the performance measures are very accurate in light and medium
traffic conditions; but they deviate from the simulation estimates when p = 0.8, notably the higher moments
of the waiting time.

Example 3. The Markov chain has two states and the transition probability matrix is given by
0.6 04
P= <0.2 0.8 > ‘

The conditional arrival distributions are all two-branched hyperexponential with parameters

States Prob. Stages Rates

I Y Py P n ny A A2

1 1 0.3 0.7 1 1 0.30 0.75
1 2 0.8 0.2 1 1 0.50 0.347
2 1 0.9 0.1 1 1 0.49 0.60
2 2 0.4 0.6 1 1 0.45 0.55

The service distributions are two-branched mixed Erlang with parameters

Table 2
Numerical results for Example 2

0 Performance measure MSA Simulation Arrival measure Value

0.20 E[D\D,) 3.999 4.03540.004 E[A,45) 4.023
E[D?) 8.141 8.184+0.010 E[4?) 8.065
E[D?] 49.452 49.674+0.133 E[4%] 48.792
E[W] 0.129 0.1294:0.000
E[W? 0.183 0.18740.001
E[W?] 0.403 0.44640.008

0.50 E[D\D,] 3.960 4.029+0.004 E[4,4,] 4.023
E[D?) 8.536 8.62540.008 E[4?) 8.065
E[D?] 55.065 55.3544-0.109 E[4%] 48.792
E[W] 1.288 1.27340.003
E[W?] 6.988 6.907+0.035
E[W3) 57.916 57.1114+0.467

0.80 E[D\D,] 3.939 4.046+0.004 E[4,4,] 4.023
E[D?) 9.193 9.4394:0.006 E[4?) 8.065
E[D?] 61.850 70.2544-0.119 E[4%] 48.792
E[W] 8.169 7.7694:0.040
E[W?] 169.201 148.158+1.890
E[W3) 5349.617 4101.2004+91.335
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Table 3
Numerical results for Example 3

p Performance measure MSA Simulation Arrival measure Value

0.20 E[D,D;) 4.021 4.0934+0.003 E[4,4,) 3.999
E[D? 8.308 8.364+0.006 E[4?] 8.424
E[DY] 55.456 56.38240.076 E[4%)] 56.351
E[W] 0.083 0.08340.000
E[W?] 0.056 0.0594:0.000
E[W? 0.056 0.06340.000

0.50 E[D,D;) 4.016 4.16140.003 E[4,4,) 3.999
E[D¥ 7.653 7.8514+0.006 E[4?] 8.424
E[D?] 49.370 51.27040.076 E[4%)] 56.351
E[W] 0.849 0.82240.001
E[W?] 2.455 2.5854:0.008
E[W3) 10.498 12.803+0.075

0.80 E[D,D;) 3.876 4.13240.003 E[A4,4,) 3.999
E[D? 6.296 6.85440.005 E[4?] 8.424
E[D?] 36.621 38.30940.064 E[4%)] 56.351
E[W] 5.565 6.068+0.015
E[W?] 67.998 100.003+0.638
E[W3) 1240.491 2612.878+27.442

(4.80,8.25), which corresponds to p = 0.2,
(P, Py) =(0.7,0.3), (n,m)=1(2,3), (u,1) =< (1.92,3.30), which corresponds to p =0.5,
(1.20,2.07), which corresponds to p = 0.8.

Numerical results are given in Table 3. Similar to Example 2, all the performance measures are accurate
under low and medium traffic conditions. The moments of the waiting time are prone to very large errors in
heavy traffic; whereas the errors on the departure process moments are of lesser magnitude.

Example 4. The Markov chain has two states and the transition probability matrix is the same as the one
used in Example 1. The conditional arrival distributions are all two-branched mixed Erlang with parameters

States Prob. Stages Rates

Ju Jnt1 Py P n ny Al A2

1 1 0.8 0.2 3 1 2.84 1.20
1 2 0.9 0.1 3 2 2.80 2.70
2 1 0.55 0.45 1 4 3.00 2.30
2 2 0.75 0.25 2 3 2.82 1.65

The service distributions are two-branched mixed Erlang with parameters

(14.0,22.4), which corresponds to p = 0.2,
(P,P,) =(0.6,04), (n,m)=3,4), (u,)=1 (5.60,8.96), which corresponds to p =0.5,
(3.50,5.60), which corresponds to p = 0.8.

Numerical results are given in Table 4. The moments of the departure process are extremely accurate in all
cases. The lag-1 autocorrelation estimates are also accurate. The moments of the waiting time estimates are
accurate only in light traffic. The errors increase in medium traffic and the estimates are very poor in heavy
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Table 4
Numerical results for Example 4

p Performance measure MSA Simulation Arrival measure Value

0.20 E[D,D;) 1.006 1.009+0.000 E[A4,4,) 0.999
E[D? 1.637 1.649+0.000 E[4?] 1.639
E[DY] 3.634 3.733+0.001 E[4%] 3.633
E[W] 0.017 0.021+0.000
E[W?] 0.004 0.005+0.000
E[W? 0.001 0.002+0.000

0.50 E[D,D;) 1.024 1.017+0.000 E[4,4,) 0.999
E[D¥ 1.594 1.596+0.000 E[4?] 1.639
E[D?] 3.495 3.569+0.001 E[4%)] 3.633
E[W] 0.203 0.225+0.000
E[W?] 0.192 0.222+0.000
E[W3) 0.557 0.325+0.001

0.80 E[D,D;) 1.035 1.016+0.000 E[4,4,) 0.999
E[D? 1.457 1.460+0.000 E[4?] 1.639
E[D?] 2.983 2.925+0.001 E[4%)] 3.633
E[W] 1.355 1.702+0.002
E[W?] 29.994 7.899+0.018
E[W3) - 55.624+0.191

traffic. In fact, for the third moments of the waiting time the estimate is negative when the traffic intensity is
0.8, so it is not included in the table.

Example 5. The Markov chain has two states and the transition probability matrix is given by
p_ 0.70 0.30
~\0.60 0.40 )

The conditional arrival distributions are exponential, mixed Erlang, Erlang and hyperexponential, re-
spectively, whose parameters are

States Prob. Stages Rates

Ja Jnt1 Py P ny ny A 2

1 1 1.0 1 0.700

1 2 0.6 0.4 2 4 2.815 1.500
2 1 1.0 2 1.280

2 2 0.8 0.2 1 1 0.800 0.300

The service distributions are hyperexponential with two branches. The parameters are

(0.966,8.599), which corresponds to p = 0.2,
(P, P) =(0.2,0.8), (u,5) =< (0.386,3.440), which corresponds to p = 0.5,
(0.241,2.150), which corresponds to p = 0.8.

Numerical results are given in Table 5. For this example, the estimates for the moments of the departure
process are very accurate in all cases. The lag-1 autocorrelation estimates are also accurate. The moments of
the waiting time are accurate only in light traffic. But their errors are large in medium and especially in
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Table 5
Numerical results for Example 5

p Performance measure MSA Simulation Arrival measure Value

0.20 E[D,D;) 2.196 2.171+0.001 E[A4,4,) 2.253
E[D? 4.645 4.614+0.002 E[4?] 4.365
E[DY] 22.898 22.050+0.040 E[4%)] 20.601
E[W] 0.186 0.178+0.000
E[W?] 0.438 0.422+0.001
E[W?] 1.578 1.486+0.003

0.50 E[D,D;) 2.130 2.123+0.001 E[4,4,) 2.253
E[D? 5.948 6.138+0.004 E[4?] 4.365
E[D?] 43.633 42.405+0.037 E[4%)] 20.601
E[W] 1.977 1.865+0.005
E[W?] 19.245 15.670+0.055
E[W3) - 186.709+0.735

0.80 E[D,D;) 2.081 2.168+0.001 E[4,4,) 2.253
E[D? 8.584 8.9454+0.009 E[4?] 4.365
E[D?] 87.003 100.781+0.142 E[4%)] 20.601
E[W] 11.930 14.167+0.103
E[W?] 56.326 545.496+6.952
E[W3) - 31471.7294+509.489

heavy traffic conditions. The estimates for the third moment of the waiting time, which are not included in
the table, are negative in medium and heavy traffic.

Example 6. The Markov chain has two states and the transition probability matrix is given by
p_ 0.05 0.95
—\045 0.55)°
The conditional arrival distributions are exponential with rates = (1.664,1.872,0.5193,1.56). The service
distribution is three-staged Erlang with rates, pu = (15.0,6.0,3.75) corresponding to traffic intensities,
p =(0.2,0.5,0.8), respectively. Numerical results are given in Table 6. The estimates are accurate in light

traffic. In medium traffic, the estimates become less accurate, and in heavy traffic, the errors of the estimates
are very large. For this example, we note that the conditional traffic intensities in heavy traffic are given by

(o o) = (Estienta misenia) = (0 135)

So three of the conditional traffic intensities are greater than one, though the overall traffic intensity is less
than one. As also demonstrated by the next example, when some of the conditional traffic intensities are
greater than one, the estimates obtained based on our method often have large errors. This has been ob-
served in other numerical examples we did which are not reported in this paper. In fact, we further observe
that when some of the conditional traffic intensities are close to one, then our estimates become less ac-
curate. For this example, the conditional traffic intensity p,, = 0.94 in medium traffic.

Diffusion limits and interpolation approximations based on these heavy traffic limits and the light traffic
derivatives have been developed for the queueing system considered in this paper in Chen et al. (1997). The
numerical studies there indicate that heavy traffic and interpolation approximations indeed produce more
accurate estimates than the light traffic approximation of this paper when the queue is in heavy traffic.
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Table 6
Numerical results for Example 6

p Performance measure MSA Simulation Arrival measure Value

0.20 E[D,D;) 0.823 0.8444-0.001 E[A4,4,) 0.812
E[D? 2.726 2.6744+0.004 E[4?] 2.759
E[DY] 13.877 13.1554:0.059 E[4%)] 13.981
E[W] 0.061 0.046+0.000
E[W?] 0.019 0.0144:0.000
E[W?] 0.008 0.00640.000

0.50 E[D,D;) 0.806 0.9234-0.001 E[4,4,) 0.812
E[D¥ 2.653 2.3734+0.004 E[4?] 2.759
E[D?] 12.898 11.0924-0.053 E[4%)] 13.981
E[W] 0.587 0.459+0.001
E[W?] 0.831 0.6644-0.003
E[W3) 1.746 1.445+0.011

0.80 E[D,D;) 0.396 0.98740.001 E[4,4,) 0.812
E[D? 3.290 1.820+0.004 E[4?] 2.759
E[D?] - 6.5754:0.048 E[4%)] 13.981
E[W] 3.594 3.01740.009
E[W?] 23.679 21.2914+0.156
E[W3) - 229.557+3.084

Example 7. The Markov chain has two states and the transition probability matrix is given by
p_ 0.05 0.95
~\0.85 0.15)°
The conditional arrival distributions are three-staged Erlang with rates =(2.25,0.99,2.70,2.145). The
service distribution is also three-staged Erlang with rates, u = (7.5, 3.0, 1.875) corresponding to traffic in-
tensities, p = (0.2,0.5,0.8), respectively. Numerical results are given in Table 7. For this example, the es-
timates for the moments and the lag-1 autocorrelation of the departure process deviate from simulation
values to a certain extent, while the estimates for the moments of the waiting time are very poor in medium

and heavy traffic (most of them are negative). We note that in medium traffic the conditional traffic intensity
0, = 0.9 and in heavy traffic the conditional traffic intensities are

pu P\ _ (120 0.53
0 pn)  \144 1.14 )
Similar to the previous example, the MSA does not work well in heavy traffic in this case. Using heavy

traffic approximations or interpolation approximations (Chen et al., 1997) enhance the accuracy signifi-
cantly.

Example 8. We study the impact of the coefficients of the Pade approximant on the accuracy of the per-
formance measures in this example. This example considers the system in Example 1. Numerical results are
given in Table 8. In light traffic, all performance measures quickly converge starting from the [2/2] ap-
proximant itself. In medium traffic, a slightly higher order of the approximant is needed for reasonable
accuracy and in heavy traffic the higher orders of the approximant are needed to arrive at an acceptable
level of accuracy. Also note that the third moment of the interdeparture time needs higher order of the
approximant than the second moment for similar accuracy.
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Table 7
Numerical results for Example 7
p Performance measure MSA Simulation Arrival measure Value
0.20 E[D,D;) 3.262 3.2974+0.010 E[A4,4,) 3.258
E[D? 6.566 6.578+0.020 E[4?] 6.491
E[DY] 30.204 30.310+0.134 E[4%)] 29.701
E[W] 0.015 0.017+0.000
E[W?] 0.006 0.007+0.000
E[W?] 0.004 0.004+0.000
0.50 E[D,D;) 3.542 3.5454+0.011 E[4,4,) 3.258
E[D¥ 6.750 6.412+0.021 E[4?] 6.491
E[D?] 30.995 29.000+0.153 E[4%)] 29.701
E[W] 0.279 0.294+0.003
E[W?] - 0.436+0.007
E[W3) - 0.910+0.022
0.80 E[D,D;) 4.054 3.874+0.010 E[4,4,) 3.258
E[D? 6.581 5.919+0.022 E[4?] 6.491
E[D?] 27.353 24.235+0.183 E[4%)] 29.701
E[W] 1.826 2.254+0.034
E[W?] - 13.256+0.375
E[W3) - 113.429+4.888
Table 8
Numerical results for Example 8
P [L/M] E[D\D,] E[D?] ED]
0.2 2/2] 4.063 7.954 47.967
[4/2] 4.059 7.954 47.990
[6/2] 4.057 7.954 47.999
[4/4] 4.057 7.954 47.999
[6/4] 4.057 7.954 47.999
(10/10] 4.057 7.953 47.986
Simulation 4.079 £ 0.004 7.920 + 0.009 47.363 +0.125
0.5 2/2] 4.303 7.346 39.629
[4/2] 4318 7.076 36.259
[6/2] 4.157 7.371 42.744
[4/4] 4.292 7.355 43.032
[6/4] 4.126 7.318 44411
[10/10] 4.124 7.360 42.655
Simulation 4.147 £ 0.005 7.352 £+ 0.008 42.130+0.112
0.8 2/2] 3.593 6.000 35.810
[4/2] 4.621 6.305 37.452
[6/2] 4222 6.283 30.470
[4/4] 5.981 6.204 32.454
[6/4] 3.846 6.336 35.005
(10/10] 4.078 6.218 30.717
Simulation 4.119 £ 0.005 6.301 £ 0.008 30.386 £ 0.089

It may be observed that the performance estimates for the hyperexponential conditional arrival distri-
butions are in general more accurate than those with Erlang or mixed Erlang. This can be explained by
looking at the GI/G/1 queue in which the interarrival time distribution is Erlang with n stages. It can be
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shown that the first £ + n — 1 light traffic derivatives or MacLaurin series coefficients of the kth moment of
the steady state waiting time are zero (see Girish and Hu, 1997). Therefore, if a low Padé approximant is
used to estimate the waiting time moments, then it can lead to large errors. On the other hand, since n = 1
for hyperexponential distributions, then even lower order approximants lead to more accurate estimates.
For mixed Erlang distributions, z is the minimum among the stages of the Erlang branches.

6. Discussions and conclusion

The departure process of the G/G/1 queue with Markov-modulated arrival process was studied in this
paper. Simple recursive equations to calculate the MacLaurin series of the departure process moments and
the lag-1 autocorrelation were derived. We then proposed the use of Padé approximation to estimate the
performance measures based on their MacLaurin series. The proposed method can be used to estimate any
order of the moments of the departure process. It can also be used to estimate any lag of the autocorre-
lations, though in this paper we focused on the lag-1 autocorrelation. Our numerical experiments indicate
that our estimates are very accurate in light and medium traffic, and their errors increase in heavy traffic.
Furthermore, if some of the conditional traffic intensities are very close to or greater than one, then our
method may not yield very good estimates even when the overall traffic intensity is less than one. This is an
interesting issue which needs to be further investigated.

Our numerical results also show that the estimates for the moments and lag-1 autocorrelation of the
departure process is much more accurate than those for the moments of the waiting time, especially for
heavy traffic cases. This is mainly because the moments of the waiting time go to infinity as the traffic
intensity approaches to one, while the moments and lag-1 autocorrelation of the departure process are
bounded. To obtain more accurate estimates for the moments of the waiting time, we can use the moments
of the departure process to estimate the moments of the waiting time, a method which is proposed in Girish
and Hu (1996, 1997). Their numerical results show that very accurate estimates for the moments of the
waiting time can be obtained based on this method in heavy traffic cases.

One possible future research direction is to develop better approximation techniques for general
queueing networks based on the results in this paper that take correlations of departure and arrival pro-
cesses into consideration.
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