Notes on Discrete-Time Markov Processes

Frangois Gourio*

These notes are based on the references quoted in the last section.

1. Motivation

Many interesting models are recursive if exogenous variables (shocks) follow Markov
processes. In this case, the endogenous (state and control) variables themselves
follow Markov processes. To derive analytical or numerical results about these
variables we need to analyze Markov processes. Concretely, the savings problem

Via,y) = max {U(c)+ BBy, V(d,y)},
ad = Ra+vy-—c,
y Markov,

leads to a policy function a’ = g(a,y). This implies that the vector X; = (ay, y;)

follows a Markov process. We'll present tools that allow, for instance, to make
. . . . 1 T

predictions regarding the average level of assets limy oo 7 Y ;4 a4

2. Markov Chains: basic facts and definitions

Definition 1. A stochastic process (in discrete time) is a sequence of random
variables: (X;),~, where for allt = 0,1,2, ..., X; is a random variable.

Example 1. Any linear ARMA process; or a nonlinear process, e.g. X; =
exp (&¢) e,y with &; iid N (0, 0?).

Definition 2. A stochastic process satisfies the Markov property if for all t > 0,
Pr(Xp | Xi) = Pr (X | X, ., Xo)
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Example 2. A random walk X;1 = X;+¢&411, & iid N(0,0%);0r X; 1 = cos(t) +
pX; + epryor Xpoq = F(Xy,0,41) with 0,41 an iid variable.

Exercise 1. Are martingales markov processes? Is the reverse true? (Recall a
martingale is a stochastic process such that X, = E;X;1, all t > 0.)

Definition 3. A stochastic process is a (time-homogeneous) Markov chain if (1)
it satisfies the Markov property, (2) Pr (X;.1 | X;) does not depend on time t and
(3) for all t, X, takes values in a finite set S. Hence, a Markov chain is given by
(a) a finite state space S where X takes it values; (b) a S x S transition matrix
Q, withVz,y € S : Q(z,y) = Pr(Xys1 =y | Xy =) ; and (c¢) a distribution p,
over S from which the initial value X, is drawn in S. (This distribution could be
degenerate, meaning we start for sure in some given state.)

We will denote the state space as the set of integers between 1 and S : {1,2,..., S} .

The matrix Q) must satisty Q(z,y) > 0 for all z,y € S, and ZyGS Qz,y) =1
for all x € S. A matrix satisfying these conditions is called a stochastic matrix.

o must be a distribution on {1,2,...,5}, i.e. py(s) >0 for all s = 1...5 and
> oes Ho(s) = 1. The set of distributions on {1,..., S} is called the simplex of R®

and is denoted A° = {p eRY, Zle DPs = 1} .

Remark 1. Be careful since there is also a notation Q(j | 1) to mean Pr(X;,; =

Remark 2. Below I discuss briefly the case of Markov process in discrete time
with a general state space: this means we would not require the condition (3). As
an example of a discrete, countable state space: X1 = X; +e401 with €441 = +1
with probability 1/2 and ;.1 = —1 with probability 1/2.

3/4 1/4
1/4 3/4
() means that when you are in state 1, with probability 3/4 you stay in state 1, and
with probability 1/4 you go to state 2. When you are in state 2, with probability
1/4 you go to state 1 and with probability 3/4 you stay in state 2. Note that
the i—th row gives the probability of going tomorrow to each state, conditional
on being in state ¢ today. Hence, the sum of each row must be 1. Inversely, the
column j gives the conditional probabilities of going to j, conditional on being in
states 1,2..,S. The distribution p, indicates we start for sure in state 1.

Example 3. (detailed). S = {1,2}, o = [1,0], Q = [ . This matrix



1l -«
1—
is an iid process: not only is Pr(Xyy1 | Xy, ..., Xo) = Pr(Xy1 | X;) independent of
X 1, ..., Xo, it is also independent of X, : Pr (X1 | X;) = Pr(Xq) .

Example 4. S = {1,2}, 1, = [1,0],Q = | for some o € [0,1]. This

Example 5. S = {1,2}, 1, = [1,0],Q = (1) (1)

quence. Ift is odd, X; = 2, and if t is even, X; = 1.

} . This is a deterministic se-

1/2 1/2 0
Example 6. S = {1,2,3},1, = [0,0,1),Q = | 1/4 3/4 0 . Notice how
0 0.1 0.9
after some time the system will leave state 3 and never return to it.
10 0
Example 7. S=1{1,2,3},Q = | 0 1/2 1/2 | . Notice how depending on the
0 2/3 1/3

initial condition, the system may either get stuck in state 1, or oscillate stochas-
tically b/w state 2 and state 3.

Example 8. (Mehra and Prescott, 1985 JME). They model US consumption

1 O
growth by the following two-state process: S = {1,2}, o= [1,0/,Q = [ 7 tz ? +£ } . State
) 2

lis a “boom” with consumption growth high and state 2 is a “recession” with con-
sumption growth low: if x(s) is consumption growth, we choose values for x(1)
and x(2) appropriately: ©(1) =14+ pu+¢, x(2) = 1+ pu — €. (these are annual real
gross rates of growth). If p > 0 there is some persistence in consumption growth.
MP set = 0.019, € = 0.035 and p = —0.28. (Example to be continued).

Remark 3. As always,
Pr (Xt7 Xt—17 sty XO) = Pr(Xt | Xt—17 d) XO) Pr(Xt—l | Xt—27 iaS) XO) Pr(Xl | XO)IU(XO)
Now given the Markov assumption, we have the simplified formula:

Pr (Xt7Xt—17 ...,X()) = PI'(Xt | Xt—l) PI"(Xt_l | Xt_g)...PI'(Xl | Xo),u(X()),
= Q(Xi-1, Xt)Q(Xi—2, Xi-1)...Q(Xo, X1)p(Xo).

(This makes computing likelihoods easy.)



Remark 4. Graphical representation of a Markov chain.
Proposition 1. Let X; be a Markov Chain (S, py, Q). Then for any k > 1,
Pr( Xy, =j | Xe =1) = (Q"):y,

where (Q*); ; is the i, j element of the matrix Q to the power k.
Proof: we prove this by induction. For k = 1 the formula is the definition of
(). Assume the formula is true for some k > 1 :

Pr(Xiw=j| X, =)= (Q"),,
Then we use the total probability formula to write:

Pr(Xpppsr = | Xe =0) = > Pr(Xpppn = | Xepr =9, X = 1) Pr (X =y | Xy =),

yes

Next we use the Markov property, the definition of (), and the induction as-
sumption to rewrite this as

Pr( Xy =J | Xy =1) = ZQ(Z/J) (Qk)i,y-

yeS

But we recognize this as the formula for the product of the matrix () by the matrix
Q" hence

Pr(Xeppn1=j | Xp =1) = (Qk+1)i,j’

and the result is proven for k + 1.[]

We now turn to the “accounting” of probabilities. Suppose the distribution
at time 0 over the states is drawn according to a probability x,, then what is
the distribution over the states next period? The following result answers this
question.

Proposition 2. Let for all k = 1...5, m, = Pr(X; = k) be the unconditional
probability of being in state k at time t, and let m, be the (column) vector
(m¢1y ..y Trs)'. Then:

Vi > 0,701 = Q'my.



Proof:

Vs = 1..5:
Tip1s = Pr(Xiyr=s)

= ZPY(XtH =s|Xi=y)Pr(X,=y)
yeS

= Z Q(y> S)ﬂ't,y
yeSs

= Z (Q,)s,y 7Tt7?J7
yes

which proves our point since this is the s—coordinate of the multiplication of ()’
and m;.[]

An immediate corollary is that we can obtain the k—period ahead uncondi-
tional probabilities 7,4 = (Q')* m,. In particular if we start at time 0 with a state
drawn from g, after ¢ periods the distribution is m; = Q" ji,. Clearly if the se-
quence of matrixes (Q"),, converges to some matrix R, then 7, — Ry,. In this
case, we see that the process will tend in the long run to spend (Rj) (s) time
in each state s. These long-run distributions are interesting because they reflect
the “average” behavior of the system. We can try this numerically by computing
Q"' 11y for large ¢, and you can try this by hand on the various examples we used
above. As the examples show, it need not be the case that Q" converges to a
matrix R (see also SLP 11.1 for the analysis of various examples). But in any
case, if m; converges, its limit must satisfy 7 = QQ’7. Hence the

Definition 4. 7, a probability distribution on {1, ..., S} is invariant if 7 = Q'r.

Remark 5. The set of invariant probability distributions is a compact, convex
subset of AS. In particular, if there are two invariant distributions, there is an
infinity of them.

Remark 6. Note the definition is equivalent to saying that m is an eigenvector
associated to the eigenvalue 1 of the matrix )'.

In the next section, we prove that any Markov chain has an invariant distrib-
ution; but there may be several invariant distributions (take the example Q = I,
the identity matrix); and finally the Markov process may not converge to any of
these distributions. We will give sufficient conditions under which we have unicity,
and sufficient conditions under which we have convergence.



Exercise 2. Find the invariant distribution(s) of the Markov chains examples we
gave above.

Exercise 3. Compute by hand the conditional mean and the conditional stan-
dard deviation of the examples above: what is E (X1 | X¢) and Var (X | X3)?
(Obviously you will need to compute this for each state X;.)

Exercise 4. Compute by hand the unconditional mean, standard deviation, and
autocorrelation of the process used by Mehra and Prescott. Express the mean,
standard deviation and autocorrelation as a function of u, e, p. To do this you will
need the invariant distribution of the process {X,} .

Remark 7. Simulating a markov chain is easy given a random number gen-
erator. Given the state z(t) € S, you need to use the conditional distribu-
tion [Q(z(t),1),...,Q(z(t),S)] to draw x(t + 1). Draw a number s(t) between
0 and 1,and if s(t) < Q(z(t),1), then z(t + 1) = 1; if Q(x(t),1) < s(t) <
Q(z(t), 1)+ Q(=z(t),2), then x(t + 1) = 2; and so on. Once you know xz(t + 1) you
can repeat the process with the new distribution [Q(x(t+1),1),...,Q(z(t+1),5)],
and so on to get a time series of the desired length.

3. Long-run behavior of Markov Chains

3.1. General discussion

I am merely rephrasing here the introduction of chapter 11 which is a nice sum-
mary (also see chapter 2, and the introduction of chapter 8 to see how everything
hangs together).

Recall the analysis of the neoclassical growth model without uncertainty.
Once you have optimized, you obtain a law of motion for capital along the optimal
path: k1 = g(ky).

Three questions arise naturally:

1. Existence of a steady-state: is there a number k* such that k* = g(k*)?

2. Unicity: is there only one such £*?

'To wit, maxc, k,,, 2450 BU(ct) st kiy1r = (1 — 8)ky + F(ki) — cr, ko > 0 given.



3. Stability: do we converge to this steady-state, starting from any initial con-
dition kq? i.e. do we have lim; ., k; = k*, for any ko? This is global stability.
We can weaken this by requiring only that this property hold for any kg that
is near enough £*. This is local stability.

Given a Markov process with transition matrix (), we have stochastic sample
path of X;, hence there will typically not be convergence to a constant, but we
can ask whether the X,’swill settle on average around some area. This leads us
to ask the questions:

1. Is there an invariant distribution p such that 7"y = u?
2. Is it unique?

3. Do we have convergence to this stationary distribution from any initial dis-
tribution, i.e. do we have that lim, o (T%) j1y = p* for any .

3.2. Results

We consider a Markov chain (S, 119, Q). The aim is to prove the theorems 11.1
and 11.4 in SLP, but the presentation is slightly different.

Definition 5. We say that state j € S is accessible from state i € S, and we
note © — j, if there is a positive probability, starting from i, to get to j, i.e.:
N > O,WES.[) > 0, where we note wgg) = Pr(Xy=j|Xo=1), ie. the (i,7)
element of QY.

)

Remark 8. The opposite of 1 <— j is Vn > 0, 7'('57; = 0, i.e. starting from 1, one

will never go to j.

Proposition 3. If i — j and j — k then i — k.

Proof: ng}jm) > wgf})w%) > 0.
Definition 6. We say that state i is recurrent if for all j that is accessible from
i, 1 is accessible from j, i.e.:i — j = j — 1.

Definition 7. We say that state ¢ is transient if it is not recurrent, i.e. there is
a state j such that i — j but not(j — i). That is, there is a positive probability
of going to j and never returning to i.



Proposition 4. Ifi is recurrent and 1 — j, then j is recurrent.
Proof: Let k be such that j — k. Since i — j, we have i — k. Since i is
recurrent, we have k — 1. Since i — j, we have k — j. Hence j is recurrent.

Definition 8. We say that ¢ and j communicate with each other if 1 — j and
j — i. From the results just proven, we note that “to communicate” is an equiv-
alence relation, i.e (i) i communicates with i, (i) if i communicates with j then j
communicates with i, and (iii) if i communicates with j and j communicates with
k then v communicates with k.

Definition 9. An ergodic set is a subset E of S such that (i) Pr (X, € E | Xy € E)
1 for all n > 0, and (2) no strict subset of E has this property.

Once you enter an ergodic set you never leave it. An ergodic set that has
only one element is called an absorbing state: once you reach it, you remain stuck
forever.

One way to explain the following theorem is to note that the Markov chain will
after some time leave any transient state, since every time you leave it, there is
some probability of not returning. Hence not all states can be transient, otherwise
there would be no place to go after a while. The proof formalizes this idea.

Proposition 5. Any Markov chain has at least one recurrent state.

Proof: by contradiction, assume all states are transient. First, notice that
mi; < 1 for all 1 = 1...S otherwise the state i would be recurrent; hence, each
state leads to at least one other state (i.e. some other state is accessible from each
state). Next, start from state 1 : we know that 1 is transient, so there is some
state, say 2, such that for some n > 0 77%) > 0 but for alln > 0, wg”l’ =0 (there
is a probability of going there and never returning). Now, state 2 is transient too,

g’”ﬁ > 0 for some n > 0 and 7T§:n2) = 0 for all

n > 0. Note x cannot be 1 since Wé"l) = 0. Call “3” the state x then. Note that
1 cannot be accessible from 3 either since 3 — 1 and 1 — 2 would imply 3 — 2,
which is false. Hence by induction we have that for all s € S, for alln > 0 and
for all i < s, ﬂg? = 0. But this leads to a contradiction for s = S,n = 1 since
mg; = 0 for all v = 1..5 — 1 and mg g < 1 as we noted as the outset: we don’t
have } g ms; = 1. Contradiction.[]

so there is some state x such that w

Proposition 6. One can partition the state space S into a set T of transient
states and M > 1 sets F, ..., Ey, which all contain only recurrent states, with
each E; an ergodic set.



Proof: put all the transient states in I'; then among the recurrent states put
two in the same set iff they communicate with each other (by definition of a
recurrent state, if one state is accessible from another, they communicate with
each other). By construction, the sets are ergodic: the probability of going to
T is 0 (since the states in the E; are recurrent, there would be a probability of
return, contradicting that T has only transient states); moreover the probability
of going to L for j # ¢ is 0 too since we created the sets by putting states that
communicate with each other together. Hence, Pr (X, € E; | X; € E;) = 1 for
all i. And clearly no proper subset of the E; will verify this, since it will leave out
some state with is accessible from the other states. (What we did is partition the
set of recurrent states into the equivalence classes of the relation “to communicate
with each other”.)O

Proposition 7. k 0 Q’“ converges as N — oo to a matrix R which is sto-
chastic.

Proof: Define TV = + V- Q*. Since all the matrixes Q* have their elements
taking values in [0, 1], we see that T" is also a matrix which elements take values in
[0, 1]. Hence the sequence {TN } lives in a compact space (since bounded and closed
finite-dimensional). We can thus extract a convergent subsequence TN, Call
R = 1lim T¢"). Clearly R is also a stochastic matrix (take the limit in the definition
of a stochastic matrix). Now we want to prove that T™ actually converges to R.
First notice that QTN =TNQ = + Sy, QF =TV + # hence by taking the
limit for N = ¢(n), n — oo, we have QR = R(Q) = R. The same argument with
Q' instead of Q) yields that for any given i, Q'R = RQ' = R. Now assume that T
doesn’t converge to R; since T lives in a compact, we can extract a convergent
subsequence T converging to a different limit R. The same argument implies
that EQi = Q'R = R for all i. But this implies in particular that RT?™ =
TR = R, and letting n — oo leads to RR = RR = R. Applying the same
result to RTw () = TYMR = R, we get RR = RR = R. Hence R = R. Hence TV
must converge to R.[J

N

This theorem implies that the average probability distribution over the states
converges. The average time spent in each state after N iterations is indeed T .

Proposition 8. There always exists an invariant distribution. Moreover, any
row of R is an invariant distribution, and any invariant distribution is a convex
combination of the rows of R.



Proof: from the previous theorem, we know that % iv:_ol Q" — R, a stochastic

and RQ) = R. Writing the equality of these matrixes as the equality of the row
vectors, we have ry_ = [rg,...,rss] = Ts_ X @ S0 each row r,_is an invariant
distribution. Moreover, an invariant distribution m satisfies

Vn > 1l:7(s)= ZQ”(@, s)m (i)

€S
w(s) = Y (% > @k) (i, $)7(i) = >_ R, )7 (i),
€S k=0 €S

which shows that 7 is a convex combination of the rows of R (with the coefficients
the m themselves!).

Another proof of the first point: Use Brouwer’s fixed point theorem: a contin-
uous mapping from a compact, convex subset of R into itself has a fixed point.
The mapping is 1 — Q'n.[]

This gives a way of finding numerically the invariant distribution: compute
TV for large N and take the rows. (As we will see below, in the usual case one
can even do simpler and compute @V only.) Another way is to ask directly the
computer to find the eigenvalues and eigenvectors of ). (In this case of course
you need to normalize the eigenvectors to make them probability distributions.)

However, we are still left with the case where there are multiple invariant
distributions. The following theorem gives a necessary and sufficient condition for
the existence of a unique ergodic set, which is also a sufficient condition for the
uniqueness of an invariant distribution.

Proposition 9. () has a unique ergodic set iff there is a state j such that Vi €
S,dn > 1, WEZ) > (0. Moreover in this case () has an unique invariant distribution
.

Proof: If such a state j exists, it is recurrent; since it is accessible from all
states, there is at most one ergodic set. Since we know there is one from the result
above, there is only one. Since each invariant distribution is associated with an
ergodic set, there is a unique invariant distribution. Reverse clear (or see SLP).[]

Definition 10. The Markov chain (S, p,, @) has cyclically moving subsets if

301,02 C S with Pr (Xn+1 € (s | X, € Cl) =1, Pr (Xn—I—l e} | X, € Cg) =1
and C; N Cy = 0.

10



Proposition 10. Let for alln > l,all j € S, 6§-n) = min; <7r(”)> and let ¢™ =

ij
> jes 55.”). Then the Markov chain (S, j1y, Q) has a unique ergodic set with no
cyclically moving subset iff AN > 1,6™) > 0. In this case, for any p, € AS,
QN {y — ™, the unique invariant distribution (and convergence occurs at a geo-
metric rate).

The condition is clearly the same as: 4j € S,dN > 0,Vi € S, ng;-[) > 0. Note
that the key element here is that the N is the same for all i,j. This is the
difference with the previous proposition where the probability of going to j was
nonzero for some N, which could depend on i. By considering the example 5 (a
periodic chain), you can understand why this assumption will rule out the case
of cyclically moving subset. In that case, the condition if ‘satisfied’ for different
N'’s, depending on the i, and it is not possible to find a same N that works for all
the i’s. Hence the theorem doesn’t work, one only has the existence of a unique
invariant distribution.

Remark 9. Note that a (weak) sufficient condition for this theorem is that for

some N > 0, ng) >0 for all i,j € S.

In this case, which is the most common in applications, computing Q* for large
N is enough to find the invariant distribution. One will find that the limiting
matrix has identical rows, which are all the invariant distribution.

Some more definitions and results

I state without proof the following result which is intuitive.

Proposition 11. iis recurrent iff Pr[X,, =i for an infinity of n | Xy =1] = 1,
and i is transient iff Pr [X,, =i for an infinity of n | Xy =] = 0.

Definition 11. A Markov chain is irreducible if it has only one ergodic set (all
states communicate with each other).

(To do: add more results. add more examples.)

4. More general state space

In some cases the state space is not a finite set. It may be countable but not
finite, or it may be continuous. The results we proved in sections 1 and 2 then
do not hold in general, they require stronger assumptions. In this section I follow

11



SLP (section 8.1). The more general notation encompasses our finite state case
as a special case.
Let (S,S,P) be a probability space.?

Definition 12. A transition function is a function @) from S x B(S¥) — R such
that

(1) for any s € S, Q(s,.) is a probability measure on (S, <).

(2) for any A € ¥, Q(., A) is a measurable function from (S,<S) into R.

Q(s, A) should be interpreted as Pr (X, € A| Xy = s).

Example 9. In the case of a Markov chain with transition matrix P, Q (i,{j}) =
P(i, 7). Hence we define Q(s, A) for any A C {1,...5} as Q(s, A) = >, , P(s,1).

Example 10. Suppose that X; € R and we define F(x | s) = Pr(Xyy1 < 2|
Xy =s). Then Q(s,A) = [, dF(z | s).

Example 11. A normal AR(1) process: X;11 = pX; + €441 with g iid N (0, 0?).
We have

Q(s, A) r( Xy € A Xy =5)

P
= Pr(ps+e1€A)

Hence we can define for any b :

where @, is the standard normal cdf. [Having defined @) for any interval | —
00, b] is enough: it allows us to define Q(s, A) for any A € B(S), with the for-
mula Q(SaA) = f_—F;O 1uEBg(SaU)du7 where g(s,u) = dQ(Sv] - OO,b])/deb:u =
1 u—ps

>®0.1 ( > ) J

Let A(S,S) the set of probability measures over (S, S) and M (S) the set of
measurable functions from (5, <) into R. We now define two operators associated
with the Markov chain Q.

2Recall this means that S is a set, Jis a sigma-algebra over S, and IP is a probability measure
over (5,9). A sigma-algebra is a set of parts of S satisfying (i) 0 € S, (ii) A € = A° € G, and
(iii) if A,, is a countable collection of sets in §, then U,enA, is in & A probability measure P
on (5,9) is a mapping from < into [0, 1] such that: (i) P(0) = 0, P(S) = 1, (ii) if the A, are
countable and disjoint, then P(UpenAn) = >, cn P(An).

12



Definition 13. The Markov operator T' is a mapping from the set of measurable
functions (S, ) — R into itself defined as:

Ve M(S,S),VseS:( /f Q(s,ds")

Interpretation: (Tf)(s) = E (f(si1) | st = s).

Remark 10. 7T is linear: T(af + Bg) = oT'f + 5Tg for any f,g : (5,3) — R
and o, f € R.

Remark 11. In the case of Markov chains, (Tf)(s) = > .q Q(s,s") f(s") which
we can write in vector terms as T f = Q f, where f is the column vector { f(s)},_,

and T f the vector {(T'f) (s)},_; s-

SLP show in theorem 8.1 and its corollary that 7' maps positive measur-
able functions into positive measurable functions, and bounded measurable func-
tions into bounded measurable functions: 7' : M*(S,3¥) — M™(S,S), and T :
B(S,3¥) — B(S,S).

Example 12. Let’s write down T for the example of an AR(1). We have

(Tf)(s) = /f Qs, ds')

= [ e (P )

Definition 14. The adjoint of T' is T*, a mapping from the set of probability
measures over (S, <) into itself, defined as:

VA e A(S,S),VA e /QSA (ds).

Interpretation: T*\ is next period’s probability distribution over the states if
A is today’s probability distribution over the states: (T*\) (A) = Pr(s;y1 € A |
St~ A)

Remark 12. T* is satisfies T*(aX + (1 — a)pu) = oT*\ + (1 — «)T*u for any
a € 0,1, A\, pu € A(S, ).

13



Remark 13. In the case of Markov chains, T*u = pQ.
Example 13. In the case of an AR(1),

(T°)) (4) = / Qs, A)A(ds)

g A

Or, for some b € R and A =] —

("0 (|~ oo.t]) = /+°°/+°° ermns (5
_ /_Oo Do, (b J’)S> A(ds).

Finally if X\ has a density i.e. \(ds) = g(s)ds, then

@) (0 -o00) = [ (L) gl

[e.9]

ps) du \(ds)

) du A(ds)

Definition 15. We can define the n—period probability ahead recursively. For
anys € S, A € Q,let Q' (s, A) = Q(s, A),andVn > 1,Q" (s, A) = [ Q"(u, A)Q(s, du).

Proposition 12. For alln > 1, Q" is a transition function, and the operators of

the iterate are given as the iterates of the operator of the one-step ahead transition
function: T = Tm T*") = T*"
Proof: see SLP.

Remark 14. Hence, given an initial distribution Ao, A\, = T*"\g is the distrib-
ution over the states after n periods. Moreover T" f is the expected value of f
n-periods in advance: (T"f) (s) = E (f(si1n) | 8t = ).

Example 14. Consider again the case of an AR(1). Let Gy be the c.d.f. and
g1 the p.d.f. of X;1. Then we have the recursion, Vr € R :

Gt+1(l'> = PI‘(Xt_H S T | Xt ~ Gt)
“+o0o
Gia(z) = / Dp 1 (x ps) Gi(ds)

Gunle) = [ " a, (”’;ps) 9(5)ds




Hence:

1 [T T — ps
Ve e R: gy (z) = ;/ P01 ( . ) g1(s)ds,

and a stationary distribution must satisfy the equation T*\ = )\, with we can
write in p.d.f. terms as

. 1 [t r—ps\ ,
VxER:g(x)z;/ ¢0,1( Up>g(s)ds.

This is a functional equation in g*. In our case, we can guess and verify that
the stationary distribution of X will be normal (u,%?). We see that p, ¥? have to
satisfy: EX; 1 = pEX;+Bei i1, VX1 = p*VXi+02 = pn= 0,22 =0%/(1—p?). To
check this guess, we need to see that g*(z) = ¢y, (*5*) /3 satisfies the equation
above, i.e. we need to check that

— 1 [T — —
¢0,1 (x Zﬂ) = g/ ¢0,1 (I Ups) ¢o,1 (S ZN) ds,

which is possible to do by hand. In this special case, there is also another way,
which is simpler: given the properties on the sum and product by a scalar of
normal distributions, we see that if X; is normal (u,Y), then X;,1 is normal
(1, X) . This suffices to prove that this is one invariant distribution.

More generally, the definition of an invariant distribution is still 7%y = p, i.e.:
vA €3 [ Qs An(ds) = (),

which we can first rewrite by requiring this to hold only for the subsets A =]—o0, b],
denoting F'(b | s) = Q(s,] —00,b]) =Pr(X;11 <b| Xy =) :

VbeR: /F(b | s)u(ds) = u(] — o0, b]),

and in the special case when (i) F' has a continuous density i.e. F(b|s) = f(b|
s)ds, and (ii) p has a continuous density too, i.e. p(ds) = g(s)ds, we can rewrite
this equality as

VbeR: /f(b | s)g(s)ds = g(b).
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Example 15. There is a simple formula for B (3,5 8' f (1) | 20) = Y50 8° (T" f) (o) where

T* denotes the t—th iterate of T in the case of Markov chains: ), BH(T ) (0) =
(X120 8'Q") f) (w0) = e(ao)(I — BQ) ™" f where e(xo) is the 1 x S vector with 1
in position xy and 0 elsewhere.

Remark 15. We can obtain the expression for (tho B f () | xg) by a slightly
different road. The distribution of x;given xqo is (T*)(zg) = e(x)Q". Next,
E (f(z) | o) = e(x0)Q" f where f is the S x 1 vector of values f(s). Finally,

B (Z B'f (i) | ) = 3" Be(wo) Q'S = elao) (I — BQ)F.

>0 >0

What we do in this example is compute of the future distribution using 7™
instead of computing the expected value of f using 7. This is an instance of the
following theorem.

Proposition 13. Vf € M*(S,3),VA € A(S,S) :

/( A(ds) /f )(T*\)(ds).

Proof: see SLP (Theorem 8.3).

This simply says that if today’s state is drawn according to A, the expected
value of f tomorrow can be found by first finding the probability distribution
tomorrow if today’s state is drawn according to A, and then integrating f with
respect to this distribution. In the case of Markov chains we already know this
since the equality can be written: for any f € R® (a S x 1 vector) for any A € A“ (a
S x 1 vector):

N(@Qf)=(NQ) [,

which is obviously true.

Remark 16. At the risk of beating a dead horse, there is a third way to compute
the discounted sum of the earlier example. Let V(zo) = E (3,50 8" f (1) | zo) ,
then -

Vi(zo) = [f(xo) + BE(V(z1) | z0)

Vi(zg) = flzo) + 5 Z Q(wo,s)V (s)

seS

which we can write in vector terms as

V=f+BQV=V=(-p5Q)"f
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Example 16. (Campbell and Cochrane, JPE 1999). Assume log consumption is
a random walk: Alog C; = p+e; with g; iid N(0, 0?). CC specify a utility function
ﬁE tho BY(Cy — X;)'=7 where X, depends implicitely on past consumption and
today’s consumption as follows. Let S; = (Cy — X;) /C; and let s; = log S, satisfy
for some chosen parameter values ¢, :

ste1 = (1= ¢)5+ dse + A(se) (Alog Crq — ),
1
As) = =v1—-2(s—35)—1, s < Smax
eS
= 07 S Z Smax
- 1 2
Smax = s+—(1—e )
2
Write the transition function associated with this Markov process. Find the sta-
tionary distribution numerically. What is interesting about this example is that
it is nonlinear, and the nonlinearities are important.

We finish with two important definitions:

Definition 16. ) has the Feller property if its Markov operator T" maps C(S),
the set of continuous function of S into R, into itself, i.e. if the conditional expec-
tations are continuous in today’s state: (T'f)(s) = [ f(s')Q(s,ds’) is continuous
in s for any f continuous.

Small variations in the state today move only a little the conditional expecta-
tion tomorrow of any continuous function; intuitively this means that the probabil-
ity distribution over states tomorrow moves only a little, and since f is continuous,
the conditional expectation moves only a little too.

Definition 17. () is monotone if its associated Markov operator T maps nonde-
creasing functions into nondecreasing functions.

This means that the higher the state today, the higher the conditional expec-
tation of tomorrow’s f, for any f. This is equivalent to saying that for any sy > s1,
Q(s2,.) first-order stochastically dominates Q(sq,.).

[Recall that a c.d.f. F first-order stochastically dominates G iff any of the
following equivalent conditions are satisfied: (i) Vo € R, F(x) < G(z), (ii) for any
h weakly increasing, [ h(s)dF(s) > [ h(s)dG(s), (iii) X drawn from F equals
Y drawn from G plus a random variable Z > 0; of course a consequence that F
FOSD G is that the mean of F' is higher than the mean of G.]
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5. Convergence results for Markov Processes

Chapters 11 and 12 in SLP study the convergence properties of the more general
Markov processes in detail. Here I only quote two important results.

Proposition 14. If S C R! is compact and Q has the Feller property, then there
exists an invariant distribution.

Proposition 15. Assume that S = [a,b], ) is monotone, has the Feller property,
and satisfies the following mixing condition:

Jc€ 8,3 >0,3IN > 1,PY(a,[c,b]) > ¢ and PV (b,[a,c]) > ¢.

Then there is a unique invariant distribution p* and for any initial distribution
Lo, the sequence p,, = (T*)" p1, converges weakly (i.e. in distribution) to u*.
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