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This technical appendix presents all the computations required to solve the model of business

cycle with fixed costs to investment proposed by Julia Thomas in “Is Lumpy Investment Relevant

for the Business Cycle?” (Journal of Political Economy, 2002, 110(3), 508:534). The appendix

then extends the model in some directions.

1 Baseline Thomas Model

This section considers the baseline Thomas model.

A. Deriving the first-order conditions

In this section I derive the first-order conditions. The equations that I obtain are the same

as in Thomas (2002). The social planner problem is to choose {ct, njt, ijt,αjt, θjt+1, kjt+1} to
maximize:

∞[
t=0

βt [u (ct)− v (Nt)] ,

s.t. : ct +
J[
j=0

θjtαjtijt ≤
J[
j=0

θjtAtk
γ
jtn

υ
jt,
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Nt =
J[
j=0

θjt (njt +R(αjt)) ,

∀j = 0...J − 1 : kj+1,t+1 = (1− δ) kj,t,

∀j = 0...J : k0,t+1 = (1− δ)kjt + ijt,

∀j = 0...J − 1 : θj+1,t+1 = (1− αjt)θjt,

θ0,t+1 =
J[
j=0

θjtαjt.

I form the Lagrangean L, with obvious notations for the multipliers:

L =
∞[
t=0

βt

%
u (ct)− v

#
J[
j=0

θjt (njt +R(αjt))

$&
+

∞[
t=0

βtλt

%
J[
j=0

θjtAtk
γ
jtn

υ
jt − ct −

J[
j=0

θjtαjtijt

&

+
∞[
t=0

βt

#
J−1[
j=0

ζj+1t ((1− δ) kj,t − kj+1,t+1)
$
+

∞[
t=0

βt
J−1[
j=0

ηj+1t ((1− αjt)θjt − θj+1t+1)

+
∞[
t=0

βtη0t

#
J[
j=0

θjtαjt − θ0t+1

$
+

∞[
t=0

βt
J[
j=0

πjt ((1− δ)kjt + ijt − k0,t+1) .

Now take the first-order conditions:

FOC wrt ct :

u�(ct) = λt

FOC wrt njt (j = 0...J):

v�(Nt)θjt = υλtθjtAtk
γ
jtn

υ−1
jt

Let wt = v�(Nt)/λt denote the wage, this FOC can be rewritten as the usual MPL = wage

condition,

wt = υAtk
γ
jtn

υ−1
jt

FOC wrt ijt (j = 0...J):

−λtθjtαjt + πjt = 0

FOC wrt kjt (j = 1...J − 1):

λtθjtMPKjt + (1− δ)πjt + ζj+1,t(1− δ)− ζj,t−1
1

β
= 0

ζj,t−1 = βζj+1,t(1− δ) + β(1− δ)πjt + βλt (θjtMPKjt)

Define sjt =
ζjt

λtθj−1t
, then we have:

sj,t−1λt−1θj−1t−1 = βθjtλtsj+1,t(1− δ) + β(1− δ)αjtλtθjt + βλt (θjtMPKjt)
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sj,t−1
1− αj−1,t−1

=
βλt
λt−1

[sj+1,t(1− δ) + (1− δ)αjt +MPKjt]

sj,t−1
1− αj−1,t−1

=
βλt
λt−1

�
sj+1,t
1− αj,t

(1− αjt)(1− δ) + (1− δ)αjt +MPKjt

�
Let μjt =

sjt
1−αj−1t , then:

∀j = 1...J − 1 : μj,t−1 =
βλt
λt−1

�
MPKjt + (1− δ)

�
αjt + μj+1,t(1− αjt)

��
FOC wrt k0t :

λt
�
θ0tγAtk

γ−1
0t n

υ
0t

�
+ ζ1t (1− δ) + (1− δ)π0t − 1

β

J[
j=0

πjt−1 = 0

γAtk
γ−1
0t n

υ
0t +

ζ1t
λtθ0t

(1− δ) + (1− δ)α0t − λt−1
βλt

SJ
j=0 θjt−1αjt−1

θ0t
= 0

βλt
λt−1

�
γkγ−10t n

υ
0t + μ1t(1− α0t) (1− δ) + (1− δ)α0t

�
= 1

Define μ0t =
βλt
λt−1

�
γkγ−10t n

υ
0t + (1− δ) (μ1t(1− α0t) + α0t)

�
, which is the same recursion as

above. Then the FOC reads μ0t = 1.

FOC wrt kJt :

λtθJtAtγk
γ−1
Jt n

υ
Jt −

1

β
ζJ,t−1 + πJt(1− δ) = 0,

leading to

Atγk
γ−1
Jt n

υ
Jt +

πJt
λtθJt

(1− δ) =
ζJ,t−1

λt−1θJ−1t

θJ−1t
θJt

λt−1
βλt

βλt
λt−1

�
Atγk

γ−1
Jt n

υ
Jt + (1− δ)

�
= μJ,t−1,

which is actually the specialization of the equation for any j, given αJt = 1.

FOC wrt αjt (j = 0...J − 1):

−v�(Nt)θjtR�(αjt)− λtθjtijt − θjtηj+1t + η0tθjt = 0

−wtR�(αjt)− ijt −
ηj+1t
λt

+
η0t
λt
= 0

and since R�(x) = G−1(x), denoting vjt =
ηjt
λt
(i.e. transforming from utils units into goods

units):

v0t − wtG−1(αjt)− ijt = vj+1t.
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FOC wrt θjt, for j 9= 0 and j 9= J :

−v�(Nt) (njt +R(αjt)) + λt
�
Atk

γ
jtn

υ
jt − αjtijt

�
+ ηj+1t(1− αj,t)−

ηjt−1
β

+ η0,tαjt = 0

Which yields

vjt−1 =
βλt
λt−1

�−wt (njt +R(αjt)) +Atkγjtnυjt − αjtijt + vj+1t(1− αj,t) + v0,tαjt
�
,

FOC wrt θ0t similarly yields:

v0,t−1 =
βλt
λt−1

[−wt (n0t +R(α0t)) +Atkγ0tnυ0t − α0ti0t + v1t(1− α0,t) + v0,tα0t] .

For θJt, we get the general equation, given that αJ,t = 1 :

vjt−1 =
βλt
λt−1

�−wt (njt +R(1)) +Atkγjtnυjt − ijt + v0,t� .
B. List of all the equations

Technological shocks:

At = Xtzt,

Xt+1 = ΘaXt,

log zat = ρa log zat−1 + εat ,

εat iid N(0,σ
2
a).

Production functions, Law of motion for capital stocks:

∀j = 0...J : yjt = Atk
γ
jtn

υ
jt,

∀j = 0...J − 1 : kj+1,t+1 = (1− δ)kj,t,

∀j = 0...J : k0,t+1 = (1− δ)kj,t + ijt.

Evolution of the cross-sectional distribution:

θ0,t+1 =
J[
j=0

αjtθjt,

∀j = 1...J : θj,t+1 = θj−1,t(1− αj−1,t).

Resource constraints:

ct +
J[
j=0

θjtαjtijt =
J[
j=0

θjtyjt,

J[
j=0

θjtnjt +
J[
j=0

θjtR(αjt) = Nt,
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where R(αjt) =
] G−1(αjt)

0

xdG(x).

First-order conditions for optimization:

Consumer optimization:

λt = u1(ct, 1−Nt),
wt =

u2(ct, 1−Nt)
u1(ct, 1−Nt) .

Labor demand:

njt =

�
υAtk

γ
jt

wt

� 1
1−υ
.

Indifference of marginal firm of vintage j between adjusting and not:

∀j = 0...J − 1 : v0t − vj+1,t = Btijt + wtG−1(αjt).

Ex-dividend value of firm recursion:

∀j = 0...J − 1 :
vjt = Et

�
βλt+1
λt

(yj,t+1 − wt+1nj,t+1 − αj,t+1ij,t+1 + αj,t+1v0,t+1 + (1− αj,t+1)vj+1,t+1 − wt+1R(αj,t+1))
�

(This equation is also true for j = J , with αJ,t = 1 for all t ≥ 0.)
Marginal value of capital:

∀j = 0...J − 1 : μj,t = Et
�
βλt+1
λt

�
∂yj,t+1
∂kj,t+1

+ (1− δ)
�
αj,t+1 + (1− αj,t+1)μj+1,t+1

���
with

μJ,t = Et
�
βλt+1
λt

�
∂yJ,t+1
∂kJ,t+1

+ (1− δ)

��
,

μ0t = 1.

(i) Relation between Thomas’ first order condition for the choice of capital and my equations

Of course, the two are equivalent. This paragraph derives it. Thomas writes the first order

condition as:
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λtBt = Et

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

βλt+1
�
∂y0,t+1
∂k0,t+1

+ (1− δ)α0,t+1Bt+1
�

+β2λt+2(1− δ)ϕ0,t+1

�
∂y1,t+2
∂k1,t+2

+ (1− δ)α1,t+2Bt+2
�

+...

+βJλt+J(1− δ)J−1ϕJ−2,t+J−1
�
∂yJ−1,t+J
∂kJ−1,t+J

+ (1− δ)αJ−1,t+JBt+J
�

+βJ+1λt+J+1(1− δ)JϕJ−1,t+J
�
∂yJ,t+J+1
∂kJ,t+J+1

+ (1− δ)Bt+J+1
�

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

where ϕj,t+1+j is the probability of not adjusting between t and t+ j if you adjusted at time t :

∀j = 0...J − 1 : ϕj,t+1+j =
j\
i=0

(1− αi,t+1+i).

Using the recursion for the μjt defined above, one can obtain the Thomas first order condition:

μ0,t = Et
�
βλt+1
λt

�
∂y0,t+1
∂k0,t+1

+ (1− δ)
�
α0,t+1Bt+1 + (1− α0,t+1)μ1,t+1

���

μ0,t = Et

⎛⎝βλt+1
λt

⎛⎝ ∂y0,t+1
∂k0,t+1

+ (1− δ)× ...�
α0,t+1Bt+1 + (1− α0,t+1)

βλt+2
λt+1

�
∂y1,t+2
∂k1,t+2

+ (1− δ)
�
α1,t+2Bt+2 + (1− α1,t+2)μ2,t+2

���
⎞⎠⎞⎠

Thus by iterating:

λtμ0,t = Et

⎛⎜⎜⎜⎜⎜⎜⎝
βλt+1

�
∂y0,t+1
∂k0,t+1

+ (1− δ)α0,t+1Bt+1
�

+β2λt+2(1− α0,t+1)(1− δ)
�
∂y1,t+2
∂k1,t+2

+ (1− δ)α1,t+2Bt+2
�

+...+

+βJ+1λt+J+1ϕJ−1,t+J)(1− δ)J
�
∂yJ,t+J+1
∂kJ,t+J+1

+ (1− δ)Bt+J+1
�

⎞⎟⎟⎟⎟⎟⎟⎠
Given that μ0,t = Bt, this is the same as Thomas.

C. Balanced growth path and stationarized model

Thereafter I denote the (gross) growth rate for a variable x with Θx.We look for BGP with A

growing at rate Θa, B at rate Θb and J constant. Standard arguments then imply that c, y, v, w

grow at a same rate Θy and the growth rate of ij is rate Θc
Θb
, and Nt and njt are constant. Finally

kjt grow at rate Θc
Θb
. To determine these growth rates, observe that Θc = Θa

�
Θc
Θb

�γ
,whence

Θc =
�
ΘaΘ

−γ
b

� 1
1−γ , and we can thereafter compute the growth rates of all the variables.

Let’s now rewrite the equation in terms of detrended variables. A variable with ahtilde is
divided by its trend growth rate, e.g. hct = Ct

Θtc
. I do not put a tilde above variables that are

trendless. Note also that iAt = zAt and iBt = zBt .
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∀j = 0...J : hyjt = zat hkγjtnυjt
∀j = 0...J − 1 : hkj+1,t+1 = �1− δ

Θk

�hkj,t
hk0,t+1 =

�
1− δ

Θk

�hkj,t + 1

Θk

hijt

θ0,t+1 =
J[
j=0

αjtθjt

∀j = 1...J : θj,t+1 = θj−1,t(1− αj−1,t)

hct =
J[
j=0

θjthyjt − zbt J[
j=0

θjtαjthijt
Nt =

J[
j=0

θjtnjt +
J[
j=0

θjtR(αjt)

∀j = 0...J : R(αjt) =
] G−1(αjt)

0

xdG(x)

hλt = u1(hct, 1−Nt)
hwt =

u2(hct, 1−Nt)
u1(hct, 1−Nt)

hnjt =

#
υzat
hkγjthwt
$ 1

1−υ

hv0t − hvj+1t = zbthijt + hwtG−1(αjt)
hvjt = Et

⎛⎝ΘyΘλ
βhλt+1hλt

⎛⎝ hyj,t+1 − hwt+1nj,t+1 − αj,t+1z
b
t+1
hij,t+1

+αj,t+1hv0,t+1 + (1− αj,t+1)hvj+1,t+1 − hwt+1R(αj,t+1)
⎞⎠⎞⎠

hμj,t = βΘλΘbEt

#hλt+1hλt �MPKj,t+1 + (1− δ)
�
αj,t+1hzbt+1 + (1− αj,t+1)hμj+1,t+1��

$

where MPKj,t+1 = γ
�
zat+1

� 1
1−υ hw− υ

1−υ
t+1

hkγ−1+ γυ
1−υ

j,t+1 υ
υ

1−υ .
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Given that αJ,t = 1, we have

hμJ,t = βΘλΘbEt

#hλt+1hλt �MPKJ,t+1 + (1− δ)hzbt+1�
$
,

hμ0,t = hzbt .
D. Computation of the Nonstochastic Steady-State

Now we look for the steady-state values of the nondetrended variables when all shocks (εAt , ε
B
t )

are set equal to 0 (or equivalently zat = z
b
t = 1). I denote the nonstochastic steady-state variables

with ∗. The program takes J as given and assumes αJ = 1, then computes the steady-state values.

One can then iterate over J, starting from a low value, until one finds αJ−1 = 1. This shows that

J − 1 is the correct number of vintages.
Unknown variables:

�
yj, kj, ij, nj, θj, vj,μj

�J
j=0
, {αj}J−1j=0 and {c, n, w,λ} , whence a total of

7(J + 1) + J + 4 = 8J + 11 unknowns. Note that αJ = 1.

∀j = 0...J : y∗j = k
∗γ
j n

∗υ
j (1.1)

∀j = 0...J − 1 : k∗j+1 =
�
1− δ

Θk

�
k∗j (1.2)

∀j = 0...J : k∗0 =
�
1− δ

Θk

�
k∗j +

1

Θk
i∗j (1.3)

θ∗0 =
J[
j=0

α∗jθ
∗
j (1.4)

∀j = 1...J : θ∗j = θ∗j−1(1− α∗j−1) (1.5)

c∗ =
J[
j=0

θ∗jy
∗
j −

J[
j=0

θ∗jα
∗
j i
∗
j (1.6)

N∗ =
J[
j=0

θ∗jn
∗
j +

J[
j=0

θ∗jR(α
∗
j) (1.7)

λ∗ = u1(c
∗, 1−N∗) (1.8)

w∗ =
u2(c

∗, 1−N∗)
u1(c∗, 1−N∗)

(1.9)

∀j = 0...J : n∗j =
�
υk∗γj
w∗

� 1
1−υ

(1.10)
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∀j = 0...J − 1 : v∗0 − v∗j+1 = i∗j + w∗G−1(α∗j) (1.11)

∀j = 0...J − 1 : v∗j = ΘyΘλβ
�
y∗j − w∗n∗j − α∗j i

∗
j + α∗jv

∗
0 + (1− α∗j)v

∗
j+1 − w∗R(α∗j)

�
(1.12)

v∗J = ΘyΘλβ (y
∗
J − w∗n∗J − i∗J + v∗0 − w∗R(1)) (1.13)

∀j = 0...J : μ∗j = βΘλΘb
�
MPK∗

j + (1− δ)
�
α∗j + (1− α∗j)μ

∗
j+1

��
(1.14)

μ∗0 = 1 (1.15)

We have a system of:

(J + 1) + J + (J + 1) + 1 + J + 1 + 1 + 1 + 1 + (J + 1) + J + J + 1 + J + 1 + 1

= 8J + 11

equations in 8J + 11 unknowns.1

I solve this system by the following algorithm: given a guess for (k0, w,αJ−1), I use (1.2) to

deduce all the kj’s and use (1.3) to find the ij’s. From (1.10) compute the nj’s and then the yj’

s from (1.1). Next, given αJ−1, I use (1.11) and (1.13) to solve for v0, vJ . Next, I iterate in the

following manner to find the vj’s and αj’s: use (1.12) for j = J − 1 to find vJ−1. Given vJ−1,
use (1.11) for j = J − 2 to find αJ−2. Go back to (1.12) and find vJ−2.And so on you can get

all the vj’s and αj’s. Given the α�s now use (1.4) and (1.5) to compute the θ�s: make a guess

for θ0, then infer all the θj’s from (1.5), then compute θ0. Given the θ’s, compute c∗, N∗,λ∗ and
u2
u1
. Finally, given μJ given by equation 1.14 for j = J , work backward to find all the μj’s. To

conclude, we check whether our guess (k0, w,αJ−1) was correct or not: for this we use equations

1.12, 1.9 and 1.15. This implicitely defines a mapping from RJ+2 → RJ+2 for which we find a zero

numerically using FSOLVE in MATLAB(c). For this model and the extensions that we consider,

this method works very well: we are able to find the steady-state with a precision of 1e-13, often

less, as maximum error for each of the J + 2 equations.

ADDING A CONSTANT TO LOOK AT PERMANENT TFP CHANGES

∀j = 0...J : y∗j = Ak
∗γ
j n

∗υ
j

∀j = 0...J − 1 : k∗j+1 =
�
1− δ

Θk

�
k∗j

∀j = 0...J : k∗0 =
�
1− δ

Θk

�
k∗j +

1

Θk
i∗j

1Note that the equation
SJ
j=0 θ

∗
j = 1 is actually redundant given (1.4).
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θ∗0 =
J[
j=0

α∗jθ
∗
j

∀j = 1...J : θ∗j = θ∗j−1(1− α∗j−1)

c∗ =
J[
j=0

θ∗jy
∗
j −

J[
j=0

θ∗jα
∗
j i
∗
j

N∗ =
J[
j=0

θ∗jn
∗
j +

J[
j=0

θ∗jR(α
∗
j)

λ∗ = u1(c
∗, 1−N∗)

w∗ =
u2(c

∗, 1−N∗)
u1(c∗, 1−N∗)

∀j = 0...J : n∗j =
�
υAk∗γj
w∗

� 1
1−υ

∀j = 0...J − 1 : v∗0 − v∗j+1 = i∗j + w∗G−1(α∗j)

∀j = 0...J − 1 : v∗j = ΘyΘλβ
�
y∗j − w∗n∗j − α∗j i

∗
j + α∗jv

∗
0 + (1− α∗j)v

∗
j+1 − w∗R(α∗j)

�
v∗J = ΘyΘλβ (y

∗
J − w∗n∗J − i∗J + v∗0 − w∗R(1))

∀j = 0...J : μ∗j = βΘλΘb
�
MPK∗

j + (1− δ)
�
α∗j + (1− α∗j)μ

∗
j+1

��
μ∗0 = 1

E. Log-Linearization of the equations around the nonstochastic steady-state

I now compute the log-linearized first-order conditions. I take the equations from step 2 and

log-linearize them around the nonstochastic steady-state we computed in step 3. Aedenotes a
first-order term i.e. ect = log

� hct
c∗
� * hct−c∗

c∗ is the % deviation from the steady-state. I use the

following fact: f(xt) =
f(xt)−f(x∗)

f(x∗) = f �(x∗)xt−x
∗

x∗
x∗
f(x∗) = ext f �(x∗)x∗f(x∗) .

The system of log-linearized equations is the following:

∀j = 0...J : eyjt = γekjt + υenjt + ezat (1.16)

∀j = 0...J − 1 : ekj+1,t+1 = ekj,t (1.17)

∀j = 0...J : ek0,t+1 =
�
1−δ
Θk

�
k∗j

k∗0
ekj,t + 1

Θk
i∗j
k∗0
eijt (1.18)
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eθ0,t+1 =
J[
j=0

�eαjt + eθjt� α∗jθ
∗
j

θ∗0
(1.19)

∀j = 1...J : eθj,t+1 = eθj−1,t + −α∗j−1
1− α∗j−1

eαj−1,t (1.20)

c∗

y∗
ect + i∗

y∗

J[
j=0

θ∗jα
∗
j i
∗
j

i∗

�ezBt + eθjt + eαjt +eijt� =
J[
j=0

θ∗jy
∗
j

y∗

�eθjt + eyjt� (1.21)

→
c∗ect + J[

j=0

θ∗jα
∗
j i
∗
j

�ezBt + eθjt + eαjt +eijt� =
J[
j=0

θ∗jy
∗
j

�eθjt + eyjt�
J[
j=0

θ∗jn
∗
j

�eθjt + enjt�+ J[
j=0

θ∗jR(α
∗
j)

�eθjt + R�(α∗j)α∗j
R(α∗j)

eαjt� = N∗ eNt (1.22)

Given the utility function of the Hansen-Rogerson form,

eλt = −ect (1.23)

ewt = ect (1.24)

These equations need to be adapted if we change the utility function. In our modification #2,

we use a general utility function defined by its intertemporal elasticity of substitution 1/σ and its

Frisch elasticity εnw. Following Rotemberg and Woodford (1995; in Cooley “Frontiers of Business

Cycle Research) we have the system of first-order equations

ect = εcλeλt + εcw ewt,
ent = εnλeλt + εnw ewt,

where εnλ = εnw/σ, εcw = εnw(σ − 1)/σ × wN/C, and εcλ = (εcw − 1)/σ. (Note that to use this
parametrization, we solve the steady-state to obtain a labor supply of 0.2 in the steady-state,

rather than

enjt = 1

1− υ

�
γekjt − ewt + ezAt � (1.25)

The next computations are slightly more intricate, so I decompose them. Start with:

∀j = 0...J − 1 : hv0t − hvj+1t = zBt hijt + hwtG−1(αjt)
11



The loglinear corresponding equation is

∀j = 0...J − 1 :
v∗0

v∗0 − v∗j+1
ev0t − v∗j+1

v∗0 − v∗j+1
evj+1 =

i∗j
v∗0 − v∗j+1

�ezbt +eijt�+�1− i∗j
v∗0 − v∗j+1

��ewt + G−1�(αj)∗α∗j
G−1(αj)∗

eαjt�
which we can simplify to

v∗0ev0t − v∗j+1evj+1 = i∗j �ezbt +eijt�+ �v∗0 − v∗j+1 − i∗j��ewt + G−1�(αj)∗α∗jG−1(αj)∗
eαjt� (1.26)

I use G−1� = 1
G�(G−1(.)) to compute the last term.

Next we have the equation:

hvjt = Et
⎛⎝βΘyΘλ

hλt+1hλt
⎛⎝ hyj,t+1 − hwt+1nj,t+1 − αj,t+1z

b
t+1
hij,t+1

+αj,t+1hv0,t+1 + (1− αj,t+1)hvj+1,t+1 − hwt+1R(αj,t+1)
⎞⎠⎞⎠ (1.27)

leading to:

evjt = Et
⎛⎜⎜⎜⎝
eλt+1 − eλt + βΘyΘλy

∗
j

v∗j
eyj,t+1 + −βΘyΘλw

∗n∗j
v∗j

(ewt+1 + enj,t+1) + −βΘyΘλi
∗
jα
∗
j

v∗j

�eαj,t+1 + ezbt+1 +eij,t+1�
+

βΘyΘλv
∗
0α
∗
j

v∗j
(eαj,t+1 + ev0,t+1) + βΘyΘλv

∗
j+1(1−α∗j )
v∗j

�
− αj
1−αj eαj,t+1 + evj+1,t+1�

+
−βΘyΘλw

∗R(α∗j )
v∗j

�ewt+1 + R�(α∗j )α
∗
j

R(α∗j )
eαj,t+1�

⎞⎟⎟⎟⎠
(1.28)

The equation for j = J is the same except that αJ,t+1 = 1 and thus eαJ,t+1 = 0.
Finally

j = 0...J − 1 : eμj,t =

Et

⎛⎜⎜⎜⎜⎜⎜⎜⎝
eλt+1 − eλt + γw

∗− υ
1−υ k

∗γ−1+ γυ
1−υ

j υ
υ

1−υ
μ∗
j

βΘλΘb

�
1
1−υezat+1 − υ

1−υ ewt+1 + �γ − 1 + γυ
1−υ
� ekj,t+1�

+

#
1− γw

∗− υ
1−υ k

∗γ−1+ γυ
1−υ

j υ
υ

1−υ
μ∗
j

βΘλΘb

$
× ..

..
�

α∗j
α∗j+(1−α∗j )μ∗j+1

�
αj,t+1 + ezbt+1�+ �1− α∗j

α∗j+(1−α∗j )μ∗j+1

�� −α∗j
1−α∗j eαj,t+1 + eμj+1,t+1��

⎞⎟⎟⎟⎟⎟⎟⎟⎠
(1.29)

and similarly

eμJ,t = Et
⎛⎜⎜⎜⎝
eλt+1 − eλt + γw

∗− υ
1−υ k

∗γ−1+ γυ
1−υ

J υ
υ

1−υ
μ∗
J

βΘλΘb

�
1
1−υezat+1 − υ

1−υ ewt+1 + �γ − 1 + γυ
1−υ
� ekJ,t+1�

+

#
1− γw

∗− υ
1−υ k

∗γ−1+ γυ
1−υ

J υ
υ

1−υ
μ∗
J

βΘλΘb

$ezbt+1
⎞⎟⎟⎟⎠
(1.30)
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And: eμ0,t = ezbt (1.31)

Finally we have the shocks law of motions:

ezit+1 = ρiezit + εit+1, i ∈ {A,B} (1.32)

This system of equations can be fed in a linear system solver. I use Paul Klein’s programs for

this.

13



2 Extensions: Random Breakdowns, Embodied Technology

Addition #1 as compared to Thomas: we add an investment price term Bt to the resource

constraint. Bt = XB
t z

B
t with log z

B
t = ρb log zBt−1 + εBt and

XB
t+1

XB
t
= Θb, and εBt iid N(0,σ

2
b).

Addition #2: we add the random breakdowns.

I assume that each period, each unit is subject to a probability of breakdown λ. A breakdown

requires an investment ψkjt to replace lost capital; this occurs before the decision to invest is

made. ijt is the investment not including the possible breakdown.

Shock: Breakdown No Breakdown

Decision: Adjust Not Adjust Adjust Not Adjust

Probability: λθjtαjt λθjt(1− αjt) (1− λ)θjtαjt (1− λ)θjt(1− αjt)

Investment Rate: ijt
kjt
+ ψ ψ

ijt
kjt

0

[Addition #3: not used in the paper and not transcribed here: convex adjustment to changing

k0]

A. Deriving the First-Order Conditions

The planner problem is now to choose {ct, njt, θjt+1,αjt, kjt+1, ijt} to solve

max
∞[
t=0

βt

%
u (ct)− v

#
J[
j=0

θjt (njt +R(αjt))

$&

s.t. : ct +
J[
j=0

θjtαjtijt + ψλ
J[
j=0

θjtkjt ≤
J[
j=0

θjtAtk
γ
jtn

υ
jt

kj+1,t+1 = (1− δ) kj,t for j = 0...J − 1
k0,t+1 = (1− δ)kjt + ijt for j = 0...J

θj+1,t+1 = (1− αjt)θjt for j = 0...J − 1

θ0,t+1 =
J[
j=0

θjtαjt

The Lagrangean is:

L =
∞[
t=0

βt

%
u (ct)− v

#
J[
j=0

θjt (njt +R(αjt))

$&

+
∞[
t=0

βtλt

%
J[
j=0

θjtAtk
γ
jtn

υ
jt − ct −

J[
j=0

θjtαjtijt − ψλ
J[
j=0

θjtkjt

&

+
∞[
t=0

βt

#
J−1[
j=0

ζj+1t ((1− δ) kj,t − kj+1,t+1)
$
+

∞[
t=0

βt
J−1[
j=0

ηj+1t ((1− αjt)θjt − θj+1t+1)

14



+
∞[
t=0

βtη0t

#
J[
j=0

θjtαjt − θ0t+1

$
+

∞[
t=0

βt
J[
j=0

πjt ((1− δ)kjt + ijt − k0,t+1)

The first-order conditions are:

FOC wrt ct :

u�(ct) = λt

FOC wrt njt :

v�(Nt)θjt = υθjtAtk
γ
jtn

υ−1
jt λt

Let wt = v�(Nt)/λt, then υAtk
γ
jtn

υ−1
jt = wt.

FOC wrt ijt :

−λtθjtαjt + πjt = 0

FOC wrt αjt :

−v�(Nt)θjtR�(αjt)− λtθjtijt − θjtηj+1t + η0tθjt = 0

−wtR�(αjt)− ijt −
ηj+1t
λt

+
η0t
λt
= 0

and since R�(x) = G−1(x), denoting vjt =
ηjt
λt
(i.e. transforming from utils units into goods

units):

v0t − wtG−1(αjt)− ijt = vj+1t

FOC wrt θjt, for j 9= 0 :

−v�(Nt) (njt +R(αjt)) + λt
�
Atk

γ
jtn

υ
jt − αjtijt − ψλkjt

�
+ ηj+1t(1− αj,t)−

ηjt−1
β

+ η0,tαjt = 0

and as before this equation also holds for j = J. Defining vjt = ηjt/λt yields

vjt−1 =
βλt
λt−1

�−wt (njt +R(αjt)) +Atkγjtnυjt − αjtijt − ψλkjt + vj+1t(1− αj,t) + v0,tαjt
�
.

FOC wrt θ0t :

−v�(Nt) (n0t +R(α0t)) + λt [Atk
γ
0tn

υ
0t − α0ti0t − ψλk0t] + η1t(1− α0,t)−

η0,t−1
β

+ η0,tα0t = 0.

which can be rewritten as:

v0t−1 =
βλt
λt−1

(−wt (n0t +R(α0t)) +Atkγ0tnυ0t − α0ti0t − ψλk0t + v1t(1− α0,t) + v0,tα0t) .
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FOC wrt kjt, for j 9= 0 :

λt (θjtMPKjt − ψλθjt) + (1− δ)πjt + ζj+1,t(1− δ)− ζj,t−1
1

β
= 0

This can be rewritten as

ζj,t−1 = βζj+1,t(1− δ) + β(1− δ)πjt + βλt (θjtMPKjt − ψλθjt)

Define sjt =
ζjt

λtθj−1t
, then we have:

sj,t−1λt−1θj−1t−1 = βθjtλtsj+1,t(1− δ) + β(1− δ)αjtλtθjt + βλt (θjtMPKjt − ψλθjt)

sj,t−1
1− αj−1,t−1

=
βλt
λt−1

[sj+1,t(1− δ) + (1− δ)αjt +MPKjt − ψλ]

sj,t−1
1− αj−1,t−1

=
βλt
λt−1

�
sj+1,t
1− αj,t

(1− αjt)(1− δ) + (1− δ)αjt +MPKjt − ψλ

�
Let μjt =

sjt
1−αj−1t , then:

μj,t−1 =
βλt
λt−1

�
μj+1,t(1− αjt)(1− δ) + (1− δ)αjt +MPKjt − ψλ

�
,

and as before this equation also holds for j = J.

FOC wrt k0t :

λt (θ0tMPK0t − ψλθ0t) + (1− δ)π0t + ζ1,t(1− δ)− 1
β

J[
j=0

πjt−1 = 0

(θ0tMPK0t − ψλθ0t) + (1− δ)
π0t
λt
+

ζ1,t
λt
(1− δ) =

λt−1
λtβ

J[
j=0

θj−1tαj−1t

1 =
βλt
λt−1

�
(MPK0t − ψλ) + (1− δ)α0t + μ1,t(1− α0t)(1− δ)

�
B. List of all the equations

The equations which change are the following:

kj+1,t+1 = (1− δ) kj,t

ct +
J[
j=0

θjtαjtijt + ψλ
J[
j=0

θjtkjt ≤
J[
j=0

θjtAtk
γ
jtn

υ
jt

Nt =
J[
j=0

θjt (njt +R(αjt))
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v0t − wtG−1(αjt)− ijt = vj+1t.

μj,t−1 =
βλt
λt−1

�
μj+1,t(1− αjt)(1− δ) + (1− δ)αjt +MPKjt − ψλ

�
,

1 =
βλt
λt−1

�
(MPK0t − ψλ) + (1− δ)α0t + μ1,t(1− α0t)(1− δ)

�
vjt−1 =

βλt
λt−1

�−wt (njt +R(αjt)) +Atkγjtnυjt − αjtijt − ψλkjt + vj+1t(1− αj,t) + v0,tαjt
�
.

C. Balanced growth

I skip this step which is very close to the previous section.

D. Nonstochastic steady-state

The steady-state is characterized again by 8J + 11 unknowns:

∀j = 0...J : y∗j = k
∗γ
j n

∗υ
j

∀j = 0...J − 1 : k∗j+1 =
�
1− δ

Θk

�
k∗j

∀j = 0...J : k∗0 =
�
1− δ

Θk

�
k∗j +

1

Θk
i∗j

θ∗0 =
J[
j=0

α∗jθ
∗
j

∀j = 1...J : θ∗j = θ∗j−1(1− α∗j−1)

c∗ =
J[
j=0

θ∗jy
∗
j −

J[
j=0

θ∗jα
∗
j i
∗
j − ψλ

J[
j=0

θ∗jk
∗
j

N∗ =
J[
j=0

θ∗jn
∗
j +

J[
j=0

θ∗jR(α
∗
j) + θ∗0f (0) =

J[
j=0

θ∗jn
∗
j +

J[
j=0

θ∗jR(α
∗
j)

λ∗ = u1(c
∗, 1−N∗)

w∗ =
u2(c

∗, 1−N∗)
u1(c∗, 1−N∗)

∀j = 0...J : n∗j =
�
υk∗γj
w∗

� 1
1−υ

17



∀j = 0...J − 1 : v∗0 − v∗j+1 = i∗j + w∗G−1(α∗j)

∀j = 0...J − 1 : v∗j = ΘyΘλβ
�
y∗j − w∗n∗j − α∗j i

∗
j − λψk∗j + α∗jv

∗
0 + (1− α∗j)v

∗
j+1 − w∗R(α∗j)

�
v∗J = ΘyΘλβ (y

∗
J − w∗n∗J − λψk∗J − i∗J + v∗0 − w∗R(1))

∀j = 0...1 : μ∗j = βΘλΘb

�
MPK∗

j − ψλ+ (1− δ)α∗j + (1− δ)(1− α∗j)μ
∗
j+1

�
μ∗0 = βΘλΘb [(MPK

∗
0 − ψλ) + (1− δ)α∗0 + μ∗1(1− α∗0)(1− δ)]

= βΘλΘb [(MPK
∗
0 − ψλ) + (1− δ)α∗0 + μ∗1(1− α∗0)(1− δ)]

μ∗0 = 1

Note the simplications that arise because I assume that f(0) = f �(0) = 0. This is common in

adjustment cost specifications.

Note that the equations

v∗J = ΘyΘλβ (y
∗
J − w∗n∗J − i∗J − ψλk∗J + v

∗
0 − w∗R(1))

v∗0 − v∗J = i∗J−1 + w∗G−1(α∗J−1)

imply that

v∗J = ΘyΘλβ
�
y∗J − w∗n∗J − i∗J + v∗J + i∗J−1 + w∗G−1(α∗J−1)− ψλk∗J − w∗R(1)

�
v∗J (1−ΘyΘλβ) = ΘyΘλβ

�
y∗J − w∗n∗J − i∗J + i∗J−1 + w∗G−1(α∗J−1)− ψλk∗J − w∗R(1)

�
v∗J =

ΘyΘλβ

1−ΘyΘλβ

�
y∗J − w∗n∗J − i∗J + i∗J−1 + w∗G−1(α∗J−1)− ψk∗J−1 − w∗R(1)

�
E. Log-linearization of equations

I only note the equations for which there is a change.

c∗ect + J[
j=0

θ∗jα
∗
j i
∗
j

�
zBt +

eθjt + eαjt +eijt�+ ψλ
J[
j=0

θ∗jk
∗
j

�eθjt + ekjt� = J[
j=0

θ∗jy
∗
j

�eθjt + eyjt�

∀j = 0...J − 1 :
v∗0

v∗0 − v∗j+1
ev0t − v∗j+1

v∗0 − v∗j+1
evj+1 =

i∗j
v∗0 − v∗j+1

�ezbt +eijt�+�1− i∗j
v∗0 − v∗j+1

��ewt + G−1�(αj)∗α∗j
G−1(αj)∗

eαjt�
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which we can simplify to

v∗0ev0t − v∗j+1evj+1 = i∗j �ezbt +eijt�+ �v∗0 − v∗j+1 − i∗j��ewt + G−1�(αj)∗α∗jG−1(αj)∗
eαjt�

Note that when G is uniform, G(x) = x/B for 0 ≤ x ≤ B and G−1(y) = By for 0 ≤ y ≤ 1.
Thus

G−1�(α)α
G−1(α)

=
B × α

Bα
= 1,

which is independent of B or α.

Next:

evjt = Et
⎛⎜⎜⎜⎜⎜⎜⎜⎝

eλt+1 − eλt + βΘyΘλy
∗
j

v∗j
eyj,t+1 + −βΘyΘλw

∗n∗j
v∗j

(ewt+1 + enj,t+1) + −βΘyΘλλψkj
vj

ekjt+1
−βΘyΘλi

∗
jα
∗
j

v∗j

�eαj,t+1 + ezbt+1 +eij,t+1�
+

βΘyΘλv
∗
0α
∗
j

v∗j
(eαj,t+1 + ev0,t+1) + βΘyΘλv

∗
j+1(1−α∗j )
v∗j

�
− αj
1−αj eαj,t+1 + evj+1,t+1�

+
−βΘyΘλw

∗R(α∗j )
v∗j

�ewt+1 + R�(α∗j )α
∗
j

R(α∗j )
eαj,t+1�

⎞⎟⎟⎟⎟⎟⎟⎟⎠
Note that if G is uniform, R(x) =

U G−1(x)
0

sg(s)ds =
U Bx
0

s
B
ds = 1

2B
(Bx)2 = Bx2

2
so

R�(α)α
R(α)

=
Bα× α

B α2

2

= 2,

again independent of B or α.

The equation for j = J is the same except that αJ,t+1 = 1 and thus eαJ,t+1 = 0.
Finally

∀j = 0...J−1 : eμj,t = Et
⎛⎜⎜⎝
eλt+1 − eλt + μ∗j+1(1−α∗j )(1−δ+ψ)

μ∗
j

βΘλΘb

�eμj+1t+1 + −α∗j
1−α∗j eαj,t+1�+ (1−δ)α∗j

μ∗
j

βΘλΘb

eαjt+1
+
MPK∗j

μ∗
j

βΘλΘb

�
1
1−υezat+1 − υ

1−υ ewt+1 + �γ − 1 + γυ
1−υ
� ekj,t+1�

⎞⎟⎟⎠ .

∀j = 0...J−1 : eμj,t = Et
⎛⎜⎜⎝

eλt+1 − eλt + μ∗j+1(1−α∗j )(1−δ+ψ)
μ∗
j

βΘλΘb

�eμj+1t+1 + −α∗j
1−α∗j eαj,t+1�+ (1−δ)α∗j

μ∗
j

βΘλΘb

eαjt+1
+
MPK∗j

μ∗
j

βΘλΘb

�
1
1−υezat+1 − υ

1−υ ewt+1 + �γ − 1 + γυ
1−υ
� ekj,t+1�+ −ψ(1−α∗j)

μ∗
j

βΘλΘb

� −α∗j
1−α∗j eαj,t+1�

⎞⎟⎟⎠ .

eμ0,t = Et

⎛⎜⎜⎝
eλt+1 − eλt + μ∗1(1−α∗0)(1−δ+ψ)

μ∗0
βΘλΘb

�eμ1t+1 + −α∗0
1−α∗0 eα0,t+1�+ (1−δ)α∗0

μ∗0
βΘλΘb

eα0t+1
+
MPK∗0

μ∗0
βΘλΘb

�
1
1−υezat+1 − υ

1−υ ewt+1 + �γ − 1 + γυ
1−υ
� ek0t+1�+ −ψ(1−α∗0)

μ∗0
βΘλΘb

�
−α∗0
1−α∗0 eα0t+1�

⎞⎟⎟⎠
�
−wt
Θt
k

f �
�
k0,t
Θtk
− 1
�
+ (MPK0t − ψ(1− α0t)) + (1− δ)α0t + μ1,t(1− α0t)(1− δ + ψ)

�
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eμ0,t = Et

⎛⎜⎜⎝
eλt+1 − eλt + μ∗1(1−α∗0)(1−δ+ψ)

μ∗0
βΘλΘb

�eμ1t+1 + −α∗0
1−α∗0 eα0,t+1�+ (1−δ)α∗0

μ∗0
βΘλΘb

eα0t+1
+
MPK∗0

μ∗0
βΘλΘb

�
1
1−υezat+1 − υ

1−υ ewt+1 + �γ − 1 + γυ
1−υ
� ek0t+1�+ −ψ(1−α∗0)

μ∗0
βΘλΘb

�
−α∗0
1−α∗0 eα0t+1�

⎞⎟⎟⎠
�
−wt
Θt
k

f �
�
k0,t
Θtk
− 1
�
+ (MPK0t − ψ(1− α0t)) + (1− δ)α0t + μ1,t(1− α0t)(1− δ + ψ)

�

20


