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Abstract

Using the technique of smoothed perturbation analysis, we consider steady-state performance

measures for continuous-time Markov chains and derive a derivative estimator that can be esti-

mated from a single sample path of the chain under consideration. The estimator is applicable to

multi-class queueing networks, for which previous in�nitesimal perturbation analysis estimators

failed. A simple multi-class queueing network is used to illustrate the application of the estimator.
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1 Introduction

Let fZ(t)g be a positive recurrent, irreducible Markov chain, and let �f(�) be a steady-state perfor-

mance measure de�ned on fZ(t)g, where � is a parameter (or vector of parameters) in the in�nitesimal

generator (rate) matrix. We wish to estimate d �f(�)=d� from a single sample path of the system. For

example, fZ(t)g could de�ne the state of a multi-class queueing network in terms of the customers

at each station at time t, �f(�) could be the throughput of the system, and � could be the service

rate at one of the stations for a particular class of customers. Then d �f(�)=d� gives the sensitivity of

throughput to the particular service rate. Furthermore, the estimate could also be used to improve

performance by adjusting the rate appropriately.

The topic of derivative estimation for Markov chains was also addressed in Glasserman (1992),

where an in�nitesimal perturbation analysis (IPA) estimator was constructed for Markov chains satis-

fying a certain structural condition, and in Gong (1988), where the technique of smoothed perturbation

analysis (SPA) was applied to a multi-class queueing network. In our work, we also apply SPA, but

unlike the estimators derived in Gong (1988), our estimators do not require additional simulation,

i.e., they can be estimated from a single simulation. The basic idea behind SPA, formulated by Gong

and Ho (1987), is the use of conditional expectation to smooth a discontinuous sample function. The

advantage of the estimator we derive over that of Glasserman (1992) is that it need not satisfy the

structural condition, and thus can handle very general multi-class queueing systems that cannot be

handled by IPA. We illustrate this result with a simple multi-class queueing network example.
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In Fu and Hu (1992), derivative estimators for transient performance measures of much more

general discrete-event systems were derived using SPA, and unbiasedness of the estimators was proved.

However, the generality comes at a cost, in that the estimator contains terms whose estimation may

require prohibitively high additional simulation. In this work, we show that by specializing to steady-

state performance measures of continuous-time Markov chains, we obtain an estimator that can be

easily estimated from a single sample path (or simulation) of the system.

The remainder of the paper is organized as follows. Section 2 contains a brief descriptive summary

of the results for the general form of the estimator derived in Fu and Hu (1992). Section 3 derives the

estimator for continuous-time Markov chains. Section 4 contains the illustrative multi-class queueing

network example.

2 Summary of Previous Results

In this section, we present the general estimator in Fu and Hu (1992), and then use it in the next

section to derive the estimator for continuous-time Markov chains. We assume that the reader has some

familiarity with generalized semi-Markov processes (GSMPs) (see, e.g., Whitt, 1980, or Glasserman,

1991). Recall that the evolution of a GSMP, say fZ(t)g, is characterized by a sequence of triples

consisting of a state, the holding time spent in that state, and the event triggering the transition to

the next state. The underlying timing is driven by clocks that keep track of the times until the next

occurrence of the di�erent possible events. The triggering event is the event with the shortest clock

time remaining among all possible events. For example, in a closed queueing network, the events

would be potential service completions at the various stations, with the triggering event being the

next service completion. We de�ne

tk = epoch of the kth state transition;

Sk = the kth state visited,

�k+1 = the time spent in Sk

= tk+1 � tk;

ek+1 = the event while in state Sk that causes the transition to Sk+1;

E(S) = the set of possible events in state S;

Fe(�) = the distribution (with density fe) function of the clock time for event e;

Xk(e) = total clock time for event e 2 E(Sk), distributed as Fe;

Ck(e) = remaining clock time for event e 2 E(Sk) at tk:

The parameter is assumed to enter through the underlying distributions fFeg. In our specialization

to Markov chains, each Fe will be exponential. Let NP denote the original sample path of the GSMP,

i.e., the so-called nominal path, let (DNP; k) denote the original sample path under the condition

�k+1 = 0, and let (PP; k) denote the original sample path under the conditions �k+1 = 0 and the

events ek and ek+1 change order. Note that these conditions would usually result in (DNP; k) and
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(PP; k) being substantially di�erent from NP and from each other after visiting state Sk�1. For

performance measure f , let fDNP;k denote f for the path (DNP; k), and let fPP;k denote f for the

path (PP; k). These two quantities are crucial elements of our estimator. In addition, we need two

other quantities, for which we �rst de�ne

Lk(e) = the age of event e 2 E(Sk) at tk

= Xk(e)� Ck(e);

Tk(e) = most recent time before tk that a new clock time for event e 2 E(Sk) was generated

= tk � Lk(e);

yk = the second shortest clock time at tk

=

�
1 if jE(Sk)j = 1
mine2E(Sk)nfek+1gfCk(e)g otherwise

;

X�
k+1 = Xk(ek+1)� �k+1:

(Note that �k+1 is by de�nition the shortest clock time at tk.) Now, we can de�ne

f�k+1(x) =
fek+1(Lk(ek+1) + x)

Fek+1(Lk(ek+1) + yk)� Fek+1 (Lk(ek+1))
: (1)

Intuitively, f�k+1(�) represents the conditional (on certain clock times) density of �k+1.

Lastly, we de�ne (see Figure 1)

�
d�k+1
d�

�+

IPA

=

"
dtk
d�

�

 
dTk+1(ek+1)

d�
+

dXk(ek+1)

d�

����
X�

k+1

!#+
; (2)

where �jX�

k+1
indicates that the corresponding quantity is evaluated at X�

k+1. Note that in Figure 1,

we have Lk(�) = X�
k+1. Intuitively, (d�k+1=d�)

+
IPA represents the di�erence in the accumulated

IPA estimator at tk and the accumulated IPA estimator at tk+1 under the condition �k+1 = 0. The

quantities de�ning (d�k+1=d�)
+
IPA are calculated by the usual IPA techniques (e.g., Glasserman, 1991).

Note that if ek+1 = ek, then (d�k+1=d�)
+
IPA is zero, since in that case the two terms in the di�erence

are identical; this simply means that two identical events will never change order.

Now we present the estimator derived in Fu and Hu (1992). For f a transient performance measure,

the following is an unbiased estimator for dE[f(�)]=d� (Fu and Hu, 1992, Theorem 3):�
@f

@�

�
IPA

+
X
k2L�

(fPP;k � fDNP;k)f�k+1(0)

�
d�k+1
d�

�+

IPA

: (3)

The �rst term is the usual IPA estimator, which we shall call the IPA contribution of the estimator. It

is well-known that IPA suÆces for sample path derivative estimation when the performance measure

of interest is almost surely continuous (e.g., Cao, 1988; Glasserman, 1991); intuitively, small changes

in the parameter � cause only small changes in the performance measure in a sample-pathwise sense.

The second term is what we will refer to as the SPA contribution, and it estimates the additional

e�ects when the conditions described in the previous sentence do not prevail. The set L� represents

such situations along the sample path, formally de�ned as critical adjacent event pairs in Fu and Hu
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(1992). This concept will be discussed in more detail in the next section. The index k represents the

kth state visited by the process. Thus, if the kth state visited involves a critical adjacent event pair,

an appropriate quantity is calculated in the estimator. That quantity is the product of a jump rate {

the rate at which the adjacent events change order as a function of the parameter { and the resultant

expected e�ect of the event order change. The former is given by f�k+1(0)(d�k+1=d�)
+
IPA de�ned by

Equations (1) and (2), whereas the latter is given by (fPP;k � fDNP;k), and these two quantities are

independent. It is the quantity (fPP;k � fDNP;k) that may require prohibitively large amounts of

additional simulation for general systems.

3 Derivation of the Estimator for Markov Chains

Since we will be using the estimator given by Equation (3), we will view continuous-time Markov chains

as special cases of GSMPs, where all the clock times characterized by fFeg are exponential. Thus,

when we consider sample paths and performances, we will retain the concept of an event triggering a

state transition. In this paper, we consider steady-state performance measures of the following form:

�f(�) = lim
n!1

1

n

nX
i=1

g(Si�1; ei; �i);

which we take as the limit of the transient performance measure

fn(�) =
1

n

nX
i=1

g(Si�1; ei; �i):

In Fu and Hu (1992), the estimator (3) introduced in the previous section was proved to be unbiased for

estimating the derivative of the expected value of this transient performance measure. By specializing

to steady-state performance measures of Markov chains, we shall see that exploiting the Markov

property and taking the limit n!1 yields a nice explicit estimator.

Since the chain is positive recurrent and irreducible, �f is independent of its initial distribution.

We �rst simplify the estimator for the steady-state performance measure. An adjacent event pair

is de�ned by a state and the two subsequent events, e.g., (ek; ek+1jSk�1) in Figure 1. Intuitively,

adjacent events are critical if an order change in a sample path results in a signi�cant change in the

performance measure, which means that it is not included in the IPA contribution of the estimator.

First, we derive an eÆcient way to estimate the term (fPP;kn �fDNP;k
n ) in Equation (3), given that

(ek; ek+1jSk�1) is critical. For notational simpli�cation, we will use ek = �; ek+1 = �; Sk�1 = S, i.e.,

the critical adjacent event pair will be written as (�; �jS). We de�ne the following quantities over the

sample paths DNP and PP :

GDNP;k
n =

nX
i=1

g(SDNP
i�1 ; eDNP

i ; �DNP
i );

GPP;k
n =

nX
i=1

g(SPPi�1; e
PP
i ; �PPi );

where the superscripts over the states, events, and holding times indicate the corresponding quantities

in that sample path. The key point to note is that the paths DNP and PP are identical to each
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other and to NP up to state Sk�1, i.e.,

SPPi�1 = SDNP
i�1 = Si�1, ePPi = eDNP

i = ei, �PPi = �DNP
i = �i; for i � k:

We can construct PP from DNP by inserting the piece of sample path that starts at SPPk+1 and

ends at SDNP
k+1 . Figure 2 demonstrates the idea, where the notation\jj" following SDNP

k�1 indicates

the simultaneity of the events � and �, with the time spent in the kth state visited being zero, i.e.,

�k+1 = 0. For Markov chains, due to the memoryless property of the exponential, this procedure is

exact. This idea was �rst proposed by Gong (1988). However, what we propose is not to actually

simulate the extra inserted path, but to take advantage of some statistical properties for large n. Let

GI;k denote the following summation for a piece of sample path that starts at SI0 = SPPk+1 and ends at

the �rst hitting time of SInI = SDNP
k+1 :

GI;k =

nIX
i=1

g(SIi�1; e
I
i ; �

I
i );

where nI denotes the number of events in that sample path. We also de�ne

�Gk = g(Sk�1; �k; �) + g(SPPk ; 0; �)� g(Sk�1; �k; �)� g(Sk; 0; �);

which denotes the di�erence in the performance measure between the DNP and PP sample paths up

to the (k+1)th state visited, due to the exchanged event order of � and �. For notational convenience,

we drop the subscript or superscript k when there is no confusion. For n large, we have

fPPn � fDNP
n � fPPn+nI � fDNP

n =
GPP
n+nI

n+ nI
�
GDNP
n

n
=

GDNP
n +GI +�G

n+ nI
�
GDNP
n

n

�
GI +�G

n
�
nI
n

GDNP
n

n
�

1

n

�
GI +�G� nI �f

�
:

The �rst two �0s in the above derivation indicate where terms of o(1=n) have been neglected. Thus,

E[fPP � fDNP ] �
1

n
(E
�
GI
�
+E[�G]�E[nI ] �f):

Note that E[nI ] is the expected length and E
�
GI
�
is the expected summed performance of a sample

path that starts at SPPk+1 and ends at SDNP
k+1 .

Labelling all possible critical adjacent event pairs as L�m = (�(m); �(m)jS(m)), with corresponding

quantities also indexed by m, we have for large n that the SPA contribution of Equation (3) is

approximately equal in expectation to

1

n

X
L�

m

PfL�mg
�
E
h
GI(m)

i
+E[�G(m)] �E[nI(m)] �f

�
E

"
f�(m)(0)

�
d�(m)

d�

�+

IPA

#
; (4)

where the probabilities and expectations correspond to steady-state quantities associated with the

occurrence of the critical adjacent event pair L�m.

Next, we consider the last expectation term in Equation (4). We de�ne

�e = rate of exponential distribution for event e:
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Again, �x a critical adjacent event pair, (�; �jS). Let S0 denote the state reached from state S with

event � occurring. Substituting the exponential distribution into the de�nition of f�(m)(0) given by

Equation (1), we obtain

f� (0) = �=(1� e�Y );

where we have de�ned � = �� , and Y is a r.v. representing the second shortest clock at the time of

occurrence of � in state S. By the memoryless property of the exponential distribution, the two terms

in the expectation E[f�(m)(0)(d�(m)=d�)+IPA] are independent, because the second term involves only

quantities before the occurrence of �. The expectation of the former turns out to be the sum of the

rates of all possible events in state S:

Lemma. E[f� (0)] =
P

e2E(S0) �e:

Proof. The random variable Y is the minimum of the clocks of all events other than the next event,

conditioned on being greater than the clock for the next event. In terms of Figure 1, at tk it is the

minimum of all event clocks other than �, under the condition that it is greater than � . Let X(e)

denote the random variable representing the clock time of event e. By the memoryless property of the

exponential distribution, at tk, X(e) has the distribution Fe, i.e., its original distribution. Then Y is

given by mine2E(S0)nf�gX(e). Since the clocks are all exponential, the (unconditional) distribution of

Y is exponential with rate

� =
X

e2E(S0)nf�g

�e:

The conditional density of Y is given by

fY (x) =
d

dx
P (Y � xjY > �) =

d

dx

P (Y � x; Y > �)

P (Y > �)
=

d
dx
P (� < Y � x)

�=(�+ �)

=
�+ �

�

d

dx

Z x

0

P (y < Y � x)dF�(y) =
�+ �

�

Z x

0

@

@x
[e��y � e��x]dF�(y)

=
�+ �

�
�e��x(1� e��x)

Thus,

E

�
�

1� e��Y

�
=

Z 1

0

�

1� e��x
�+ �

�
�e��x(1� e��x)dx = �+ � =

X
e2E(S0)

�e: 2

To calculate the probability term PfL�mg in Equation (4), we again use the Markov property to

note that it is given by P (S)P (�jS)P (�jS0), where P (S) is the long-run proportion of visits to state S,

i.e., the stationary probability for the embedded discrete-time Markov chain, and P (�jS) and P (�jS0)

denote the probabilities of the next event being � from state S and � from state S0, respectively. These

probabilities are given by P (�jS) = ��=
P

e2E(S) �e and P (�jS0) = ��=
P

e2E(S0) �e. By de�nition,

we have

P (S) = lim
n!1

Nn(S)

n
;

where Nn(S) is the number of visits to state S (out of n transitions), which we rewrite as

P (S) = lim
n!1

Nn(S)

Tn(S)

Tn(S)

tn

tn
n
;
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where Tn(S) is the total time spent in state S (over n transitions). The �rst term is given byP
e2E(S) �e, and the second term is the stationary probability of being in state S, which we denote

by pS .

Substituting all these results into Equation (4), we get the expected value of the SPA contribution:

lim
n!1

tn
n

X
L�

m

pS(m)��(m)��(m)

�
E
h
GI(m)

i
+E[�G(m)] �E[nI(m)] �f

�
E

"�
d�(m)

d�

�+

IPA

#
:

The total estimator over n transitions is thus:�
@f

@�

�
IPA

+
1

n

X
L�

m

Tn(S(m))��(m)��(m)

� bGI(m) +d�G(m)� bnI(m)fn

� dd�(m)

d�

!+

IPA

; (5)

where the \b" indicates an estimator of the corresponding expectation. Summarizing, for each crit-

ical adjacent pair, L�m = (�(m); �(m)jS(m)), we accumulate the time spent in the state S(m), the

exponential rates of �(m) and �(m) (which are known), and the IPA di�erence de�ned by Equation

(2). The remaining expectations involving the subpath I(m) can be directly estimated from a single

simulation of the chain. The subpath is de�ned by the state reached from S(m) after the occurrence

of �(m), then �(m), and an ending state de�ned by the state reached from S(m) after the occurrence

of �(m), then �(m). The commuting condition of Glasserman (1991) requires these two states to be

the same, so the terms involving I(m) vanish. Furthermore, for the class of performance measures he

considers, the �G(m) term also vanishes, so the SPA contribution is zero, i.e., the estimator requires

only the IPA contribution.

Finally, we note that the expectations involving I(m) can also in principle be solved by use of

Poisson's equation, which calculates expected rewards acquired before hitting an absorbing set of

states; here, the \�nal" state in I(m) would serve as the absorbing state. However, this is in general

probably an impractical solution for the same situations that one would simulate the chain in the

�rst place: if the size of the state space is enormous. In the next section, we consider an example

that illustrates an application of the estimator. For a simpli�ed version of the example, we prove the

strong consistency of our estimator by explicit analytic calculation of all the terms in the estimator.

A sample path proof of strong consistency using regenerative techniques as in Fu and Hu (1993) can

also be done, but will not be carried out here.

4 An Example: A Simple Multi-Class Queueing Network

To illustrate how one would apply the estimator, we consider a simple example: a closed queueing

network with two servers and two classes of jobs, with N1 class 1 jobs and N2 class 2 jobs. The

con�guration of the system is as follows (refer to Figure 3). A class 1 job receives service at server 1

only (immediately) rejoining the queue at station 1 upon service completion at server 1, whereas

a class 2 job receives service at both stations 1 and 2, going to station 2 upon service completion

at station 1 and going to station 1 upon service completion at station 2. All service times are

exponentially distributed, with � the service rate (of both classes of jobs) at station 1 and � the
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service rate at station 2. We consider the parameter � = 1=� and the performance measure

�f(�) = lim
n!1

1

n

nX
i=1

�i = lim
n!1

tn
n
; (6)

which is the average time between two (consecutive) service completions, i.e., the reciprocal of the

throughput of the system.

For this particular performance measure, the IPA contribution is zero and �G = 0, so Equation

(5) becomes

1

n

X
L�

m

Tn(S(m))��(m)��(m)

� bGI(m) � bnI(m)fn

� dd�(m)

d�

!+

IPA

; (7)

where GI(m) =
P

I(m) �i, since g(�; �; �i) = �i in Equation (6). To do the estimation, we need to

determine the critical adjacent event pairs. There are only three distinct types of events { a class 1 or

class 2 service completion at server 1 and a class 2 service completion at server 2 { and only at most

two of them are possible at any one time, so there at most two potential critical adjacent event pairs

associated with every state. For our performance measure, only one of the two is actually critical,

the pair corresponding to a class 1 service completion at server 1 and a class 2 service completion

at server 2. For the right-hand derivative represented by Equation (7) (corresponding to a positive

perturbation in �), the class 2 service completion at server 2 will be perturbed later in time, so the

critical adjacent event pairs are of the form (�; �jS), where � is a service completion at station 2 and

� is a service completion at station 1. Thus, our �nal estimator is

��

n

X
S(m)2 ~S

Tn(S(m))
� bGI(m) � bnI(m)fn

� dd�(m)

d�

!+

IPA

; (8)

where ~S = fstates with � 1 customer at server 2 and a class 1 customer in service at server 1g.

We now specialize to the case of one class 1 job and two class 2 jobs, i.e., N1 = 1 and N2 = 2, and

prove that our estimator is correct. This particular network was also considered in Cao (1987), for

which it was shown that IPA fails. We de�ne a Markov chain representation for the system having

six states:

s1 = (1); s2 = (1; 2); s3 = (2; 1); s4 = (1; 2; 2); s5 = (2; 1; 2); s6 = (2; 2; 1);

where the ith component of the row vector indicates the class of the ith job at server 1, the �rst

job being in service and the others in queue. The transition rate diagram for this Markov chain

representation is given in Figure 4.

As already noted, the IPA contribution is equal to zero. (Since dtn=d� is bounded by the length

of the regenerative cycle, which has regenerative point s6, divided by �, this also follows directly from

the proof of Lemma 1 in Glasserman et al., 1991.) Therefore, we can focus on the SPA contribution

given by Equation (8). By de�nition, we have ~S = fS1; S2g, i.e., the only two critical adjacent event

pairs are (�; �js1) and (�; �js2). Also, by de�nition, I(1) is a path starting from s2 and ending at the

�rst hitting time of s3, since s2 is the state reached from s1 after �, then �, and s3 is the state reached

from s1 after �, then � (see Figure 4, where � arcs correspond to event � and � arcs correspond to
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event �). Similarly, I(2) is a path from s5 to s6. Thus, the explicit estimator for this example is given

by

��fn

2X
m=1

pm

0@24 dX
I(m)

�i

������ (�; �jsm)
35� [bnI(m)j (�; �jsm)] fn

1A dd�(m)

d�

!+

IPA

: (9)

We now proceed to show that this estimator is consistent.

Letting pi; i = 1; : : : ; 6, denote the stationary probabilities, we have

p1 =
�2

�2 + 2��+ 3�2
, p2 = p3 =

��

�2 + 2��+ 3�2
, p4 = p5 = p6 =

�2

�2 + 2��+ 3�2
: (10)

The throughput of the system, de�ned as
P

n pn
n, where 
n is the output rate in state n, is given by

�(�2 + 3��+ 5�2)

�2 + 2��+ 3�2
;

and thus taking the reciprocal, we have

�f(�) =
�2 + 2��+ 3�2

�(�2 + 3��+ 5�2)
:

Taking the derivative with respect to �, we get

d �f(�)

d�
=

�2(�2 + 4��+ �2)

(�2 + 3��+ 5�2)2
: (11)

We now show that our SPA estimator converges to the same result.

Equation (9) converges to

�� �f

2X
m=1

pm

0@E
24X
I(m)

�i

������ (�; �jsm)
35�E [nI(m)j (�; �jsm)] �f

1AE

"�
d�(m)

d�

�+

IPA

#
: (12)

We will need the transition probabilities for the embedded (discrete-time) Markov chain, which

are given by the matrix

P = [pij ] =

0BBBBBB@
�=(�+ �) �=(�+ �) 0 0 0 0

0 0 �=(�+ �) �=(�+ �) 0 0
�=(�+ �) 0 0 0 �=(�+ �) 0

0 0 0 0 0 1
0 1 0 0 0 0
0 0 1 0 0 0

1CCCCCCA :

We �rst calculate E[
P

I �i] and E[nI ] for I(1), the path that starts at s2 and ends at s3. Starting

at s2, a sample path can end at s3 following two di�erent paths: s2s3 and s2s4s6s3. The probability

that it follows the �rst path is �=(�+ �) and the second one is �=(�+ �). Hence, we have

E

"
nIX
i=1

�i

����� (�; �js1)
#
=

1

�+ �
+

�

�+ �

2

�
=

�+ 2�

�(�+ �)
(13)

and

E [nI j (�; �js1)] = 1 +
�

�+ �
2 =

�+ 3�

�+ �
: (14)

For I(2), in which the sample path starts at s5 and ends at s6, the calculation is more complicated

than the previous one, since there are many di�erent ways a sample path starting at s5 can end
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s6. Let yi and zi denote E[
PnI

i=1 �i] and E[nI ] for the sample path that starts at si and ends at s6

(i = 1; : : : ; 5), where we are interested in �nding y5 and z5. Let y = [ y1 y2 y3 y4 y5 y6 ]T

and z = [ z1 z2 z3 z4 z5 z6 ]T . Then, both satisfy a Poisson's equation,

y = Qy + a;

z = Qz+ b;

whereQ is the matrix obtained by deleting the 6th row and column from P (i.e., with states 1 through

5 taken as the set of transient states and state 6 as the absorbing set),

a = [ 1=(�+ �) 1=(�+ �) 1=(�+ �) 1=� 1=� ];

and b = [ 1 1 1 1 1 ]:

Solving, we obtain

E[
X
I(2)

�i] = y5 =
�3 + 2�2�+ 4��2 + 2�3

��2(� + �)
(15)

E[nI(2)] = z5 =
�3 + 3�2�+ 6��2 + 3�3

�2(�+ �)
(16)

Now we calculate the E[(d�(m)=d�)+IPA] terms. Note that the perturbation at server 1 is always

equal to zero since perturbations at server 2 never propagate to server 1 (recall that � is a parameter in

server 2's service time), because server 1 is always busy. Since � is a scale parameter, the steady-state

IPA accumulation at server 2 in si; i = 1; � � � ; 6, can be written as xi=�, where xi has the dimension

of time. We have x4 = x5 = x6 = 0, because server 2 is idle in these states, so the perturbation is

always lost. (NB: The IPA analyses contained in the previous three sentences are just an application

of the original IPA for queueing networks introduced by Ho and Cao, 1983). Now, we condition on

the previous state to derive recursive equations for the expected values of the remaining xi:

E[x1] = p�11(E[x1] +E[T1]) + p�13(E[x3] +E[T1])

E[x2] = p�21(E[x1] +E[T2])

E[x3] = p�32(E[x2] +E[T3]);

where Ti is the time spent in state si and p�ij is the probability that the previous state was j, given

that the present state is i. For the former, we have E[T1] = E[T2] = E[T3] = 1=(�+ �), whereas the

latter are simply the transition probabilities of the reversed chain given by p�ij = pjipj=pi, and thus,

p�11 = p�32 = p�21 = �=(� + �); p�12 = �=(�+ �); so solving the equations, we obtain

1

�
(E[x1] +

1

�+ �
) =

�2 + 4��+ 2�2

�(2�+ �)
; (17)

1

�
(E[x2] +

1

�+ �
) =

�2 + 3��+ �2

�(2�+ �)
: (18)

Substituting (10), (13), (14), (15), (16), (17) and (18), into Equation (12), we get

�f��

�
p1(

�+ 2�

�(� + �)
�
�+ 3�

�+ �
�f)
1

�
(E[x1] +

1

�+ �
) + p2(y5 � z5 �f)

1

�
(E[x2] +

1

�+ �
)

�
=

�2(�2 + 4��+ �2)

(�2 + 3��+ 5�2)2
;

10



which matches (11). Note that although the proof was done for a special case, the method of proof is

applicable for any values of N1 and N2, as well as for more complicated multi-class queueing networks.
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