Technical Appendix for
“Investment Spikes: New Facts and a General
Equilibrium Exploration”

Preliminary Version

Francois Gourio and Anil K. Kashyap*

August 2006

This technical appendix presents all the computations required to solve the model of business
cycle with fixed costs to investment proposed by Julia Thomas in “Is Lumpy Investment Relevant
for the Business Cycle?” (Journal of Political Economy, 2002, 110(3), 508:534). The appendix

then extends the model in some directions.

1 Baseline Thomas Model

This section considers the baseline Thomas model.

A. Deriving the first-order conditions

In this section I derive the first-order conditions. The equations that I obtain are the same
as in Thomas (2002). The social planner problem is to choose {ci, nji, 41, ji, 0141, Kjes1} to

maximize:
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J
Nt = Z 'flﬁ"‘R Oé]t))

j=0

VJ - OJ - 1 . k]+1,t+1 == (1 - 6) kj,t;
\V/j = 0..J: kO,t—|—1 = (1 — 6)k’jt + ijt,
\V/] = 0..J—-1: 0j+1,t+1 == (1 — ajt>6jt;

J
Ooir1 = E 0j¢0uy.
=0

I form the Lagrangean L, with obvious notations for the multipliers:

oo J J
Z ﬂt [U (Ct> —v <Z 0],5 it + R a]t > + Z ﬁt)\t [Z thAt Jtn]t — Z 0],504],52],5
t=0 7=0 =0
oo J-1 o)
+Zﬁt <Z gj_t,_lt ((1 - 5 Jt ]—|—1 t+1 ) + Zﬂtzn]-‘rlt Oéﬁ)@ﬂ - 6j+1t+1)
/ Jj=
+ ZB ot (Z ejta]t - 90t+1> + Zﬁt 7Tjt (1 — 6)]%,5 + ijt — ko’t+l) .

Now take the first-order conditions:

FOC wrt ¢ :

FOC wrt nj;, (j =0...J):
U/(Nt)ejt = U)\tthAtk;tn;t_l
Let w; = v'(Ny)/ A denote the wage, this FOC can be rewritten as the usual MPL = wage

condition,

Wy = UAtkAY U !

FOC wrt i (j =0...J):
—)\tHjtajt + it = 0
FOC wrt kj (j =1...J —1):

1
A MPKj + (1= 6)j + Cjpq (1 —6) = Cj,t—lB =0

Cj,t—l - 5Cj+1,t(1 - 5) + 5(1 - 5)7Tjt + 5)% (ethPKjt)

then we have:

o Cjt
Define s;; = T

Sja—1M—10-10-1 = BO;:\85401,4(1 — 0) + B(1 — 6) ey + BN (0;: M PK )



Sjt—1 ﬁ)\t
l—aj1i1 A

[8j41,4(1 = 6) + (1 — 0)avje + M PKj]

Sjt—1 B Sj+1,t
’ = —(1—a;)(1 =6 1—-90)ay+ MPK;
1_04j -1 A1 1—Oéj,t< @i)( )+ Jage + It
Let pj = 1= o , then:
. | B\
Vi=1l.J—=1:p; = N [MPK ¢+ (1 =9) (ajt + uj+17t(1 — ajt))}
FOC wrt ky, :
J
Ay (HOtVAtkg;lngt) + ¢y (L =6)+ (1 —8)mor — Z Tj—1 =0
=0
A k:7 1 v L+ Cu (1 N 5) + (1 . 6)a . At—1 ijo ejtflajt—l —0
T4 )\tQOt o ﬂ)\t QOt B
B)\t y—=1_wv _
b\ ('7]{7 g + pye (1 — o) (1 —6) + (1 - 5)(10,5) =1
tf
Define pg = f:‘tl (fyk: ng, + (1 —6) (p,(1 — o) + ) , which is the same recursion as
above. Then the FOC reads p, = 1.
FOC wrt ky; :
MO g Ayk) 75_1773:: 5CJ,t71 + (1 —0) =0,
leading to
Cricr 051 M
ANEL 'Y, + 1-6 ’
G 3 ) = R e
ﬁ)\t Y— _
S (Aﬂ/k 76 N+ (1= 5)) = Hji-1

which is actually the specialization of the equation for any j, given a;; = 1.

FOC wrt aj; (j =0...J —1):

V' (Np)0je R (ije) — Mbjeije — 05em; 10 + 1oi0je = 0

—th/(Oéjt) — ijt — nj)j_lt + % =0
t t

Lt (je. transforming from utils units into goods

and since R'(z) = G~*(z), denoting vj; = Y
units):

1 .
vor — wiGT (i) — Bje = Vjpas-



FOC wrt 0, for j # 0 and j # J :

Njt—1

—0'(Ny) (nje + R(oe)) + A [Adk)ind, — cgie] +mj00,(1 — o) — 5 + Motje =0
Which yields
_ A R Akn? ; 1
Vi1 = N [—w; (nje + Rlae)) + Ak, — aeie + vi0(1 — ap) + vose]

FOC wrt 6y similarly yields:
B

Vo, t—1 = \ [—w (noe + R(cwr)) + Arkgeng, — aorior + v1:(1 — o) + vo o] -
t—1

For 05, we get the general equation, given that oy, = 1:

A .
Vjt—1 = % [—wt (njt + R(l)) + Atk;’tn;’t — ¢ + U07t] .

B. List of all the equations

Technological shocks:

A = Xz,
Xt+l - @aXt7
logz = p*logz | +¢€f,

et iid N(0,02).
Production functions, Law of motion for capital stocks:

VJ = 0...J: Yjt = Atk;'ytn}}ta
Vj = OJ —1: kj+17t+1 = (1 - 5)kj,t7

\V/j = 0...J: kO,t—|—1 = (1 — 6)]{33'7,5 + ijt.
Evolution of the cross-sectional distribution:
J
90,t+1 = Z Oéjtejt,
=0
VJ = 1..J: Hj’tJrl == Gj,l’t(l — Oéjfl’t).

Resource constraints:

J J
¢+ E O5e0etjy = E 0;:vjt,
Jj=0

j=0
J J
Z Hjtnjt + Z Q]tR(a/]t) = Nt7
7=0 j=0
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G
where R(ajt) = / zdG ().
0

First-order conditions for optimization:

Consumer optimization:
)\t = Ul(Ct, 1-— Nt),

Ug(Ct, 1-— Nt)
Ul(Ct, 1-— Nt) '

~ 1
(vAtk~t) 1-v
J
Nig =\ ———— .
J
Wy

Indifference of marginal firm of vintage j between adjusting and not:

Labor demand:

VJ =0..J—-1: Vot — V41t = Btijt + th71<Oéjt).
Ex-dividend value of firm recursion:

Vi = 0..J—1:

B
- +1 .
Vit = By <—/\t (yj,t+1 — Wp1Myj 41 — QG141 T Q11 + (1 - Oéj,t+1)Uj+1,t+1 - wt+1R(Oéj,t+1))

(This equation is also true for j = J, with a;; = 1 for all ¢ > 0.)

Marginal value of capital:

‘V’ij...J—l:/uLN:Et(

BAis1 (athH )>
=K : +(1-=6 ,
ap = B ( N ke, LY

fop = 1.

BN dy;,
41 J.t+1 +(1-6) (ozj,t+1 + (1 - ozj,t+1),uj+1,t+1)
At (‘91{33715-5-1

with

(i) Relation between Thomas’ first order condition for the choice of capital and my equations

Of course, the two are equivalent. This paragraph derives it. Thomas writes the first order

condition as:



BAt41 (8% S (1 - 6)a0,t+1Bt+1)

Oko,t+1
+6*Aa(1 — 6)Po.t+1 (giijﬁ +(1— 6)al,t+QBt+2>
AN By = Ey +... )
+67 My s (1 — ) A (g;ij:—ii:j +(1- 5)O‘J71,t+JBt+J>
+ﬁj+1)\t+J+1(1 - 6>J90J71,t+J (% +(1- 5)Bt+J+1>

where ;.. ; is the probability of not adjusting between ¢ and ¢ + j if you adjusted at time ¢ :

J
Vi=0..J—-1: Cjit1tj = H(l — Qig414i)-

=0

Using the recursion for the p;, defined above, one can obtain the Thomas first order condition:

A 0
o = By (6 as ( Yot + (1 -9) (a0,t+lBt+l +(1— 040,t+1)ﬂ1,t+1)))
At Oko ¢4+1

ﬁ)\t-i-l Yo, t+1 + (1 _ 5) %

Oko,t+1

ot = E,

At41 \ Ok1t42

Thus by iterating:

BArs1 <8y0 L4 (1 — 5)Oéo,t+1Bt+1)

Oko,t+1
+ﬁ2)\t+2(1 - O‘O,t+1)(1 - 6) (% + (1 - 6)a1,t+QBt+2)
)\t == Et 2
Hoyt
+...+
)
HB7 Ny 101 )(1 = 8)7 <73Zjiji +(1- 5>Bt+J+1>

Given that pg, = By, this is the same as Thomas.

C. Balanced growth path and stationarized model

Thereafter I denote the (gross) growth rate for a variable z with ©,. We look for BGP with A
growing at rate ©,, B at rate ©, and J constant. Standard arguments then imply that ¢, y, v, w
grow at a same rate ©, and the growth rate of i; is rate 8—;, and V; and nj; are constant. Finally
k;; grow at rate g—:. To determine these growth rates, observe that ©., = 0, <g—:>v,whence
0. = (@ 0, ) , and we can thereafter compute the growth rates of all the variables.

Let’s now rewrite the equation in terms of detrended variables. A variable with a tilde is

divided by its trend growth rate, e.g. ¢ = %. I do not put a tilde above variables that are
trendless. Note also that A, = z#* and B, = 2B

At (ao 14181+ (1 — aggqr) 22 (M +(1=6) (arpy2Bia + (1 - Oél,t+2)l~bz,t+z)>>



VJ = OJ@}t k‘]tn

' ~ 1—-06\~
VJ = OJ - 1 . k’j+1,t+1 - (—> kj,t

O,
. 186\~ 1~
ko1 = (@—k> ki + o,

J
90,t+1 = Zajtgjt
j=0
VJ = 1.J: Qj,t—I—l = Qj—l,t(l - Oéj_l,t>
J J N
[ Zejtgjt - Zfzejtajtijt
j=0 j=0
J J
Ni = ) bunj+ Y 6;R(az)
j=0 §j=0

G~ (o)
Vj=0..J:R(a) = / zdG(x)
0

>\t = Ul(gt,]_ _Nt)
~ _ Ug(a,l _Nt)
U1l (Et, 1-— Nt)

~ vz k7
Nt —
j @,

~ ~ '23 ~ -1
Vot — Vj+1t = 2 gt + th (th)

~ ~ b 7
ﬂ)\t Yitr1 — Wep1 M 41 — 41204185

~ +1 7,t+1 t+1705t+1 Jt+1~¢4105,t+1

'th = Et @ @)\

t Faj1 Vo1 + (1 — 1) Vi1 — Wi R(gp41)

_ by N
[ = BOAOLE, ( ;1 (MPEKj1+ (1= 6) (ajpzp + (1 — aj,t+1)ﬂj+1,t+1))>

t

1 U
— a ~"1-v
where MPKj 1 =7 (28,,) " wt+1 k] 1tV



Given that a;; = 1, we have

- A
Py = BOL\OLE; ( ;\H (MPKJt—H + (1 =9)z +1)> ,

t
~ b
Hog = Z¢-

D. Computation of the Nonstochastic Steady-State

Now we look for the steady-state values of the nondetrended variables when all shocks (g7, £5)
are set equal to 0 (or equivalently 2¢ = z¥ = 1).1 denote the nonstochastic steady-state variables
with *. The program takes J as given and assumes a; = 1, then computes the steady-state values.
One can then iterate over J, starting from a low value, until one finds av;_; = 1. This shows that
J — 1 is the correct number of vintages.

Unknown variables: {yj,kj,ij,nj,ﬁj,vj,uj} o {04]}J —o and {c,n,w, A}, whence a total of

7(J+1)+J+4=8J+ 11 unknowns. Note that a; = 1.

Vi = 0.J:y =k"n" (1.1)
_ . 1— 1) :
5 1
= 0..J: k= ki + 1.

0, = Z a0 (1.4)

Vi = 1...J 05 =05 ,(1—-aj_y) (1.5)
J J

¢ = ZQ* T — Zﬁ;a;‘z;‘ (1.6)
=0 =0

o= w1 — N (1.8)
. (c*,1— N¥)

w* = 1= (1.9)
Vi o= 0..J n;_(”ﬁ) (1.10)



Vji=0..J—1:v5—vl, =il +w'G'(a)) (1.11)

Vji=0..J —1:0] =0,0,0 (y] —w'n} — i} + ojvg + (1 — o )v},, —w R(a})) (1.12)

J

vy = 0,0,\0(y; —w'n —i)+v; — w R(1)) (1.13)
Vj=0..J: p; = 0,0, (MPK; + (1 —6) (a + (1 — &} 1)) (1.14)
ut=1 (1.15)

We have a system of:

J+D)+J+(J+1)+14+J+1+14+14+14+T+)+J+J+1+J+1+1
= 8J+11

equations in 8.J + 11 unknowns.!

I solve this system by the following algorithm: given a guess for (ko,w,a;_1),1 use (1.2) to
deduce all the k;’s and use (1.3) to find the ¢;’s. From (1.10) compute the n;’s and then the y;’
s from (1.1). Next, given oy, I use (1.11) and (1.13) to solve for vy, v;. Next, I iterate in the
following manner to find the v;’s and «;’s: use (1.12) for j = J — 1to find v;_;. Given vy_q,
use (1.11) for j = J — 2to find a;_5. Go back to (1.12) and find v;_5. And so on you can get
all the v;’s and «;’s. Given the o’s now use (1.4) and (1.5) to compute the 6's: make a guess
for 6y, then infer all the 6;’s from (1.5), then compute 6y. Given the 6’s, compute ¢*, N*, \* and
2. Finally, given p; given by equation 1.14 for j = J, work backward to find all the p;’s. To
conclude, we check whether our guess (ko,w, ay_1) was correct or not: for this we use equations
1.12, 1.9 and 1.15. This implicitely defines a mapping from R’*? — R’*2 for which we find a zero
numerically using FSOLVE in MATLAB(c). For this model and the extensions that we consider,
this method works very well: we are able to find the steady-state with a precision of le-13, often
less, as maximum error for each of the J + 2 equations.

ADDING A CONSTANT TO LOOK AT PERMANENT TFP CHANGES

Vi = 0.J:y;= Ak;-ﬂn;f“

Vi o= 0.J-1:k, = (L‘S) K

Oy
1—-96 1

'Note that the equation Z,}]:o 0% = 1is actually redundant given (1.4).
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J
Jj=0

Vi = 1.J:0;=0; ,(1-0aj,)

J J
¢ = ZH;y;—ZH;‘a;zj
7=0 7=0
J J
N* = > 0mn+> 0;R(e))
=0 =0
A= wy(c’,1 - N7)
. (c*,1— N¥)
v (c*,1—N¥)
vAKT
Vi = 0..J:n;= -
w

Vj=0..J—1:v5 -0, =il +w'G '(a})
Vji=0..0 —1:v] = 0,0,8 (yj —w'n} — i} + &g + (1 — of)vj,, — w R(a)))
vy = 0,00 (y; — w'njy — iy +v5 — w R(1))
Vj=0..J : puf = 30,0y (MPK; + (1 —6) (af + (1 — of)piyy))

po =1

E. Log-Linearization of the equations around the nonstochastic steady-state

I now compute the log-linearized first-order conditions. I take the equations from step 2 and

log-linearize them around the nonstochastic steady-state we computed in step 3. A~ denotes a

first-order term i.e. ¢ = log (ﬁ) ~ ac;c is the % deviation from the steady-state. I use the

following fact: ]@ M = fl(a")= ffx*) —:@f}?x,?) :

The system of log—linearlzed equations is the following:

Vj = 0.J—-1: Ej+17t+1 == Aj7t (117)
1__‘5> * 17;*
~ [e) ~
Vi o= 0. ko = = R+ @]:*J P (1.18)
0
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J *
Oourr = 3 (@ +05) = (1.19)

§=0
. ~ -~ _04;—1 ~
VJ = 1...J: 9j,t+1 = Hj,l,t + T Q51 (120)
Co Gy - Ly o
—C + — Z » <Zt + ‘9]'15 + g + th) = Z " <‘9jt + yjt) (1.21)
vy i prdl
H
J R J n
C*/C\t + Z 9;0&;2; (/Z\tB + Hjt + a]’t + ’ijt) = Z H;y;k <9jt + ?J\Jt)
5=0 j=0
J J
Z Ojn; <3jt + ”jt) + Z 05 R(c;) (ejt + W%t) = N*'N; (1.22)
=0 =0 J
Given the utility function of the Hansen-Rogerson form,
N = -G (1.23)
o = & (1.24)

These equations need to be adapted if we change the utility function. In our modification #2,
we use a general utility function defined by its intertemporal elasticity of substitution 1/0 and its
Frisch elasticity &,,,. Following Rotemberg and Woodford (1995; in Cooley “Frontiers of Business

Cycle Research) we have the system of first-order equations

G = 50)\/):75 + €cw/&7t7
ng = 5n/\/>:t + 5nw@t7
where €,) = €pw/0, €cw = Enw(0 — 1)/ x wN/C, and €.\ = (¢4 — 1)/0. (Note that to use this

parametrization, we solve the steady-state to obtain a labor supply of 0.2 in the steady-state,

rather than

~ 1 ~

The next computations are slightly more intricate, so I decompose them. Start with:
Vi =0..0 —1: o — Tjsre = 2705 + @G (ovje)
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The loglinear corresponding equation is

* * -k sk 1 * ok
vy~ Vit1  ~ B L 5 1 G (y) a;
Vot — Vipp = ——— | +ip)+ (1 — ———— Wy + ———————— Q¢
* * * * J+ * * t J * * G-1 * J
Vo — 5 Yo = Vi Vo — Uy Yo = Vi1 (o)

which we can simplify to

N G~ ll(a )*Cﬂ
* N * _x [2b - * * % -~ J ]~
Voot — Vi1 U541 = 1} (zt + th) + (UO —Viq — zj) Wy + =TT Qi (1.26)
(aj)
—1 1
[use GV = Fe-1(y) to compute the last term.
Next we have the equation:
~ _ _ .
- BO, O\ A1 Y+l — Wep1 M 141 — Q412411 %5,4+1
vjp =B | ——=—— _ _ B (1.27)
At 4100041 + (1 — @jq1) V41,001 — W1 R0 e41)
leading to:
e —BOL,O\ Wt , ~ —B80,0,i%ar [ ~
Oy Oxy; yOA yOx ~b
Art — M+ —*j]y],t+1 LA — (W1 + Mjpr1) + — (aj,t+1 + 2 T Zj,t+1)
~ 86y @Avaa’f ~ ~ BOyO v | (1—a%) Qi o~ ~
Ujt = By L (Qjp41 + Voe41) + fj;« = (- 1faj Q11+ V11
—B0y 0 \w* R(a*) R'(af)af ~
t—— (U + 5= "R Yt
J
(1.28)
The equation for j = J is the same except that o ;11 = 1 and thus a1 = 0.
Finally
j - O...J_ 1 : /1/‘7715 —
*— *y 1+jj}
~ ~ yw  T-vEk, Vol 1 ~a Y ~
Air1 — A¢ + s <mzt+1 — T W1 + (7 — 1+ ) Kj i1
59,0,
R L ey P
Et yw  1-v kj Vol-v ( iag)
+ 1 - N;'( >< ..
BO 2Oy
i i

and similarly

~ ~ ,Yw*fﬁk*”**hﬂ—uvﬁ 1 ~
za v Yv
)\t+1 — M+ Ju* < 241 T 1o Wit + (”}/ -1+ lfv) k‘]7t+1>

1—v
~ BOOp
fys = E e
yw YRy v b
‘I— 1 - N* Zt+1

(1.30)
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And:
o = 2 (131)

Finally we have the shocks law of motions:
Zo = P+ e, i € {A, B} (1.32)

This system of equations can be fed in a linear system solver. I use Paul Klein’s programs for

this.
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2 Extensions: Random Breakdowns, Embodied Technology

Addition #1 as compared to Thomas: we add an investment price term B; to the resource

X

B
constraint. B, = Xz with log 27 = p’log 2P, + ¢/ and S5 = ©,,and ¢ iid N (0, 07).
t

Addition #2: we add the random breakdowns.

I assume that each period, each unit is subject to a probability of breakdown A. A breakdown
requires an investment 1k;; to replace lost capital; this occurs before the decision to invest is

made. 7 is the investment not including the possible breakdown.

Shock: Breakdown No Breakdown

Decision: Adjust Not Adjust | Adjust Not Adjust
Probability: Aot Mje(1—ayy) | (1= N (1= XN)0:(1 — ajt)
Investment Rate: ,% + (0 % 0

[Addition #3: not used in the paper and not transcribed here: convex adjustment to changing

]{30]

A. Deriving the First-Order Conditions

The planner problem is now to choose {ct, nji, 0141, @i, Kjit1, %5} to solve

maxz Ik [u (¢r) —w (Z Oj¢ (nje + R(“ﬁ)))]

j=0

J J J
s.t. . Ct + Z Hjtozjtijt + 77[})\ Z Gjtk:jt S Z Gthtk;tn;t
j=0 Jj=0 Jj=0
kj+1,t+1 = (]_ - 6) kj,t for j =0..J-1
ko,tJrl = (1 - 6)k’jt + ijt fOI'j =0...J

9j+1,t+1 = (1 — Ozjt)th for j =0.J-1

J
90,t+1 = E ejtajt
Jj=0

The Lagrangean is:

L =) 4 [U (ct) —v (Z 0t (e + R(O‘th)]

t=0 j=0

o0 J J J
+ Z 6t)\t [Z Hthtk]tn})t — C — Z thajtijt — ’QD)\ Z Gjtkjt]
t=0 Jj=0 J=0 Jj=0
oo J—

0 J—1 1
+ Zﬁt (Z Cirre (1 —=06) Ky — k’j+1,t+1)> + Zﬁt anJrlt (1 — )it — 0j11041)
=0 =0 =0

0
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[e'e) J o0 J
+> By (Z Ojije — 90t+1> + > 8 i (1= 8)kje + 150 — kogrn)
t=0 j=0 t=0  j=0

The first-order conditions are:
FOC wrt ¢ :
'U,,(Ct> = )\t

FOC wrt njy; :
U/(Nt)gjt = Uethtk;’tn;’[l)\t

Let Wy = U/(Nt)/)\ty then UAtk]tn;t_l = W.

FOC wrt 4
—)\tethéjt + it = 0
FOC wrt oy :
—v’(Nt)Hth’(ozjt) — )\tHjtijt — 9ﬁnj+1t + 770t0jt =0
) Njv1t . Mo
—w. R (i) — 4, — 22 20t _
Wy (ajt) Lt )\t + )\t
and since R'(z) = G~!(z), denoting v;, = n)\—f (i.e. transforming from utils units into goods
units):

vor — WG () — e = vy
FOC wrt 0, for j #0:

Njt—1

—v' (V) (e + R(aje)) + N [Atk;'yt”})t — Qe — ¢)\k‘jt} + 77j+1t(1 — Q) — 3 + 1o 0e =0
and as before this equation also holds for j = J. Defining v;; = 1,,/A: yields
Vjt_1 = % (—wt (nji + R(aje)) + Atk]tn;’t — oyt — YAk 4+ v (1 — ajy) + v07tajt) )
FOC wrt 6y, :

§ . Mo
—v'(N:) (nor + R(wr)) + Ai [Aikging, — corior — PN koe] + 11, (1 — aio ) — % + N0t = 0.

which can be rewritten as:

B
-1

Vot—1 = (—wt (ot + R(aor)) + Atkrgtn&’t — aoelor — YA ko + v1:(1 — g t) + voror) -
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FOC wrt kj;, for j #0:

1
A (050 MPKj — pAj0) + (1 — 0)mje + (g (1 —0) — Cj,t—lB =0

This can be rewritten as

Cim1 = BCi41,(1 = 6) + B(L = O)mje + BN (05 M P Ky — 1 A0)

Define s;; = then we have:

Cjt
At0j 1t

Sj’tfl)\tflejfltfl = ﬁejt)\tstrLt(l - 6) —+ ﬁ(l - 6)ajt)\t9jt -+ B)\t (HthPKjt — zp)\ﬁjt)

Sjt—1 [”\t

11— Q5141 )\t 1

[SJ+1t(1 6) +<1 —6)C‘d]t+MPKJt —'Lp)\]

Sjt—1 . B Sj+1,t
1-— j_1t-1 A1 [1— Ot

then:

Let pj =

Sjt
1—aj_1¢’

At
Hjt—1 = f_ [/LjJrl,t(l - Oéjt>(1 — 5) + (1 _ 6)Oéjt 1 MPK 77/),\}

and as before this equation also holds for j = J.

FOC wrt ky, :

J
1
At (Do MPKoy — pX00;) + (1 — 8)mor + (1, (1 — 6) — 5 > w1 =0
j=0

¢ A1 o
(0o M P Koy — ¥M\os) + (1 — 6)7;—? + ALttu —6) = Att ﬁl Z 0; 100 1y
B

t—1

1=

[(MPKOt —PA) + (1 — 6o + 114 (1 — o) (1 — 5)}

B. List of all the equations

The equations which change are the following:

kj+l,t+1 = (1 - 5) kj,t

Ct + Z ethéJtht + Q,b)\ Z Hjtkjt < Z etht ]tn]t

j=0 Jj=0 Jj=0



1 .
vor — wi G (i) — Bje = Vjpas-

At
Hjt—1 = % [Hjﬂ,t(l —aj)(1=98)+ (1 =68y + MPK @D)\}
B
L= 3 [(MPEo =) + (1= 8o + i (1 = a00)(1 = 9)]
B

Vjt—1 = (—wt (njt + R(Oéjt)) + Atk:;tn;-’t — Oéjtijt — ”(p/\kjt + 11]'+1t(1 — Odj’t) + vO,tajt) .

)\t—l

C. Balanced growth

I skip this step which is very close to the previous section.

D. Nonstochastic steady-state

The steady-state is characterized again by 8.J + 11 unknowns:

Vi = 0.J:y;= k:;vn;“

1 —
Vi = o...J—1:k;H:( @ké) K

1 1
Vi = 0..J:ky= ( @k5> ki + @—kz;‘

0; = Z a0’

J

J
o= Oy =) Orari — wZe*k*
. g

7=0
J J J J
N* = > 5+ OR(e))+05£(0) =) Omn;+> 6R(a])
J=0 J=0 j=0 j=0

A" = wuy(cf,1 = NY)
. ug(c*, 1 — N*)
uy(c*, 1 — N*)

, Ok T
Vi = 0..J:nj= J

17




Vi=0..J—1:v5—vi, =1+ w*G_l(aj)

Vj=0..J —1:0] = 0,0,0 (y; —w'n} — ofif — Mok} + vy + (1 — a)vs, — w*R(c]))

vy = 0,0,\0(y; —w'ny — Mk — i +vj — w R(1))

Vj=0.1:p; = 30,0, (MPK; — A+ (1 =6)aj + (1= 6)(1 — aj)ujq)

po = BOx6s [(MPKg —9A) + (1= b8)ag + pi(1 — ag)(1 — 6)]
= BO\6 [(MPKy —A) + (1 = 8)ag + pi(1 — ag)(1 = 6)]
po = 1
Note the simplications that arise because I assume that f(0) = f/(0) = 0. This is common in

adjustment cost specifications.

Note that the equations
oy = 0,028 (55 — w'ny — i — $AK] + 05 — wR(L)
vy — vy =i T w G (o)
imply that
vy = 0,056 (y; — w'nly — i + v + i + w' G (ah_y) — YA — w R(1))

vy (1 —-6,0,0) =0,0,0 (yf} —w'ny —iy+i_ + w*G_l(aﬁ_l) — YAk, — w*R(l))
0,0,

m (yj} - w*ni‘} — ZTI + Z'ikifl + w*G*1<ajil) _ wkj;fl . w*R(l))

*
Vy; =

E. Log-linearization of equations

I only note the equations for which there is a change.

J J J
o+ Z Q;Ozjzj (ZtB + 0 + ajt + ijt> + YA Z (9;/{3; (th + k‘jt> = Z H;y; (Hjt + Z/J]t>
=0 =0 =0
Vi = 0..J—1:
v v N it ~ it G ()
Ty — T = ——— (35 +ijt> + <1 - —J> (wt + %O‘ﬁ)
vy — Vi V5 — Vi vy — Vi vy — U G Yo )



which we can simplify to

~ G V(o) ax
* * __ =« [2b - * 0k ok -~ J J
J

Note that when G is uniform, G(z) = z/B for 0 < x < B and G™*(y) = By for 0 <y < 1.
Thus

G V(a)a Bxa 1
G () Ba ’
which is independent of B or a.
Next:
BOyO\Y; ~ —BO0y0\w*n} , ~ ~ —B0,0Avk; 7
N1 — A+ Y+ L (Wi + Njaq1) + — Kt
J
—BO,0 \ikak [~ ~b -~
- _m — L Qe + 2 e
Vip = J
Jt t BO,0 0% a* 0,0 1—a* .
yOAVi ~ ~ B AV +1( —a ) [T -~
+—v; L (Qjer1 + Vot1) + f); S e Qe+ Uien
—B0,0 w*R(a)

R (a¥)ak
+—ij <wt+1 + —LL(( ]),) %’,t+1>

. . . G71
Note that if G is uniform, R(z) = |,

0 @ sg(s)ds = fOBx 2ds = 5 (Bx)* = 22 5o

2

again independent of B or «.

The equation for j = J is the same except that o ;11 = 1 and thus a1 = 0.

Finally
~ S, (—at)(1-64) o (1-8)a* ~
Apy1 — Ay + = u}f <N3+1t+1 + L ag,t+1> + Tjajt—f—l
Vj=0...J—1: ﬁjt =F, MPK- 86,6y oSy
== : (ﬁ%ﬂ — oW1 + (’V — 1+ ) k;, t+1>
PN

N
- _1-7. = OOy BOxOp
VJ =0...J-1: M],t Et MPK; L~ o ~ 7{;\ 71/](17(1;) 7(1; R
i Tot+l — TpWet1 T (’Y -1 ‘f‘ ) ekl ) T 753 o Qj,t+1

5O, 0, BO,0,

N T, s (1=ad)(1-641) [~ —af ~ (1-6)aj ~
Air1 — A + =L L ; + —%; + ——tq;
t+1 t , Hjt1t+1 T—a; Qi+l o jt+1

Ho

S5 mOad)(6) ([ o A (1-6)ag ~
App1 — A+ Hrepr T 1oz Qo1 ) + g Qe

ﬁOt = E, BO Oy (ﬁeAe)b
: MPE; (1 = v o~ - —(1-05) [ —af ~
= <_1_Uzt+1 — =W+ (7= 1+ 25%) ko ) + —5= T—a; Q0t+1

EEICTS 56,6,

l o (lgf - 1) + (MPKo — (1 — ag)) + (1 — 8)avoe + py,(1 — aor) (1 — 6 + zp)l

19



X% si—a-sd) (o —aj ~ (1=0)af 5
t+1 ¢+ N1t+1+1—_a;;a0,t+1 + B - Qot41

~ - >
foy = Ei oA “ag)
, MPEK: [ 1 v~ v\ B G 0
+ ué 0 (E%\g+1 — Ewt"rl + (’7 - 1 + 1’1—1]) k0t+1) —|— w(i* 0) (1:0‘0* a0t+1>
5 0 B)
e 8O0y
_ Wi (Fou M
ol (o - + (MPKo — (1 — aor) + (1 — 8)aoe + 1y, (1 — age) (1 —5+¢)}
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