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1 Organization; stylized facts; the standard model

1.1 Organization

e Check the syllabus (esp. requirements).

e Check your email regularly (once every day) and the blackboard website.

e These notes are rough, and may contain typos. Please report typos that you find.

e Work through these notes with a pen and paper, check that you can derive all the key results.

e Speak up in class! Any question or comment is good. If you don’t understand, ask me to repeat or
explain again.

1.2 Stylized facts about asset markets

Before describing models it is useful to have some ideas about the key facts. (Read Cochrane “New Facts
in Finance”.) Of course to some extent the facts you want to look at depend on the theory, but some
general background is useful.

Here’s a summary: I will cite the numbers for the US 1947-2008 sample but they hold more generally
(across different time periods and across different countries):

(a) The average real return on holding the SP500 or a similarly broad index is about 8% per year.
This number comes with a large standard error, though: o(F(R)) = (B

) .
T hence the confidence interval

is quite large.
(b) Stock returns are very volatile: o(R) is about 17% per year.
(¢) Stock returns show little serial correlation (p =.08 in ¢ data, -.04 in annual data).

(d) The average risk free rate is about 1% per year (as proxied by US Thill, after inflation).



(e) The risk-free rate is not very volatile (¢(R) around 2% for annual data), but it is persistent (p = .6
in annual data), leading to some medium-run variation.

(f) Combining the previous facts, the equity premium - the difference between stock and Tbill average
returns — is large, about 7%.

(g) Stock returns are predictable (time-series): there is some “mean-reversion” at medium-run horizon.
A typical regression is
Dy
Ri iip=a+ 63 + €tk

t

or D

t

btk — R{—>t+k =a+ BE + Ettks

where t — t 4+ k means the cumulated return from time ¢ to time ¢ + k. The table below reports the slope
and the R? for both regressions.

Data 1y 2y 3y 4y ly 2y 3y 4y
coeff 3.83 742 11.57 1581 || 3.39 644 9.99 13.54
tstat 247 3.13 4.04 4.35 2.18 274 3,58 3.83
R2 0.07 0.11 0.18 0.20 0.06 0.09 0.15 0.17

The slope coefficient is positive: when the price is high compared to dividends, the future return is low on
average. There are also other variables which predict returns, such as the term premium (the difference
between long rates and short rates) and the short-term interest rate. These regressions were initially
perceived as a challenge to “efficient markets” since returns are forecastable. As we will see during the
class, the fact that returns are predictable need not indicate a violation of frictionless markets, rational
expectations, or rationality. Big debate on the statistical/economic significance of this. (1) Statistical:
the persistence of P/D makes these regressions somewhat spurious; in particular the t-stats need to be
adjusted and the long-horizon forecasts are not more significant than the 1 year forecast despite much
larger R2. These regressions are highly unstable and have little out-of-sample forecasting power. (2)
Economic: do we really believe that there are large changes over time in expected returns: why don’t
investors time the market (invest in stocks when returns are expected to be high and go to bonds when
expected returns are low)?

(h) There is a large heterogeneity in average stock returns across firms. Small firms have higher returns
on average (the size anomaly). Firms with low Tobin’s ¢ (or low D/P ratio, or low Earnings/Price ratio,
or low Book/Market) also have higher returns on average (the value premium). Last, firms which have
had positive returns recently tend to keep having positive returns for a (short) while (The momentum
anomaly.) [Check Ken French’s webpage.] In principle these differences in average returns could be due
to risk but often the firms with higher mean returns do not appear more risky according to the standard
risk measures, such as the CAPM (we’ll discuss this in more detail later).

We will discuss later in more details facts about bond returns and currency returns, but here are a
few reference facts on these:

(i) Long-term bond returns are not much higher than short-term bond returns (about 2.5% vs. 1%),
but they are quite volatile (o =7.5% per year), where the short-term bond return is not volatile as
explained above.

(j) Bond returns are predictable too - buy long term bonds when their prices are low (i.e. yields high)
compared to short-term bonds - i.e. when the yield curve is upward sloping - this generates a positive
return on average as bond prices mean-revert.

(k) Same thing with currencies - investing in currencies with high interest rates tends to generate a
positive excess return (the forward premium puzzle, aka uncovered interest rate parity (UIP) puzzle, aka
currency carry trade).



Of course, there are a lot of different asset classes in the world, such as real estate, corporate bonds,
commodities, venture capital, private equity, etc. The general ideas we cover apply to all asset classes, but
there are of course specific interesting aspects to each asset class. Moreover, the institutional environment
in which you invest is different (e.g. the transaction costs, the taxes, the cost of shorting the asset, etc.).

1.3 Asset pricing basics

Deriving the Euler Equation

Consider a consumer who has expected utility over the payoffs today and tomorrow:
u(Cy) + BE; (w(Ciy1)) s

where u is increasing and concave (and satisfy a Inada condition, lim._qu/'(¢) = +00.). Suppose this
consumer has some starting allocation, e.g. his labor income @ in period ¢ and Q41 in period ¢ + 1.
Suppose he can trade an asset with a payoff X; ;. For instance, it could be a stock that he can buy or
sell at price P;, in this case the payoff next period is the stock price Pry; plus dividend Dyy1, X1 =
Pii1 4 Diyq1. The payoff X;41 is a random variable; at date ¢, an investor does not know exactly how
much he will get from his investment at date ¢ + 1.

Let £ be the number of stock shares that the investor chooses to buy.

Mazxe u(Cy) + Ei[Bu(Cii1)]
subject to:

Ct = Qt—Ptfa
Civ1 = Qi1+ Xita&.

Substituting the constraints into the objective, and setting the derivative with respect to ¢ to zero, yields:
P (Cy) = Ey[Bu/ (Cry1) Xiqa],

where P/ (CY) is the loss in utility if the investor buys another unit of the asset, and Ey[fu'(Ciy1)Xe11]
is the expected and discounted increase in utility he obtains from the extra payoff X;;;. The investor
continues to buy or sell the asset until the marginal loss equals the marginal gain.

Note: this assumes an interior solution — in particular, you can buy or sell the asset no short sales,
borrowing constraints etc.

The basic pricing formula is thus:

P, =F; [BU/(C,;)XH_I:| .

This formula is the central formula of the class (and indeed, of modern finance). This is joint restriction
on asset returns and consumption.

We can express this in a more general way using a “stochastic discount factor” (SDF) M;;1 as

Pt = Et[Mt+1Xt+1]~ (1)
In this example, the SDF is:
w(Ceq1)
M1 =
t+1 5 U/I(Ct)



In the next class, we will consider in more general settings the existence and uniqueness of a SDF satisfying
the equation (1).

The formula above applies to many cases:
- For stocks, the payoff X, is the price next period P41 and the dividend D,;.

- For a one-period real bond, the payoff is 1: you buy it at price P; and you get 1 unit of good next
period.

- Can apply to options too.

Alternatively, we can think of a return on an asset in the following way: you pay 1 unit today, and
you receive R;;1 units (goods) tomorrow. The Euler equation is thus:

Ey[Myy 1 Rea] = 1. (2)

A risk-free interest rate corresponds to the following case: you pay 1 unit today, and you receive R{ units
tomorrow, where R/ is known at date ¢ (which is why it is risk-free).

Real or nominal stochastic discount factors and returns: so far everything is in real units. You can
do this (e.g. measure real returns in the data), or you can measure returns in nominal terms (in dollars).
To do so, Assume that prices P/, P/ ; and payoffs X" | are nominal. Let II; be the price index (the
CPI) at date t. Then the Euler equation is:

While we derived these formula by looking at only choices made at ¢ for period ¢ + 1, they hold for much
more general models of course, since the preceding (“variational”) argument also applies there. The
beauty of these equations is that they are partial information method: you only need to specify a subset
of the full model, in order to obtain interesting, testable implications.

1.4 The standard model = CRRA utility and lognormal iid consumption
process

By “standard model” T mean a representative consumer with CRRA utility. The Euler Equation for any
asset return R4 (return from ¢ to ¢t + 1) is:

g (p Cit1 77R ) =1
t C, t )
where E} is the conditional expectation, § the discount factor, and C} is aggregate consumption per
capita.

Let’s first consider the case with no uncertainty: then the interest rate between two periods is
Rl 1 (Cur\’
tit+k ﬁ C, :

Hence: real interest rates are high when people are impatient, i.e 8 is low. If everyone wants to
consume now, it takes a high interest rate to convince them to save.

Real interest rates are high when consumption growth is high. In times of high interest rates, it pays
for investors to delay consumption, leading to high growth of consumption over time.



Real interest rates are more sensitive to consumption growth if v is large. If the utility function is
highly curved, the investor cares a lot about smoothing consumption. Thus it takes a larger interest rate
change to induce him to a given consumption growth.

Uncertainty
Let’s start with some simple computation in the case of 7id lognormal consumption growth:
AlogCy = p+ oey,
gt 11d N(0,1).

o2

Recall that if X is normal with mean p and variance o2, then EeX = et % .

The risk-free rate is known in advance by definition, so we can ‘pull it out’ of the expectation:

C -
Ry Ey (5( é,H) ) =1.
+
A
Ry = I (5( é,H) )
t

1, 20
Rfiy1 = —Set 7z
’ B
2,2
log R i1 >~ 7fe41 >~ —logB+yp— 5

Comments:
(1) The risk-free rate is constant.

(2) Risk free rate determined by (a) impatience g, (b) intertemporal substitution v and growth rate
i, [as in the case with certainty] and (¢) “precautionary savings”. More generally, if AlogCiyq is
conditionally lognormallly distributed with mean E;AlogCyy1 and VariAlog Ci41, the risk-free rate is:

v2VariAlog Cyyq
2 )

riir1 ~ —log B+ vE Alog Crpq —

hence a higher growth or lower uncertainty increases the risk-free rate. Note that for low risk aversion

2 _2
the precautionary savings effect appears to be small: since o is about 2% (if period = one year), 757 =
% = 0.0002 = 0.02% = 2 basis points if v =1 (log utility).

When the risk-free rate is constant, the term structure is completely flat, at a constant level: this is
because the price of a N-period bond (a security which promises one unit of consumption in N periods) is
pined down by arbitrage. Hence, bonds of all maturities (not just one period bonds) are risk-free. (We'll
go back to this when we discuss bonds, but you can prove this by brute force by calculating the price of
an asset which pays off 1 at ¢ 4 2 instead of ¢ + 1).

Stock Price

Define a stock as an asset which pays a dividend D; = C; in all states of the world. (We’ll discuss
later why this may be a reasonable proxy.)

Cir1\
P =E (5 ( c, ) (Ppy1 + Dt+1)>




Iterating forward:

I ( & (Ct-Hf)l_W)
Lo S
Cy ]; C;

Ly () e (G
= Citr—1 Cy

— Zﬂk (e(lfv)#Hl*v)Q%)k

k>1

P, Be-u+t(1-7)%

Cy 1— 56(1—7)u+(1—w)2§ )

(Note how I used independence and then the lognormal formula.) Conclusion: the P/D ratio is
constant. That’s because the expectations of future consumption growth is independent of today’s con-
sumption. More generally, when expectations of future consumption and dividend growth are independent
of the state today, and utility is CRRA, the P/D ratio is constant.

The expected return on equity is:

P
E Pii1+ Dy - E Dt:rll +1 Dy
t Pt t % Dt

2
Be(=Mnt-?

+1
1756(17w)u+(17w)2%2 Dyyq
Et
292 D,

56(17w)u+(17w)

1_ﬁ6(177)u+(1*'¥)2 %

2
et

Bel=u+(1-7)2%

1

_ 7ew+(27—v2)§ )

The geometric risk premium is:

ER® %evu-&-(?v—"ﬁ)%
Rf %e"”‘* 22o?

= 6’702

For the US, o = 2% so this number is small, about v x .0004 or 0.4 basis points for log utility. That’s
the equity premium puzzle of Mehra and Prescott.

Realized returns: the return itself is

Piy1
= 41 2
Ry.q — P D1 — 16(7*1)#+(27*72*1)%6N+0'5t+1
t+1 D, D 6 .
Ds t

so returns are iid lognormal.

Volatility Puzzle



In the standard model, the ratio of P; to Dy (= C}) is constant. The data counterpart (eg the price-
dividend ratio) is very volatile. More generally, since the P/D ratio is constant, the volatility of the
return Ry, 1 is approximately equal to the volatility of dividend growth:

Py

R Der LDy
t+1 — T D
D t

and if P;/D; is constant and large, then o(Ryy1) ~ o(Dyy1/D;). This is also very counterfactual.
Cross-Sectional Tests

The model implies that the return on an asset depends on the covariance with consumption growth:

C -
E; <5 ( gtr1> (Rt+1 — R{+1)> =0,
C - C -7
Ey (Rt+1 - R{Jrl) Ey (ﬂ ( 521) ) =—Cov (5 ( gtd) Ry — R{ﬂ)

E(R - )*—Rf o Con\7 p o pr
t\ {l+1 t+1 ) = t+1L 0V B C y Lut4+1 t+1

t

Intuition: insurance: want assets which pay off in bad times i.e. when consumption growth is low. If
the covariance is positive, the asset provides insurance, everybody wants to buy it and as a result it has
a low expected return (or a high price, which is the same thing given that we’re holding the payoff fixed:
Ry = E; (X¢41) /P;.). This implication can be tested in the data and does not work well. See the pb set
1 which will ask you to work out in detail an example of this.

A slightly more general formula

C -
Ey (ﬁ (é?) Ri,t+1) =1

Assume (log Ry 411, Alogci11) is jointly lognormal, then:

Start from:

Etelog B—yAlogeiritlog Rerr — |

2
elogﬁ—’yEtAlog ctr1+Eilog Ryp1+5 VariAlog ct+1+%Vt log Ri41—vCov(Alogciti,log Re+1) 1

2
1
0=1logB8—vE;Alogcii1+ Eylog Ryvq + %VartA log cry1+ iVart log Ri11 —yCov (Alogciy1,log Riy1)

Write the same equation for the risk-free rate:
2
log Rtf+1 = — 10g ,6 + ")/EtA log Ct41 — ?VaTtA lOg Ct41

Substract from the previous equation, this yields the CCAPM (Consumption Capital Asset Pricing
Model).

R; 1 ; R; ,
E;log ( ’}H) + §Vart log R;,, = log E; < ?1) =~Cov (A log c441, log R;H) ,
Ry Ry

i.e. differences in average returns relative to the risk-free rate should be explained solely by the covariance
with consumption growth. (Note the assumption of joint lognormality is not innocuous: you wouldn’t
want to apply this to a very nonlinear asset such as an option.)



In our example above we had
Cov (Alogcyi1,log Ry, 1) = Var(Alogcis1)

since R} 11 is proportional to consumption growth. We can consider a more general model, e.g. if the
“equity asset” pays a flow of dividends such that

Alog Diy1 = pup + 0petya,

while
Alog Ciy1 = pc + 0ty

with e.g. op > o¢, can show that the P-D ratio is constant and the return is proportional to dividend
growth, leading to .
Cov (A log ¢s11, log Rffﬂ) =0c0op.

1.5 The present value model with constant discount rates

This model is useful because many people use it implicitely, and it has a historical role when discussing
the “efficient market hypothesis”. It’s part of the basic language and allows us to think about some basic
experiments. It’s also often used as synonymous with “efficient markets” (but this is not quite correct).
Consider an asset which pays a dividend flow {D;}, and assume that this asset has a constant expected
rate of return r : for all £ > 0,
1+r=FE (PHI * Dt“) .
1

Rewrite this as

p - Ee(Der1) | Bi(Prvy)
! 1+r 1+r
We can iterate this equation forward, assuming that lims_,oo Ey(Piys)/(1+7)° = 0, to get:

P i Ey (D)
t — —_— .
Pt (1+r)k
i.e. price = expected present discounted value of dividends. The discount rate r that we must apply is

the expected return on the asset. (Note: you can generalize this formula to the case where r varies over
time.)

Use this formula to discuss the effect of various kind of news about future dividends on prices and
returns:

(i) an increase in D;y; by 18, announced at time ¢;
(ii) an increase in Dy yj by 18, announced at time t 4 2;
(iii) an increase in Dyy1, Di4a, ..., and so on by 18, at all future datees, announced at time ¢.

(iv) an increase in D1 of 1§ combined with a decrease of Dyyr11 of (14 7)$, both announced at
time t + 2.

ADD PLOTS IN CLASS
Plot the time path of prices, dividends, and returns in each case.
What happens if the discount rate r suddenly changes?

[Note: the “standard model” discussed above can be used to find r.]



Question: suppose that D,y is an AR(1), what is the form of Py and t“ -7 What if tl is an
AR(1)?

Gordon formula

A special case is the Gordon formula: assume that dividends grow at an average rate g, i.e. E; (%) =

Dy
g, then
o0 (o]
FE D 1 k'HD 1 1 1
T S e
k=1 k=1 +r) e r—g

For small r and ¢ (or in continuous time), we get

P, 1
Dy 7“—9.

Note that we need r > g for this sum to be finite! Note that if r — g is small, a small change in either
r or g leads to large price fluctuations.

Example: suppose that 2stt b = 9tets, with 441 iid N (0, 1). What is the effect of a good realization
of €,41 on the dividend, on the price, on the P-D ratio, and on the return?

10



2 General results on stochastic discount factor: existence, unique-
ness. Hansen-Jagannathan bounds.

So far we have looked at the Euler equation, derived for any agent from its FOC given available returns.
Here we take a step back and look at this in more generality. This will turn out to provide some useful
results before we go into building models. In this lecture I introduce the stochastic discount factor
approach, which main benefit is to have results under weak assumptions.

A stochastic discount factor (SDF) is a stochastic process (i.e., sequence of random variables) { My 141}
such that for any security with stochastic payoff x;41 at time ¢ + 1, the price of that security at time ¢ is:

Pt = By (M4 410441) - (3)
Or equivalently, for any asset return Ry ;,1, the following condition holds:
Ey (Myy41R41) = 1.
(This is equivalent by definition of the return = payoft / price: Ry 41 = ®i41/D1.)
Notation: often we use only one index, the end of period, i.e. we write By (M;41Req1) = 1.
Ezample: in a representative agent economy with preferences £ .2 S u(¢;), the SDF is:

_ 6u/(ct+1). (4)

What if there is more than one agent? It depends on the the completeness of markets. If markets
are complete, we show that the SDF exists and is unique. (Indeed, when markets are complete, you can
define an “aggregate utility function” and the formula 4 applies for this utility function.)If markets are
incomplete, but there is “no arbitrage opportunitiy”, there always exists a positive SDF, but there can
be several SDFs which all satisfy equation 3.

Furthere, we derive some results which tell us what a “good” SDF should “look like”, i.e. what
properties the process {M; 1} needs to possess to make the model fit the data. This can serve as a
“diagnostic test” that can be used to see the properties that any SDF must satisfy, given the observed
properties of asset returns. The main result is the Hansen-Jagannathan (JPE 1991) volatility bound: the
SDF must be quite volatile. For instance, given the volatility of consumption growth, this tells us that the
utility function must be very curved to generate a highly volatile SDF. See Cochrane and Hansen (1992
NBER macro) or Alvarez and Jermann (Econometrica 2004, “the persistence..”) for additional general
implications. In particular, Alvarez and Jermann establish (roughly) that the SDF must have permanent
innovations.

Basic properties of the SDF
The gross risk-free rate is the inverse of the conditional expectation of a SDF: just pull out the risk-free
return (it is known at time ¢, by definition):

1

R, E,(My1)=1=R/ = —— .
t+1 t( t+1) t+1 Et(Mt+1)

The CAPM can be stated as saying that the log SDF is a linear function of the market return:
log My 441 = a — bR} ;. The Consumption CAPM (aka CCAPM) of course implies log My ;11 = log 3 —
~vAlog Cs41 using equation 4.

Note that we always have the relations, for any returns ¢ and the risk-free rate:

Et (Mt+lRi+1) = ].

11



E, (MtHR{H) -1

hence:

o (M,
Ey(Riyq — R{H) = 0 (M) Corry (Myy1, Rf1) o1 (Rf14)
E; (Myt1)

or(Miy1)
k Ei(Miy1)?

return oy (Rf +1) , and the conditional correlation of the SDF and return. Assets which have high average

the equity risk premium depends on the market price of ris the conditional volatility of the

excess returns (i,.e. B (Rf, fR{H) > 0) must have volatile returns (o; (R, ;) > 0) and/or their returns
must be strongly correlated with the SDF (C’orrt (Mt+1, Rf+1) > O) . This is an equilibrium relation: if
someone is holding these assets, it must be that their return compensates for their risk. Here risk means
covariance with the SDF. The SDF measures “bad economic times”, i.e. the SDF is high in “bad” states
of the world (In the simple representative agent, the SDF is marginal utility growth, and marginal utility
is high in bad times.)

Construction of a SDF with complete markets, and risk-neutral probabilities. For sim-
plicity consider a one-period world: there are S possible states, indexed by s, each with probability m,
and we trade before the resolution of uncertainty. Let ¢s be the state-contingent price (the price of an
Arrow-Debreu security which pays one unit of good in state s). Consider a security with payoffs {dS}SS:1 .
With complete markets, we can find the price of this security by “unpacking” it:

S
p({d}) =3 q.d..

To go from this expression to the SDF notation requires just a bit of manipulation:

S
p({d}) = ZWS%ZdS
= B (md),

i.e. the price is the expectation, under the true probability distribution 7, of the payoffs times the SDF.
Note we defined the SDF state by state by ms = ¢g/7s.
TsMs

Dok TEME

a probability distribution. Then

Define 77, = = myms/Er(m). By definition 7, lies between 0 and 1 and Zle T, =1soitis

p({d})

I
L[]
o)
3

&

i.e. we get that the price is simply the discounted expected value of payoffs, under the probability distri-
bution 7. This probability distribution is called the risk-neutral measure. Hence we have the usual “Price
= PDV of dividends” condition which works after adjusting the probability measure. One interpretation
of these risk neutral probabilities is that these are the subjective probabilities that the market assigns
to states of natures, assuming investors care only about mean return (i.e. are risk-neutral). But this is
really just vocabulary (often you will hear people in finance talk about “risk-neutral measure”).

Incomplete Markets: an example

12



Consider a one-period economy with N agents (indexed by 7); there is uncertainty about the state s
and we trade before that uncertainty is resolved. Each agent ¢ is maximizing a general utility function

max U;(¢i1, ..., Cis)

where ¢s for s = 1...5 is consumption in state s tomorrow. There are L securities available, with prices
q; and payoff d;s in state s. We normalize the supply of each security to 1. Consumption is obtained as

an endowment plus the payoffs of assets, i.e.

L
Cis = Yis + Z Oadis,
=1

where ;s is the endowment in state s and 6;; is the number of securities [ bought by agent i. The budget

constraint is .
> @by < wi,
1=1
where w; is some initial endowment of wealth.
An equilibrium is a price vector ¢ = {¢;} and shares {6;}, , such that each agent maximizes and there

is market-clearing for each security:
I
Vi=1.L:Y 0;=1

i=1

To characterize the equilibrium, we can consider the FOC of agent i wrt 0;;:

s
Ou;
e, “dis = @i,

Cs

s=1

where J; is the multiplier on the wealth constraint. (This assumes an interior solution.)

Thus for any investor we have the Euler equation
S Ou;
“d
ls _ 1’

Ocs Yis

—~ X a

and so we can use as SDF the marginal rate of substitution of any consumer who is unconstrained.
But it need not be true that any agent is unconstrained in all states. We now prove that in general, there

exists at least one SDF, provided that there are no arbitrage opportunities.

Incomplete markets: No Arbitrage Pricing
Definition: the system of securities characterized by {d;s} and {q;} is arbitrage-free (or: there is no

arbitrage opportunity, NOAO) if there is no vector of portfolio choices {6;} such that both

~

(1) quﬁl <0 (i.e. 0 is free, or has a negative price),
=1

and (2): Vs = 1...5, Zlel dis0; > 0, and > 0 for some state s (i.e. 6 gives positive payoffs in all states).

Clearly, if the prices {¢;} result from a competitive equilibrium as in the previous section, it must be
that there is NOAO (otherwise consumers would demand an infinite amount of the combination which is
free and gives a positive payoff.) But NOAO is more general and as a result requires very few assumptions
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Consequence of no arbitrage: assume you have two assets x and y and that in all possible states, =
will pay you more dividends than y. Then the price of  should be (weakly) greater than the price of y.
Hence, this basic principle imposes restrictions across prices of securities. In some cases, NOAO allows
you to pin down exactly the price of some other securities. Even w/o complete markets, assets that are
redundant, i.e. which can be replicated by existing assets, can be priced if we assume no arbitrage.

Example: static economy with 7 possible states, 3 assets are traded, payoff matrix listing in each row
the payoff of each asset in each of the states:

121 00 00
D=1 3 100 00
0100 00O

Here, the third asset = the second asset minus the first one. Thus its price is the difference of the prices
of the first two assets. An important practical application of NOAO is option pricing: Black and Scholes
noted that the payoff of an option is (roughly, for small time intervals) a linear combination of the payoff
of a stock and a bond, hence its value can be deduced from these two prices.

General Results on SDF

There are three important general results about the SDF:

(1) The law of one price holds iff there is (at least) one stochastic discount factor.

(2) There are no arbitrage opportunities iff there exists (at least) one strictly positive SDF.
(3) The stochastic discount factor is unique iff markets are complete.

Here are sketches of the proofs. To avoid technicalities, I will again consider only one-period economies.
(See Cochrane or Duffie , “Dynamic Asset Pricing Theory” chapter 1 for more details).

(1) The law of one price (LOOP) says that the price of a bundle of two securities is the sum of the
prices of each security, i.e. P(x +y) = P(z) + P(y). (We also assume P(Az) = AP(x) where A is a
real number - we can divide securities.) This means that the function which assigns a price to a payoff
is linear. A general theorem states that linear functions can be represented as an inner product, i.e.
P(z) = (z.w) = ), wsxs from where we get a SDF by defining m, = w,/ms : P(z) = ) memss.

(2) No arbitrage opportunities means that there is no trade which gives a sure profit, i.e. if > 0 then
p(z) > 0 and if x5 > 0 for some state, then p(xz) > 0. The proof follows from a hyperplane separating
theorem. (See Duffie.)

(3) The price of an Arrow-Debreu security which pays one unit of good in state s is ps = mgms. If
markets are complete, such a security exists and there cannot be two SDF since both imply ps = mgms =
mim, — mg = mk for all states s. Conversely, if there is a unique SDF, markets must be complete. To
see this, suppose that markets are incomplete, so there is a state 7 which is not tradable. Then, take a
SDF mg. We can construct another SDF m7, which shows that there is no uniqueness. We simply set
mg =ms for s # j, and mj = m; + 1. By definition, m} still satisfies the pricing equation (it prices any
asset spanned by all the states but s).

Hansen and Jagannathan (JPE 1991)

HJ show that to be consistent with observed market returns, the SDF must be quite volatile. The
basic result is actually simple. Consider any return R and the risk-free return Rf, we have, using that
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—o(z)o(y) < Cov(z,y) < o(z)o(y) :

E(mR) = 1

Em)RS = 1

E(mR) = E(m)R’
Cov(m,R) = FE(m)R’ — E(m)E(R)

—o(m)o(R) < E(m) (R — E(R)) < o(m)o(R)

a(m) < E(R) - Rf < o(m)

E(m)— o(R) ~ E(m)

The number o(m)/E(m) is a measure of the volatility of the SDF called the market price of risk. The

_Rr!
quantity % is called the Sharpe Ratio of a security and measures its return relative to its volatility.

Hence given observed asset returns, we can find out how volatile the SDF must be. Recall that F (m) is
the inverse of the risk-free rate so we also have a good idea of what it is.

For the whole US stock market, the mean excess return is F(R) — R/ approximately 6 to 8%. The
standard deviation is roughly 16%, so overall the Sharpe ratio is 0.4 to 0.5. If you look at subsets of the
stock market, you can relatively find Sharpe ratios of 1. For instance, the return on a portfolio long value
stocks and short growth stocks is roughly 6% per year, and its volatility is about 8%.

These “Hansen-Jagannathan bounds” are popular because any model that does not satisfy them will
be at odds with the data. This is a very weak test which you can easily do, for instance pick a utility
function, plug the consumption data (or other data) in it, and see if the resulting m is volatile enough.
If not, you can reject the model right away!

One can use these bounds for any asset. However a more refined version is to use data on returns
jointly, i.e. given that you know that for ¢ = 1...N :

E(mR") =1,

what can you say about the volatility of m? HJ 1991 work out the implications of this system of equalities,
which are of course stronger than the inequality you get from any single equation. For N = 2, i.e. 2
assets, you obtain a parabola in the F(m)/o(m) space. (e.g. see the figure in Tallarini 2000.) [ADD
PICTURE IN CLASS/]

Review of General Equilibrium, Aggregation, Risk Sharing

These notes give some background on risk-sharing and the conditions under which a representative
agent exists. I will not go over these notes in class, but they are useful background.

Review of General Equilibrium

We are applying the general equilibrium (GE) model of Arrow and Debreu to economies with time
and uncertainty. This will allow us to justify under some conditions the use of a representative agent. In
GE theory, an economy is defined by:

(1) a commodity space, i.e. the set of goods in the economy; mathematically a subset X of some
vector space.

(2) a number of consumers ¢ = 1...I, each of which has some preferences U; over consumption bundles
in X; each consumer also has an endowment e; € X and shares in the technology j, 6;;.

15



(3) a number of firms j = 1....J, each of which has a technology defined by a production set ¥; C X.

The consumer ¢’s problem is:

S
J
st. : px<p.e+ Zﬂijﬂ'j (p),
j=1

yielding a net demand z;(p). (Note that x;(p) is a vector, the dimension of which is the dimension of the
commodity space.)

The firm j’s problem is:
i(p) = maxp.y,
m;(p) = maxp.y

yielding a net supply y;(p). (7;(p) is a scalar.)

A competitive equilibrium is a price vector p such that:

I

I J
> wilp) = Zei + Zyj(P)-

i=1
i.e.: (i) each consumer solves his program, (ii) each firm solves his program, (iii) all markets clear.

Implicit in this definition is the fact that there are complete markets, i.e. one market for each good,
and each consumer can buy or sell whatever amounts he wants in each market, subject only to his resource
constraint.

A feasible allocation is a list of consumption vectors for each consumer, and of firm plans for each
firm, that satisfies the aggregate resource constraint; mathematically {«;}, {y;} such that

I I J
in = Zei +Zyj~
i=1 i=1 j=1

A Pareto-optimal allocation is a feasible allocation such that there is no feasible allocation that makes
all consumers as well off, and at least one strictly better off.

An allocation {z;},{y;} is Pareto-optimal allocation iff there exists a set of Pareto weights {)\;} with
Ai > 0 for all 4 and A\; > 0 for some %, such that {x;},{y,} solves

I

max Aiu(x; 5
teib iy} (=) )

I I J
s.t. inSZei—i—Zyj.
i=1 i=1 j=1

I now state the three key results. All rely on complete markets, i.e. there is a market for each good.

(1) First Welfare Theorem: if utility functions are strictly monotonic, any competitive equilibrium is
a Pareto optimum.

(2) Second Welfare Theorem: under convexity assumptions®, any Pareto optimum is a competitive
equilibrium for some initial redistribution of wealth.

1i.e. if utility functions are quasi-concave and production sets are convex.
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xistence of equilibrium: under convexity assumptions, there exists at least one competitive
3) Exist f ilibri d it ti th ists at least titi
equilibrium.

Application to Economies with Time and Uncertainty

To apply this theory to dynamic models, we only need to reinterpret the commodity space. Now a
good is defined not only by its physical characteristics, but also by the date and state of nature in which
it is available.

Example 1: a two-period endowment economy. One consumer, with utility u(c;) + Su(cz).The com-
modity space is [0, +00)2. The price vector is (p1, p2). There is no production. The income (endowment)
is (y1,y2) € X. The budget constraint is pic1 + paca < p1y1 + paye.

Example 2: an infinite-horizon economy without uncertainty. One consumer, with utility Ztoio Btu(cy).
X is the set of all sequences {c;} with nonnegative elements, and the price vector is p = (po, p1, ...) also
in the set of sequences of nonnegative numbers. The budget constraint is E;’i oPicr < Etoio DtYt.-

Example 3: infinite horizon with uncertainty, the commodity space would include all state-contingent
paths: ¢;(s?), where st is the history (so, ..., 5¢). See below.

Application of GE theory to dynamic stochastic models: Complete Markets and Con-
sumption Allocation

Histories

We denote by s € S the “state of the economy” which keeps track of all the relevant information, e.g.
income shocks, news about future income, etc.

Example 1: one agent, his income can be either high or low, then S = {high,low} and s = {high} or
s = {low}.

Example 2: two agents A and B, each of which has an income which can be either high or low, then
S = {hh,hl,lhll}.

so is the initial known condition, and s; is the realized state at time t. We denote a history by
s' = (s1,...,5¢) € S'. The probability of history s* occuring is denoted ¢ (s*) . Of course Y ;e e (s") = 1
for all ¢, and for all histories s*~!.

Example 3: Assume s; is Markov with transition Ps ¢ Then m(s') = Psys; X Psysy X oo X Ps, s,
A basic GE economy to study consumption insurance
(a) commodity space: the set of all possible stochastic processes: {c;(s!)} all ¢, st.

(b) preferences: we will restrict preferences considerably, instead of defining them as functions of the
entire stochastic processes, i.e. U ({c(s'}), I will assume that preferences satisfy (1) expected utility [i.e.
separability across states of natures], and (2) time-separability:

U = E Zﬁtui(ct (s") | s0]
>0
= Z Z Bimy(s' | so)u’ (e (s)) . (6)
t>0 steSt

note that the utility functions can be different across agents, but I assume the beliefs are the same.
There are I agents, indexed by 7, with utilities u’(.), endowments e; ;(s"). Let Ey(s') = Zi]:l eit(s') be
the aggregate endowment at time ¢ after history s.
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(c) technology: this is an endowment economy. i.e. the only technology is free disposal.

Representative consumer

Assume markets are complete. Then any CE is PO. Any PO can be obtained from (10). Defining

V(E) = maXZ)\ ui (2;)

s.t. Z r; < F,
i=1
we see that the economy is equivalent to one where there is only one consumer, with utility function V.

This justifies using a representative consumer (RC).

Note: in general the utility function of the RC depends on the weights A;, which correspond to the
initial wealth distribution. Only if all utility functions are homothetic (i.e., all income elasticities are
unity) is the distribution of wealth always irrelevant to find the aggregate allocation and prices. (Of
course the wealth distribution is always relevant to compute the individual allocation, but we may not
care so much about it.) We will see an example below of representative consumer.

RESULT: if {x;,y;,p} is an equilibrium for the economy {e;,u;,Y;}, then {>° x;,y;,p} is an eq for
the representative consumer economy.

Pareto Optima: Social Planning Problem

I solve for a competitive equilibrium with complete markets, so I can use a planner problem.

o Z X st s (ene ()

t>0 steSt
I I
t.:Vt, s Zci,t(st) = Zem(st) = E(s").
i=1 i=1

The FOC w.r.t. ¢;(s")is (denoting p(s') the Lagrange multiplier on the resource constraint):
il (s ug(cin(s')) = pa(sh),

thus for any agent ¢ = 2...1
Ai ui(cir(sh))
Av iy (ere(st))

=) =u (Fudfens) )

=1

Plugging in the RC yields cy;(s'). Clearly c14(s?) depends only on E;(s?), not on the distribution of
this endowment across agents {e; .} . This is the key result, stated in:

Perfect Risk Sharing and History-Independence

Under complete markets and expected discounted utility, there is perfect risk-sharing: the consumption
of each agent depends only on the aggregate consumption, and not on his individual income. Moreover
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allocations are independent of history, i.e. of the sequence of realization of shocks s!,and depends only
on the current realization of the endowment Fj(s?).

Decentralization: Competitive Equilibrium

We can decentralize this planner problem. We need one price for each good, i.e. each time-state
combination. Let g;(s!) =price at time 0 of unit of consumption at time ¢ in state st. A competitive
equilibrium is an allocation such that

(1) Taking as given the price vector {q; (s*)}, each agent ¢ = 1...] maximizes his utility function (6)
subject to the (time-zero) budget constraint:

Z Z @ (s")eig (s') < Z Z ar(s')eiys (')

t>0 steSt t>0 steSt

(2) Markets clear: Vt > 0,Vs' € S*:
I I
Zcm (st) = Z €it (st) =FE; (st) .
i—1 i=1

In class: check that this gives the same allocation.
Representative Consumer: two special cases

Assume that all agents have the utility u(c) = ¢!=7/(1 — 7). Agent i has endowment {e; (s")}. Let
the equilibrium allocation be {c; +(s*)} and the prices {q:(s")}. Then {g:(s")} are equilibrium prices for
the representative agent economy, with preferences u(c) = ¢!~7/(1 — ) and endowment {, e;+(s")}.

Proof: to be done in class.
Note: you can similarly find the RC if utility are CARA, and agents differ in risk aversion.
Empirical Tests of Full Consumption Insurance

Cochrane (1991) and Mace (1991) were the first to test this implication with US data. They use the
PSID to test for perfect consumption insurance by running regressions of the type

AlogCiy = a+ BAlogCy +vZ; 1 + €44,

and testing for v = 0. Z could be individual income growth, an unemployment indicator, a sickness
indicator... This literature concludes that individual histories do matter, i.e. v # 0, so there does not
appear to be full insurance in the US.

Townsend (1994) test similarly for perfect insurance in Indian villages. Does an individual’s con-
sumption depends on his income, once you control for the village’s total consumption. He finds that
the complete model is rejected too, but by a narrow margin. Using data from Thailand the rejection is
“larger”.

Possible Extensions

If utility depends in a separable way of leisure (i.e. u(c)+ v(l)), or something else (e.g. illness), the
consumption predictions are unaffected. On the other hand, because the complete markets model makes
marginal utilities of consumptions across agents all proportional across time and states, if marginal utility
of consumption depends on something else besides consumption, then the complete markets model does
not predict that consumption moves in lockstep between agents (e.g. u(c,1l)).
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Testing Complete Markets using Asset Prices

Under complete markets, we have a RC whose utility depends only on aggregate consumption. As
we’ll see in the next class, this imply we can use his utility function to price assets. It has proved very
hard to find a utility function that rationalizes facts about asset prices using aggregate consumption only.
This is an “indirect” rejection of complete markets.
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3 Euler equation estimation and GMM; Campbell-Shiller de-
composition

3.1 Euler equation tests

This lecture considers some further implications and tests of the “standard” asset pricing model: for any
gross return R;y1, we have the equation:

Bu'(Cii1) N
(P e ) =

hence for any gross return Ry, we have
pu' (Ciy1) 5
B (2 (R - R ) ) =0
These equations hold for any asset which you can buy or sell (at the margin): stocks, bonds, options,

commodities, etc.

Key intuition: assets are priced according to their covariance with consumption growth. Assets which
pay off when consumption growth is high (in good times) are risky, hence they will need to have high
expected returns for investors to want to hold them. Another way to say the same thing: these assets
will trade at a discount: the price will be low to compensate for the riskiness. (Given some expected
dividends, a lower price today implies a higher expected return.)

Today’s lecture = discuss how to test for the Euler equation using GMM. This leads to another
rejection of the model. So in the rest of the course, we will study extensions of the model that try to
improve its fit:

e cither by changing preferences and going away from CRRA, expected utility (e.g. habits, Epstein-
Zin, multiple goods);

e or by changing the endowment process (e.g. disasters, long-run risk);

e or by changing the market structure (short sales contraints, heterogeneous agents with incomplete
markets).

From a macro point of view, these changes are going to affect the analyis of many standard issues:

e different preferences will affect business cycles, welfare costs, public finance (tax cut) estimates;
e endowments processes in the end mean different shocks and/or technoologies;

e incomplete markets could have an even more substantial effect, e.g. on welfare.

The logic of Euler equation applies of course even to models others than the CRRA representative
agent model. Many models can be tested by GMM, e.g. if you make up a utility function of consumption
¢; and other observable stuff x;, say U(c;,x;), then we have

BU; (C11,Ti11)

Mor —
i Ui (ct, @)

and E; (Myy1Ri4+1) = 1 can similarly be tested.
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3.2 Euler equation tests

Lecture 1 studied the implication of the Euler equation, plus an assumption that consumption growth
is iid and dividends = consumption. This allows for a clean solution which leads to some intuition, and
these assumptions are not too bad empirically?, but they are not really necessary.

In contrast, the EE approach makes very little assumptions - no need to specify the shocks, the
technology (as you would in a GE model), or the endowment process. Start from the fact that, for any
return R4,

Bu'(Cyy1)
E|—————Ry;1—1)=0
t ( 'U/(Ct) t+1 )
specify u(C) = 01%7 For any variable Z; known at time ¢, we have:

Ct+1 -
ZtEt ﬂ C Rt+1 - ]. = 0,
t

This is a set of restrictions that the theory implies on data on consumption, returns and Z;. No need for
any distributional assumption, except that returns and consumption growth must be stationary. Notice
that if Z; is uncorrelated with future returns and consumption, then it does not add any restriction since

E <Zt (ﬁ (Cétl)_v Ryt — 1)) = E(Z)E (,@ (ngl)_7 Rij1 — 1) .

So interesting Z; are variables which forecast future returns or future consumption growth.

This equation holds for any returns R;y1, Z;, so we have NK equations, where N = # of returns
and K = # of “instruments” Z;, and we have 2 parameters (3,v). We can estimate using the GMM
framework, see Cochrane’s book for a very nice discussion.

Intuitively, we simply pick 8 and 7 to set the sample version of these equations equal to zero, i.e.

Different cases:

e No Z;, and apply this to excess aggregate stock returns: pick v such that

T _
1 Ct"rl K e f _
() )

Note: this may not be possible! i.e. with the data there may not be a 7 s.t. this holds.

2Consumption are not equal to dividends, but two effects offset: dividends are more volatile than consumption, but they
are not perfectly correlated.
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e No Z;, find 8 and y to match both stock returns and the risk-free rate:

Ciia ™"
r2 (%) )=

T _
1 Cir1) " pr _
T (ﬁ ( Ci ) Bin—1]=0

Two eqns in two unknowns. Again, this may not be possible to find both S and v in sample.

e If more than equations, then of course (generically) cannot set all the equations equal to zero. In
practice (as in the other cases above if you can’t find a zero), you minimize the weighted errors:

min g'Wyg,
By

-
where g = % Zle Zy (ﬁ (Cé—tl) Riy1 — 1) and W is a weighting matrix.

e Can pick W = I, or W to have the moments have the same scale, or otherwise pick W in a
statistically optimal way. Formula for W is the asymptotic variance,

e Cip1\
W =Var T; B(Ct > Rt+1_1 .

See Cochrane’s discussion of Hansen and Singleton in his survey paper, “Financial markets and the
economy” .

.
e Overidentification: if NK > # of parameters, test that % Zle (ﬂ (Cgtrl) R{_H — 1> is close

enough to 0 for all returns.
e Of course can apply this approach to any utility function.

e Hansen and Singleton (1983) take a different tack on this estimation: they assume joint log-
normality of consumption growth and returns to derive a maximum likelihood estimator.

3.2.1 GMM general formulas

These are taken from Cochrane’s book - this is just a summary.

e Express a model as E[f(z¢,b)] = 0.
e The general GMM estimate bis given by:
argr(b) =0,

where

Nl

Zf(mt,b),

t=1

gr(b)

and arp is a matrix that defines which linear combination of gr(b) will be set to zero.

23



e Hansen (1982) tells us that the asymptotic distribution of the GMM estimate is:

where

VT (b—b) — N0, (ad) 'aSa’ "],

_ of _ Ogr(b)

= F |:8b/(.'17t,b):| = 8[)/ s
= ar,

= > Elf@b)f(@e;b)).

e Hansen (1982) gives us the sampling distribution of the moments g7 (b):

VTgr(b) — N[0, (I — d(ad) " a)S(I — d(ad)"'a)’].

e The efficient estimate is obtained by setting:

In this case,

TJT = TgT(l;)/_lgT(l;) =
T Jr(restricted) — T Jr(unrestricted) =

e A familiar example: OLS.

In this case:

f(ztaﬂ)
gr(B)

ar

o Q.

var ()

a=d™!

VT(h—b) — N[0, (d'd)™Y],
Xg(#moments — #parameters),

Xg(#restrictions).
Ming Erl(y: — ﬂ/xt)Q]

wt(yt - Blfﬂt) = TtEt,
Eplzi(ye — B'zy)),

I,

_ET(xtxé)v

ET[xt:cflET(xtyt)
1 e -
TET[xtx; ]| Z E(eywxy_je,_ )| Erlaay

j=—o0

3.3 Campbell and Shiller decomposition

Campbell and Shiller (1988, Review of Financial Studies) introduced a log-linear approximation to the
present-value identity (prices = Present Discounted Value [PDV] of dividends). They used this approxi-
mation to discuss the sources of stock price volatility. This formula has proven extremely useful in
applied work, because it is easy to use it in conjunction with linear time series models (e.g. VARs). Also

known as “Discount Rate - Cash Flow Decompositions”

Present Discounted Values

Start from the definition of return:

Piy1+ Dy

R =
t+1 Pt
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You can rewrite this as “price equal PDV of dividends” by rewriting and iterating forward:

P D1+ P
' Ryt
Dy Dyia

Rt+1 Ryp1Riqo

_ Z Dy

Rigtr’
where Ry ¢, is the realized return on the asset (not the risk-free rate!!!) from ¢ to t + k& :

Rt,t+k = Rt+1 X ... X Rt+k-

Of course this equation, price = PDV of dividends, is for now an accounting identity - there’s no

assumption about behavior. (Just a “no-bubble” condition to take out the limit: limy_, oo Devr 0.)
Rty

This equation is useful, but it is nonlinear. C-S find a way to linearize it.

The approximation. Use lowercase letters for logs: r = log (1 + Ry), p; = log(P;),d; = log (Dy) :

Tt4+1 = log (Pt+1 + Dt+1) — log(Pt)
D
= piy1 +log <1 + Pt+1> —p
t+1

= piy1 — pe +log (1 +exp (dip1 — pes1))

Now the key step: do a first-order Taylor approximation to the function f(z) = log (1 + exp(z)) around
x = d — P where a denotes the sample average value:

log (1 + exp (dit1 — pit1)) = k+ (1 = p) (dig1 — pes1),

with:
1
p = e —
1+ exp (d—p)
k= —logp+(1-p)log(l/p—1).

This yields:
Tey1 = PPir1 — Pt + k4 (1 — p)diq,

Pt = ppir1 +k+ (1= p)diy1 — r41.
Iterating forward yields:

pr = 7+ZPJ (L= p)derj —reag) s
j>1
= + > 0 (1= p)dirrss —rii1ty)-
72>0

This identity holds for any returns, prices and dividends ex-post. (And thus ex-ante, if you take con-
ditional expectations of this equation.) It is an accounting identity without any behavorial assumption.
Can rewrite it as the sources of volatility of P/D:

k .
— dt = fp + ZP] (Adt-i-l-l-j - Tt+1+j)

1 °
j=0
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This formula can also be expressed in terms of “return shocks”. Using the formula ryy1 = ppey1 — pe +
k+ (1 — p)dis1, and applying Ey11 — E; to both sides yields:

Tip1 — Eirepr = p(De41 — Epeyr) + (1 — p) (deg1 — Erdiyr)
= p(Eip1 — Ey) ij (1= p) dit21j — re4245) + (1 = p) (dey1 — Eidiia)
7=>0
= (B — Ey) ZPS (T =p)dir14s — rer14s) + (1= p) (diy1 — Erdiyr)
s>1
= (L=p)(Ber1 = E) Y podiirss — (Brer = B) Y p°rerass
s>0 s>1
= (Bip1— E0)Y_ p*Adiyrps — (Brpr — E) Y p'resss.
s>0 s>1

An unexpectedly good stock return must occur because either the current dividend went up, or expecta-
tions of future dividends go up, or because expectations of future returns go down. The first two terms
are a standard “cash flow effect” and the second is an expected return or risk premium effect: the price
goes up if the risk premium or risk-free interest rate go down.

Hence, stock price volatility can come from either volatility of future dividends or volatility of expected
future returns. Which of these terms contribute more to volatility empirically? One way to go to the data
is to fit a VAR to dividend growth and returns and use the VAR to compute the implied decomposition:

d
Adyiiq Ady €41
Tt+1 =AL) | +{ e |
Te41 T Ef—ﬁ—l

and iterating on this VAR one can compute the forecast F;Ad;;14; and then the revision of the
Adyyq
forecast. By stacking the vector T4l and its lags, we can assume the VAR has an order 1; so
Tt41
zt41 = Az + 441 with Feel = X, As a result, E; ijo Blzii; = ijo BIAIzy = (I —BA)" 1z and by
premultiplying by the correct row vector, you obtain the forecast of the PV of te component of z that
you want. Moreover,

(Beni = E) Y Fasy = 2+ —=BA) 2 — (I - A 'z
j=>0
= 2+ B - BA) T (A2 +e41) — (I — BA) 2
= (I-BA)'I-BA+BA-I)z+B(I—BA) ‘er
B(I — BA) ' eiq.

(See the related Hansen-Sargent formula I attach below - no need to get all the details right now.)

It turns out the second term dominates by a very large margin. Roughly, in the data, it is hard
to forecast dividends. Returns are predictable (a bit!) as we saw before. That’s why the second term
dominates. Since the risk-free interest rate does not move much in the data, it means the changes in
expected returns are mainly changes in risk premia. This is terribly important. It suggests we want
to think of models where these risk premia change over time. One model is Campbell-Cochrane, which
has time-varying risk aversion. Another model is to have stochastic volatility in consumption growth.
Sometimes consumption growth is volatile (“uncertain times”), so the risk premium is high, and sometime
it is low.

One can get more results by making additional assumptions about the asset pricing model and using
this decomposition. See Campbell 1993 AER, 1996 JPE. I will summarize these papers later.
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Historical note: the early literature on “excess stock price volatility” was assuming that the second
term in the Campbell-Shiller decomposition was nil, i.e. assuming that discount rates are constant. For
instance, the seminal paper by Shiller (1980 AER) was testing if prices are too volatile, assuming that
the correct price should be p; = E¢ > <o p¥ditr. Then, given Var(E; (X)) < Var(X) for any random
variable X, Shiller tested if

Var(p) < Var Zpdek ,
k>0

where the RHS can be computed given realized dividends. Shiller found that in the data, Var (Z k>0 pkdt+k) <

Var(p:), and interpreted this as “excess stock price volatility”. However, it is unclear if his rejection is a
rejection of “rationality” or of the constant discount rate model (see Cochrane’s 1991 JME review for a
nice discussion). As Cochrane notes, there is now no reason to examine this particular implication rather
than the Euler equation, which is more informative. (A side issue in this controversy was the stationarity
of prices and the impact on statistical test; the reasonable way to do this test is to write this as a test of
volatility of the p/d ratio.)

Cochrane’s decomposition: Cochrane (1992, RFS)

3.4 Hansen and Sargent (1980) Prediction Formulas

This is a useful formula which gives the expectation of a present value of a stochastic process, or revisions

to this present value. Suppose we want to compute E; > >0 B’ x4 ;. Write the Wold decomposition as

xy = A(L)we, where A(L) is a lag operator. (For instance, A(L) = 1 — 0L and z; = w; — fwy_1, or
1

A(L) = 1,z and xy — pxy—1 = w.) Define the [.], operator as deletion of terms with negative powers,

eg. [2L+34+4L7 — 3L*2]+ = 2L + 3. Note that for any lag operator B(L), we have E; (B(L)w;) =
[B(L)], wy.

Et Z Bjxt+j = Et Z ﬁjA(L)€t+j

j=0 i>0

= E Z BIAL)L e,

Jj=0

S FALLT| &

i>0

+
[LA(L)}
= =N
L-8],
_ LA(L) - BAG)_
L-8 v
The line before last computes the geometric series. The last line is more subtle: note that %W =
D(L) is only a polynomial (i.e. positive lags), since we can factor a L — /8 in the numerator. Since
LA(L)—BA(B) _ | LAW) 1 1 _ LA(L)-BA(B) _ LAL)-BAB)
[ =5 Lr— {L75]+_ﬂ[ﬁ}+ and [ﬁ}+_o, we have [ =5 LL— =5 .
(This is because 115 = —%é and since 1/8 > 1, this equation must be solved forward: 1_1% =

L~' _ L7'p _ L' _ —1 kT —k
L*l—%, - L—lgﬁil — 1I-L-13 — —L 5Zk205 L )
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Apply this formula to compute the expectation as of t — 1 :
LA(L) — BA(B)

Bi1) BAL)e; = EaB ) FAL)e;=FEi L5
j=0 j>0
| P - LAW) - BAB) — AB)L - )
- L o L(L~p) o
_ AWD) - AB)
= -3 t—1

(Bt — Ev_1) ZﬁjA(L)gt-*-j = < I — g

Jj=0

= A(B)es.

This formula is much used, eg in the PIH-rational expectation literature (eg Quah (1989 JPE)). Note
how in the case of Campbell-Shiller, A(L) = (I — AL)"" and A(8) = (I — A8)~L.
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4 Additional material: Disasters

Motivation from an empirical standpoint: lots of crashes in the stock market, as we saw recently. They
tend to happen during big recessions / depressions. Are we capturing this well with our standard model?

Motivation from a logical/theoretical standpoint:

Given the failure of the standard model, we need to modify the standard model (CRRA representative
agent model with iid log-normal consumption growth). Rather than changing preferences, we may change
instead the endowment process. For instance, one may consider an AR(1):

Alog Ciy1 = pAlog Cy + (1 — p)p + o€p 1.

This is what Mehra-Prescott did in their 1985 JME paper, and you will study this in PS2. Another
possibility is that there is a small risk of a very large decline in stocks, e.g.

AlogCir1 = p+ oegqp1, with probability 1 — p,
= p+ oeepq + log(l — b), with probability p.

where 441 is itd N(0,1) and 0 < b < 1 is the size of the disaster. Hence, in period ¢+ 1, with probability
p, consumption drops by a factor b. For instance if b = .2, then consumption drops by 20%. With this
formulation, the drop is permanent. Overall, we still maintain the assumption of iid consumption growth,
but the distribution is non-normal - specifically, it has negative skewness and positive kurtosis.

Given this process we can compute asset prices. The risk-free rate is

2 2

log Rf = —log B+ ypu— -2 —log (1—p+p(l—0)7").

When p = 0, this formula collapses to the standard result of the iid lognormal model. When p > 0,
we see that the risk-free rate is lower (since 0 < b < 1), and the higher the probability of disaster, the
lower the risk-free rate. This reflects that a higher probability of disaster reduces expected growth and
increases risk, and thus increases the demand for savings, both for intertemporal substitution and for
precautionary reasons. This drives the risk-free rate down. (Quantitatively, the risk effect is bigger than
the substitution effect.)

For stocks, we can obtain the P-D ratio through the usual equation:

P C’t+1>1_’Y <Pt+1 )
Dy t<ﬁ ( Cy Dit1

Given that consumption growth is iid, the P-D ratio is constant, hence P,/D; = ¢ with

02
q= ﬂe(l’””*(l’”? (1 —p+p(1— b)lfw) (1+q),
and we have the log expected return on the equity:

2 2
v 2 (1-p+p(l-1)
5 + vo° —log 8 + log A—ptpl—bp)

log (ER®) = vp —

Last, the log equity premium is obtained as:

ER®\ (1-—p+pd-0))A—p+p-0b")
log <Rf) =v0? +log A—p+p—b)7) .

The first term is, again, the standard term from the log-normal model. The second term is the risk
premium driven by disaster risk: it is 0 if p = 0, and taking derivatives in this expression shows that this
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is an increasing function of p when p is small enough.? This term can be substantial, with CRRA utility
a small chance of a very large consumption drop matters a lot more than frequent small shocks.

The economic intuition is the same as the standard model, but it works off large shocks: stocks do
very poorly in disasters, i.e. in states when consumption growth is very low.

Notes on the literature

e Role of sample selection: no data in bad times/bad countries. So probably we overestimate the
equity premium. Do we really believe that the premium is 7% for shocks with std dev of consumption
2% going forward? See Cochrane for a good discussion.

e But: disaster model is not sample selection! (There is a risk premium even if we observe the full
sample. Of course, if we observe a sample where no disaster has occured, we estimate a higher “risk
premium”. This is what is called the Peso problem.)

e Before Barro (2006), people thought that the disaster size and probability had to be very large,
and hence the explanation was not credible. Barro (2006) measures large output declines in over
20 coutries during the XXth century, and finds that they are often large, and rather frequent.
Subsequent work by Barro and Ursua looks at a larger set of countries, longer periods, and uses
consumption data.

e However, there is still some debate on these numbers. Barro measured them from peak to trough,
which is difficult to map into a model. More recent work by Barro, Nakamura, Steinsson and Ursua
estimates a full model.

e Also: the disaster model can be tested using the Euler equation — more precisely, when we test the
rep. agent model with CRRA utility we do not make any distributional assumption on consumption
growth. (Julliard and Gosh.) The only problem may be that the sample does not include “enough”
disasters.

e Can also test more precisely the disaster model using option data: should make deep out of the
money put options very expensive to less deep out of the money options. Doesn’t seem to work
very well if you assume constant prob of disaster and CRRA utility (Backus, Chernov and Martin),
but may work better if one is a bit less

e Recoveries following disasters? Empirical debate (e.g. Reinhardt and Rogoff, “the myth of economic
recovery”, Barro, Nakamura et al., my AER P&P paper). Not even clear how this affects the results.

e Implications of the disaster model for the cross-section of asset returns?

e Note, however, that this model generates a constant P-D ratio as cons. growth is iid. One interest-
ing extension is to make the probability (or size) of disaster time varying. This would generate a
variation in risk premia over time. One challenge is to keep interest rate volatility limited, however.
With CRRA, counterintuitive implications. An increase in prob of disaster raises stock prices, if
CRRA>1 (IES<1). Similar to the effect of an increase in volatility of consumption in the stan-
dard lognormal model. Hence, need Epstein-Zin preferences with both IES and risk aversion > 1.
Wachter 2009, Gabaix 2008, Gourio 2008 FRL. Leverage helps also (dividends more volatile than
consumption). Extension with production: Gourio 2010.

3Because disasters are a binomial variable, the uncertainty is highest for intermediate values of p, and hence the risk
premium is not increasing over the entire range of values: if p is large enough, a further increase reduces the uncertainty
and thus the risk premium. This remark is not important in practice because disasters are always calibrated as rare events.
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5 Habits models

One reaction to the rejection of the CRRA representative agent model is to consider more general utility
functions. A popular choice is models with habits: agents enjoy not the flow of consumption today, but
its excess over a varying habit level, e.g.

U = Eiﬁtu(ct,ht),

t=0
with u given, for instance, by the formula

(c—0h)t=—c

1—0

u(e, h) =

)

where 6 > 0 is a parameter and h; is the habit level.

The habit level h; satisfies itself a law of motion, e.g. hy = (1 —d)hi—1 +ct—1 = Z;;(l =6y ey,
i.e. it is a function of past consumption choices. There are different types of habits models, which can
be classified depending on (1) the specific functional form for u, (2) the law of motion of h, (3) whether
habits are internal or external. Internal means that the individual’s own consumption enters the habit,
and he takes this into account when making consumption decisions, whereas external means that h; is
exogenous to the consumer, and the ¢; in the law of motion for h; is the aggregate consumption; this last
case is often referred to as “catching up with the Joneses” i.e. you care about your consumption relative
to the average of other’s people consumption (“conspicuous consumption”). This implies an externality
- people consume “too much”.*

Habits can be defended as a “psychological law” (“repetition of a stimulus diminishes the response
to it”; or potentially justified by natural evolution and selection®). Alternatively, habits can capture a
time-varying subsistence level (as in Stone-Geary preferences), or again alternatively they can be seen as
a “reduced form” for consumption commitments: agents cannot change their consumption easily, many of
their expenses are fixed, and at the margin they must cust on the part of consumption which is flexible.
(Some papers try to show that a model with consumption commitments leads to the same reduced form
as habits; see e.g. Chetty and Saez, QJE 2007).

Microevidence for habits/catching up preferences is relatively sparse. Obviously this is a difficult topic
but it would seem important. Note that the habit model implies large welfare cost of business cycles,
since agents dislike small reductions in consumption.Finally, note that habits are also used in macro
DSGE literature, here the goal in general is not to match asset prices but to generate a slower response
of consumption to shocks.

6 Basic intuition

Unfortunately most habits model do not admit “useful” closed-form solutions. The basic intuition why
they can give (a) a large equity premium and (b) a time-varying equity premium is however simple:

(a) If agent’s utility is v(c, h) = u(c — h) instead of u(c), and h grows over time so that its distance
to ¢ is always rather small, then for a given volatility of ¢ there is more volatility of ¢ — h :

Alc=h) Ac ¢ _Ac

c—h cc—h c

4Ljungqvist and Uhlig (AER 2001) show that, if labor supply is elastic, people work too much, hence income taxes can
be Pareto-improving. Moreover, under some conditions, these taxes should be countercyclical.
5See for instance Szentes and Robson, for an example of preferences derived from evolutionary theory.
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This is just a “leverage” effect coming from the “subsistence level” h. Hence for a given volatility of ¢, we
certainly get more volatility of marginal utility of consumption %. This will allow us to become closer
to the Hansen-Jagannathan bounds: marginal utility of consumption is volatile, which is what you need

for the equity premium puzzle.

(b) When agents’ consumption becomes closer to the habit level h, they fear further negative shocks
since their utility is concave. Technically, the curvature of the utility function, i.e. the “index of relative
risk aversion”, is

I —cv’(c)  —cu”(c—h)
() w(c—h) "’
and if u is CRRA, u(c) = “‘11%7 then
= C
= 'VC_ n

so that the relative risk aversion will vary with the consumption. As ¢ — h, I — oco. Hence “time-varying
risk aversion”, and hence time-varying risk premia.’

Of course a technical issue with habits model is that you must make sure that consumption never
falls below the habit, otherwise utility is not well defined! We now turn to a particular habit model, by
Campbell and Cochrane. CC. They impose a specific functional form, which allows them to match a
number of asset pricing facts.

7 Campbell and Cochrane Model

I use their notation.

o Utility:

> t (Ct — )(15)17’Y -1
EY B T :
t=0

where v denotes the risk-aversion coefficient, X; the external habit level and C; consumption.
e Define the surplus consumption ratio S; = (Cy — X;)/Cy. Note that 0 < Sy < 1.

e Assume that s; = log(S;) is related to consumption through the following heteroskedastic AR(1)
process:

sep1 = (1= )5+ ¢st + A(st)(Acir1 — g)- (7)

Lowercase letters correspond to logs, A(s;) is the sensitivity function, and g is the average growth
rate of the log-normal consumption process.

e This is a generalization of a standard AR(1), i.e. Xy = (1 — §)X;—1 + C¢—1. The function A(.)
introduces a nonlinearity, which will prove important.

e Assume that consumption growth is i.i.d and log-normal:

Act+1 =g + Ut+1, where U1 ~ i.5.d. N(O, 0'2).

e External habits: The habit is assumed here to depend only on aggregate, not on individual, con-
sumption. Thus, the inter-temporal marginal rate of substitution is here:

Ue(Cig1,X141) Sit1Cir1\ " _ _ _: _
M. — ) — — Y[g+(¢—1) (s:=8)+(1+A(s:)) (Acs41 g)].
vr1 = U.(Cy Xy) s @ pe ®)

6Note that some habits model use a ratio formulation, u(c, h) = (c¢/h)!=7/(1 — ~). This formulation does not generate

(v).
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e In contrast, with internal habits, the consumer is forward-looking and realizes that increasing C'
today will resut in a higher habit in the future. In this case the SDF is more complicated:

Ut +1) + Y00, BIU (¢ + 1 + j) Zetis

t41

Ue(t) + 352, Bt + ) s

My =8

e Campbell and Cochrane use the following sensitivity function:

1
A(se) = E\/l —2(st — 8) — 1, when s < spax, 0 elsewhere,

where S and spax are respectively the steady-state and upper bound of the surplus-consumption
ratio, which we set as:
< Y
S=o0,/——,
1-¢
and

1-5

Smax = S +

e These two values for S and sy, are one possible choice, which they justify to make the habit locally
predetermined.

e This sensitivity function allows them to have a constant risk-free interest rate. To see this, note
that the risk-free rate is

f - 7202 2
Ty, = —logB+vg— (1 —¢)(s; —5) — 5 (14 A(s¢))”.

Two effects where s; appears: intertemporal substitution and precautionary savings. CC offset
these two effects by picking A such that

720.2

(1= @)(s; —3) + (14 A(s))? = constant.

(Intertemporal subsitution is here relative to the habit level — while consumption growth is iid, the
habit moves over time predictably, generating a desire to smooth predictable variations in marginal
utility.)

e Note that by picking a different A, you can have a risk-free rate which depends, say, linearly on the
state variable sy, i.e.
7{ 11 =A— Bsy.

Extensions of the CC model to study the yield curve (Wachter, JFE) or the forward premium puzzle
(Verdelhan, JF) consider the case B < 0 and B > 0, modifying slightly the CC model. Depending
on the value of the structural parameters, the model implies constant, pro- or counter-cyclical
interest rates.

e Interpretation of B 7 Consumption smoothing and precautionary savings affect the real interest
rate, and the parameter B here summarizes these two different effects.

- In good times, after a series of positive consumption shocks that result in a high surplus con-
sumption ratio s, the agent wants to save more in order to smooth marginal utility. This leads to
a decrease in the interest rate through an intertemporal substitution effect.

- But, in good times, the representative agent is less risk-averse (the local curvature of his utility
function is v/S;). He is less interested in saving, leading to an increase in the real interest rate
through a precautionary saving effect. The case B < 0 is thus the one in which the precautionary
effect overcomes the substitution effect. As a result, interest rates are low in bad times and high in
good times.
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7.1

Key mechanism

Time-varying local risk-aversion coeflicient:
yy = ~CUcc _ v
! Uc S
Counter-cyclical market price of risk. Start from:

Ey(Rf 1)
Ut(R§+1)

with an equality for assets that perfectly correlated with the SDF.

ot (Myy1)

SR; =
' T Ey(My1)

= MPR,,

In this model, the SDF is conditionally log-normally distributed, hence we can apply the general
formula:

SR, = \/eVari(log Mes1) — 1 ~ o(log Myy1)
Proof: Juste use the log-normal formula E(exp(X)) = exp (E(X) + 3Var(X)) and compute

Ey(Myyq) = ePrlos Mig1)+3Var (log Mer),

and

Var{(Myy1) = Ef(MEy) = [Bi(Mi)]?,
eZE,,(log Miy1)+2Vary(log Myy1) 62Et(10th+1)+Van(loth+1)’

hence the result. In our specific case,

=0 St zﬁ —2(84 — S).
MPR, =50 (14 A(s0) = 2 /1= 205~ 5)

At the steady-state, SR = yo/ S, but the market price of risk is countercyclical, and hence so is the
sha

The model matches the level of the riskless rate and the equity return, and their volatilities.
Look carefully at figures 2, 3, 4, 5: how do prices move with the state varible s;7

Intuition: no variation in expected cash flows, no variation in the risk-free rate, but a lot of variation
in risk premia. Risk premia are higher after a sequence of some bad shocks, which push C close
to X, hence a very low s. People are very afraid of further decreases in consumption, hence they
become more risk averse and are willing to hold risky assets only if these assets give a very nice
return on average.

Note how consumption growth is not the key source of risk, but covariance with the s; variable is.

The model matches the time-series predictability evidence: dividend growth is not predictable,
but returns are predictable, and the volatility of the P-D ratio is accounted for by this later term
(“discount rate news”).

Read all of section 3D especially.

Figure 9: feed consumption data in the model to plot the implied P-D ratio - it tracks the data
well.

Long-run equity premium: because of mean-reversion in stock prices, excess returns on stocks at
long horizons are even more puzzling than the standard one-period ahead puzzle. CC note that
if the state variable is stationary, the long-run std dev of the SDF will not depend on the current
state. Key point: in their model, S™7 is not stationary!
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Conditional vs. unconditional correlations: conditional correlation is (nearly) perfect between con-
sumption growth and stock returns, but the unconditional correlation is quite messy.

Role of time-aggregation in some moments.

Patterns in volatility: volatility higher in bad times.

e Section 4 not so useful.

7.2 Solving the model

Solving numerically this model is somewhat complicated, because of the important nonlinearities. How-
ever, the general method is standard. The aggregate market is represented as a claim to the future
consumption stream. Let P, denote the ex-dividend price of this claim. Then, E;[M;11 R 1] = 1 implies
that in equilibrium P; satisfies:

Py +Ct+1) 1

P,
P, Py ) Ct+1>
— = FE;( M, +1
Cy ! ( o (CM Cy
SH-l)_7 <Ct+1>1_’y <Pt+1 )
= B A AR |
’(5 (% C: Cr

The state variable is s;. We solve for a fixed point, i.e. g% = h(s;) with

hls) = Buc. (6 (%) (%) o + 1)) ,

E; (Mt+1

with
Acip1 = g+ Usg1,
st+1 = (1 — @)5 + @8t + A(st)ust1,
Upy1 ~ i.i.d.N(0,0?).
i.e

h(s) = ﬂ/jo exp (=7 (1 = ¢) (5 = 5) + A(s)u) + (1 =7)g + (1 = y)u) (h ((1 = ¢)s + ds + A(s)u) + 1) d‘P(Etg)j

One way to do it:

(1) set a grid for s, {s1, $2,...,sn}; (2) take a guess for h, i.e. {h(s1),h(s2),....,h(sn)}; (3) for each
value of s in the grid, compute the RHS of equation (9) numerically. you need to interpolate h to find its
value at the point (1 — ¢)s+ ¢s+ A(s)u since it lies outside the grid. To compute the integral numerically,
one way is to use a quadrature, e.g. [ k(u)du =Y, w;k(u;) for some points ;. (4) This gives you a new
guess for h using equation (9), and you keep iterating on this equation until convergence.

Once we know h, we have the P-D ratio and the rest can be computed simply, as in Mehra-Prescott.
(See Wachter, Finance research letters, for a note detailing the computation of that model.)
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8 Recursive Utility

Basics

Epstein and Zin (1989 JPE, 1991 Ecta) following work by Kreps and Porteus introduced a class of
preferences which allow to break the link between risk aversion and intertemporal substitution. These
preferences have proved very useful in applied work in asset pricing, portfolio choice, and are becoming
more prevalent in macroeconomics.”

To understand the formulation, recall the standard expected utility time-separable preferences are
defined as

oo

Vi=E; Y B "ulcrss),

s=0

but we can also define them recursively as
Vi = ulct) + BEViya,
or equivalently (this is just a scaling):
Vi = (1= Buler) + BE; (Vi) -

EZ preferences generalize this: they are defined recursively over current (known) consumption and a
certainty equivalent Ry (Vi41) of tomorrow’s utility Vi41 :

Vi = F (ct, Ry (Vi) (10)

where

Ri(Vis1) = GTH(EG(Vigr)), (11)

with F" and G increasing and concave. Note that R;(V;11) = Vi41 if there is no uncertainty on V1. The
more concave G is, and the more uncertain Vi is, the lower is R¢(Viq1).

Most of the literature considers simple functional forms for F' and G:

p > 0:F(c,z)= ((1 — Bt + ﬁzlfp)ﬁ ’

xlfa
a > 0:G(x)= o
Note I will use the following limits:®
p = 1:F(c,2)=c"P2P
a = 1:G(z)=Ilogz.

"Potentially there are alternative preferences that also break down this link between IES and risk aversion.

8Proof:s
R I e 1og(1+(1_p>((1-ﬁ)clfp‘1+6ZH_1))>
L=p 1—p 1—0p

1—p _ 1—p
(e )
—p 1-p

~ exp((1—p)Inc+ Blnz)
~  1TPA,

R

e
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Hence

a > 0:R (Vi) =B (Vi5*) ™",
@ 1: Ry(Vig1) = exp (Eylog (Viq1)) -

e Special case: if @ = p or if consumption is deterministic: we have the usual standard time-separable

expected discounted utility with discount factor 8 and IES = % , risk aversion a = p.

e In general « is the relative risk aversion coefficient for static gambles and p is the inverse of the
intertemporal elasticity of substitution for deterministic variations.

e To see this, suppose you have consumption ¢ today and that there is some uncertainty tomorrow
about which consumption path you will have: either {c.,¢,¢,....} or {cy,¢,¢,....}, each has prob
1. Then the utility today is V = F (¢, G™' (1G(VL) + $G(Vg))) , where V,, = F(c.,€) and Vg =
F(cy,c). Clearly the curvature of G determines how adverse you are to the uncertainty, e.g. if G
is linear you only care about the expected value.

e Discuss simple example with two lotteries:

- lottery A pays in each period t = 1,2, ... ¢ or ¢, the probability is % and the outcome is iid across
period;

- lottery B pays starting at ¢ = 1 either ¢;, at all future dates for sure, or ¢; at all future date for sure;
there is a single draw at time ¢t = 1.

With expected utility, you are indifferent between these lotteries, but with EZ lottery B is prefered
iff a > p.

e In general, early resolution of uncertainty is preferred if and only if a > p i.e. risk aversion >
%S' This is another way to motivate these preferences, since early resolution seems intuitively
preferable.

e Technically, EZ is an extension of EU which relaxes the independence axiom. Recall the indepen-
dence axion is: if = y, then for any z,a : az + (1 — )z = ay + (1 — «)z. With EZ, “Intertemporal
composition of risk matters”: we cannot reduce compound lotteries.

8.1 The SDF and the market return

For any asset pricing model, the empirical implications are all

As we have discussed before, the SDF summarizes all the ewe need the SDF implied by these prefer-
ences to obtain empirical predictions. The first result gives the SDF, by simply computing the intertem-
poral MRS.

Result: The stochastic discount factor is
—p p—a
Ct+1 V;erl
M, = —_— —_— .
b1 =P ( ct > (Rt(Vt+1))

Start with the definition of the IMRS:

Proof:

OV, /Ocry1 (st s141)
OV, /Ocy(s?) ’

My i1(s', se41) =
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Differentiation of (10) w.r.t. ¢:

oV

3705 = I (ct, Ry (Vig1)) -
Differentiation of (10) w.r.t. ¢;41(s", s¢41):

oV,

I aRt(‘/iH»l) « a‘/;f+1(8t,8t+1)
dca(st, st41)

X
OVira(st se41)  Oepra (st se41)

= (e, B Vig))

_ <1 _
= Fy(c, Re (Vig1)) X (B VAR®) ™" X Viif x Fi(ega (s’ sig), Regr (Visa)).
since

OR:(Viy1)

1 _q
— (E Vlfa T—a Voo
Vit (st s141) (E: )

t+1 t+1°

Note now:

1
17,)—1

Fi(c,, Ri(Vig1)) = (1=08)e” ((1 — B)e, P+ BRt(WH)lfp)
= (1=0)e,"F(ct, Re(Viyr))”

Fy (ct, Re(Vit1)) = BRi(Vig1) PF (¢, Re(Vis1))”
BRy(Viy1) VY.

I get finally
—« %(1_1 —«
By (e, Ry (V1)) x (EeVin®)” X Vit X Fileia(s' seq1), Rig1 (Vira))
Fy (e, Ry (Vig))

a1, ma —
BR(Vig1) P F (co, Re(Virr))” (BVEL") ™" Vit edi F (corns R (Vis2))”
¢ "F (ct, Re(Vis1))”

Migi1(s' s141) =

¢ —P _ —a S S— —a
— 5( Hl) [Rt(vt-'rl) Px (BeVAR") T x Vt+1F(Ct+1’Rt+1(w+2))p]

Ct

-pP
C — «@ -
— ,g( t+1> [Re(Vig1) ™" x Re(Vig1)™ x V, 19 x VA

Ct
- o) (mim)
Ct Rt(‘/}+1) .

Empirical implementation (Epstein-Zin, JPE 1989)

Our formula for the SDF has an obvious problem: it depends on future utilities #ﬁ;)’ which are
not observed - only consumption is. Epstein and Zin produced an empirical implementation of these
preferences using the fact that the return on wealth can be substituted in instead of future utility (the
second term of the discount factor). This allows to do (i) GMM estimation as Hansen-Singleton (1983),
or (ii) to use log-linear-log-normal approximations.
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The derivation is as follows. Define wealth as the PDV of consumption, or recursively as:
Wi =ct + By (My g1 Wiga) -

Note that this includes the current consumption — this is the cum-dividend price, not the ex-dividend
price that we often define.

Result: Wt = ‘/t/Fl (Ct7 Rt (V;f-‘rl)) .

Proof: Guess and verify that satisfies this recursion.

Wy = c+ E (mysp1Wigr)

-r Vi pma Vi
) ()
Ct Ry (Vigr) (1= B)e /i F (corn Rega (Vig2))”

c g 1
= ¢+ E (5 < tCJtrl> th+_1aRt(V;f+1)ap(1ﬂ)c—p>
- t+1

(1= B)ey PRe(Vigr)? ™ 3 (1= B)e; PRe(Vis1)? ™ + BE, (Vi'a%)

Vi
Fy (ct, Ry (Vigr))
Vi
(1= B)e; PF (ct, Re(Vigr))”

2

VPR (Vi)™ = (1= B)ey " Re(Viyn)' ™" + BB, (Vi)
VIS (U= B)ey "+ BR(Vin)

(1= B)e; "Re(Vir)"™™ < (1= B)e; PRe(Vig1)" ™ + BE, (Viia®)

which is true. This confirms our guess.

Note that I can now define the return on the wealth portfolio:

Wt+1

R = —.
tt+1 W, — C,

(This is the return definition when the price is cum-dividend.) Simple algebra shows that R; ;41 =
-1
Ct —f Rt(Vt ) 1—p
)" ()™

Proof:

Vit1 1
Fy (i1, Rey1 (Vigz)) (m _ Ct)
Vi1 " (Ct,Rt (V;:H))
Fi (ciq1, Rip1 (Viga)) (Vi = CoFy (e, Ry (Vig1)))
Vit (1= B)e; "F (ct, Ri(Viy1))”
(1= B)e; 1V, BRe(Via) =P F (co, Ri(Visn))”

-1
- Ct+1 o Ri(Viq1) e
Ry = {5(@) (Vt-H) } .

Ry
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Hence the SDF can be expressed as a function of the return:

—p p—o
Ct+1 Vt+1
M = _
e B( ct ) (Rt(Vt+1)>

p—a
—p <R71
- 8 (Ct+1> t,t+1
Ct B (Q+1)7p

p—1
Ct

—(1-571) poa
Ct+1 4 2=
= p < ) Rtl,t+p1

Ct
a—1
P, p—a
Ct+1 4 =
= pBl|— Rtltﬁl.
Ct ’

This allows to implement this model empirically since the SDF can now be measured. Epstein and
Zin proxy the return on wealth by the return on a broad stock market return. An obvious criticism is
that the a lot of wealth is not traded on the stock market (private firms, human capital, housing...);
however these returns may be correlated with the stock market return. Future work (e.g. Campbell 1996
JPE) try to add human capital (see below).

Note that assets’ risk are measured as the covariance with the SDF, so the Epstein-Zin utility ratio-
nalizes a formula which is a mix of the CAPM and the CCAPM:

f

E,R . _ ‘
log ( ’ t+1> = pCouy(Ri, 1, Alog Ciy) + %Covt(R;H,R;il).
t+1

Note that if p = «, the second term disappears - we are back to expected utility.

Empirically, the extra free parameter of EZ allows to improve on the standard CRRA model. However
the solutions of asset pricing puzzles with EZ utility require high risk aversion (except, to some extent,
the Bansal-Yaron paper we will mention later). This formula is, however, limited by the

A remark on the consumption-wealth ratio: given that

Vi
Fy (e, Ry (Vig1))
Vi
(1= B)e, 7F (ct, Re(Visn))”
v’
(1= B,
Ct Cy
1Bt
Wt ( B) ‘/tlfp )
so that if p = 1 (log utility in IES), the consumption-wealth ratio is constant, but in general the
consumption-wealth ratio encodes the state variable V;/c;. In the data, Lettau and Ludvigson (2001 JPE)
show that a high consumption-wealth ratio forecasts low returns. They suggest that the consumption-
wealth ratio is a measure of “time-varying risk aversion” which can help price assets in the cross-section.

WQ =

1—p

8.2 Log-normal iid results

We revisit the standard log-normal asset pricing computations with E-Z utility. Suppose that

2

g
ZXIOg(%+4,::MC'_ 7§'+‘0b5t+1;
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and we seek the price of an equity paying out {D,}, with

2

g,
Aloth+1 = Ud — —d + OdEt+1-

2
We have:

a—6
Ct+1>_a Vit
M = T s
t+1 6( Ct Et(‘/ti__le)m

with a = 1/IES and 6 = risk aversion.

To compute asset prices, first rewrite the SDF as

Next, note that the utility recursion implies

Vi Vt+1)19<
2 (1-p48E
G, B+ 3 t<<0t+1

and given the iid assumption, % is constant, and satisfies

U1a15+51}1aE<(

Hence, the SDF is

a—60 °
B Viis 1-6 Ciir 1-6) 1-0
t Ciy1 C

Cy

Cy

11—«
1-6\ 16
Ct+1> )
-0 l1—a
- T—0
GM) )

(&)
il
¢ {6(1*9)/@*9(1*9) ~

Crr) "’
C ’

Hence, the risk-free rate is constant and equal to

1

Rf = ———,
Et(Mt+1)

1

Be0-neto(a—0)% <

Q
“‘nm

Belb-uc+0(a-0)% p, (

Cii1

—6°

q |

“‘nw

Be(0—)c+6(a—0)

2
eap,c—e(a-i-l)Tc

B
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First result:
ol

log (RY) = —log B + apc — 6(1 + a)?
Key points:
(1) This is the same formula as before if § = a.
(2) The effect of the growth rate p. on R/ is governed by «, the inverse of the IES.

(3) The effect of 0. on Ry is zero if risk aversion 6 = 0.

(4) But in general, the strength of the effect depends on the IES. Intuition (?7): when « is big, people
are reluctant to change their consumption path, so the higher uncertainty does not lead to much change
in savings, and interest rates have to move a lot.

Now for the equity premium: write the equation for the P-D ratio, denoted ¢, and which is constant
given the iid assumption, as

D
Ey <Mt+1 lt;l (1+ 11)> ,
t

2 —9
4 _ E, (ﬁe(e—a)uﬁ@(a—@)? (CtH) Dt+1> ’

Cy D,

&)

o2 pg—d g po—2i )4 eaztee)?
= ﬁe(e_a),u'c"ra(a—g) 2‘ e 2 c p) 5
0 o2 )
= —ape+0(at+l)=L —0Oog40
ﬂeud He ( ) 2 e a4 c,

)

_ 1 etta—=b0a0c.

By
The expected return on equity is thus
qg+1 Dt+1>
Ey (RY = B |——F——
H(Re) = B (T
_ Rf e@adac ,
and the (log) equity premium is:
EiR¢
log <tft+1> = fOo40..
Riy

Second set of results:
(1) Same formula as before if 6 = a.
(2) The risk premium is determined by risk aversion 6.

Third set f result: the P-D ratio is o
1w
with )
H=_— Ud_eo'do'c.
R,C

hence:
(1) Suppose that pug = g = p, then an increase in p will increase asset prices provided that o < 1

i.e. the IES is large enough, so that interest rates do not increase too much.
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(2) Suppose that o4 = 0. = o, then an increase in o will decrease asset prices provided that (1 —a) >
0, i.e. @ < 1 again. The intuition is that an increase in o leads people to save more in risk-free assets,
lowering the RF rate, and to be reluctant to hold risky assets, increasing the equity premium. When the
IES is high, the interest rate does not change much, and the risk premium effect dominates.

These two comparative statics motivate the Bansal-Yaron (JF, 2004) model and calibration.

Note: we can allow for “leverage”, i.e. dividends more volatile than consumption, i.e. o4 = Ao, with
A > 1. How does this affect the results above?

8.3 Long-run risk model (Bansal and Yaron JF 2004)

Background: in CRRA model an increase in the growth rate of the economy reduces asset prices if v > 1.
That’s because of the low IES: interest rates go up by more than the growth rate of cash flows. (Think

2
expect asset prices to increase when expected growth goes up. If the IES was large, i.e. v < 1, we would

get the more intuitive sign. This would be consistent with the data, in that interest rates do not move
much. (This is related to the framework of PS2 - time-varying growth rate.) However, 7 < 1 with CRRA
utility implies low risk aversion, very much at odds with the equity premium. This motivates introducing
Epstein-Zin preferences - we can have high risk aversion to have a shot at the equity premium, and still
high TES to get that shocks to expected growth drive asset prices up.

Gordon model: % = %, with » = —log(58) + vg — o .) Intuitively, this sound strange, since we may

Bansal and Yaron (JF 2004) study the implications of recursive utility with both IES and risk aversion
greater than unity, when consumption growth has a highly persistent component, e.g.:
AIOgCt = p+x+ U,
Ty = PTi—1+ Ut
A persistent negative shock to consumption growth (i.e. a negative v) decreases asset prices strongly since

the effect on dividends/consumption is very persistent. Their full model also incorporates (a) different
processes for dividends and consumption, and (b) stochastic volatility:

Alog Cy = pi+ ¢ + 0y 1uy,

Ty = PTy—1 + O4—1y,
Alog Dy = g + ¢x + aor—1us,

2 _ 2 2 2 2
Op1 =0+ U1 (ot -0 )—|—cr,wwt+1.

Two state variables: z;= conditional mean of consumptoin growth rate, and o7 = time-varying

variance of consumption growth rate.

Log-linear approximations a la Campbell-Shiller lead to the following expression for the return on a
consumption claim:
Tept+1 = Ko + K241 — Koz + Alog Ciy,

where z; = log % satisfies:
z = Ao + A1z + Asoy,

and

1
-3

Al = ——.
! 1—k1p
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Here, we find again the same result as in the IID model: an increase in x on the P-D ratio raises asset
prices only if IES>1 (¢ < 1). Also, As < 0 if IES and RA>1, so that higher uncertainty then lowers
asset prices. These comparative statics are intuitive and appealing.

Similarly, for a dividend claim,

¢ — 1
Al,m = 17¢3
— RimpP

and As,, < 0if IES>1. Now ¢ > 1 because of “leverage”, hence the threshold value for ¢ is lower than
1.

SDF innovation (in log):
M1 — Eymyq = >\mnat7]t+1 - )\meUtet+1 — MnwCwWit1,

the SDF loads on the three shocks: vol shock, iid shock, and long-run shock. As a result,

1
Et(rm,t+1 - 7Af,H»l) + ivart('rm,H»l) = ﬂnle)\meat2 + ﬁan)\mwaiy

The iid shock to dividends (u¢41) is not priced, because it is assumed to be uncorrelated with the iid
shock to consumption (e;+1). Risk premia rise when oy rises.

Without the shock to ¢, the model implies large risk premia and volatile stock returns, since stock
prices move a lot when z; moves. However, the model also then implies (nearly) constant risk premia.
Hence, expected returns are not forecastable, but cash flows are. This is very much at odds with the
standard empirical results coming from the Campbell-Shiller decomposition.

The stochastic volatility shock helps the model match the data in these dimensions. An increase in oy
lowers the P-D ratio and increases expected future returns. In contrast to the Campbell-Cochrane model,
which works off time-varying risk aversion through the surplus-consumption ratio s;, the Bansal-Yaron
model works off time-varying risk.through the conditional volatility o;.

A few words on the typical calibration:

- very high persistence for z : p = .98,

- high persistence for volatility shock too,

- these two shocks have significant variances;
- risk aversion 10,

- IES 1.5.

Evidence and discussion:

(a) The shocks to z in the model imply that a cash-flow discount rate decomposition would produce
strong effects of cash flow variations on prices. The volatility shock reduce this, because they act as
“discount rate shocks”. Still, the model may produce too much cash flow news compared to the data.
More recent calibrations of the model give more importance to the volatility shock.

(b) Direct evidence for the time series process for consumption? Very difficult to establish empirically
that there is long-run risk. BY show that this process would be very difficult to distinguish empirically
from a standard iid in growth rate model, if the vol of v is much smaller than the vol of u. Of course,
the two models have very different implications for asset prices. Re time-varying volatility: there is some
in returns and perhaps in consumption, but it is rather short-lived. So if you fit directly the time series
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process to the data, you don’t get much direct evidence, certainly the persistence that they assume is
fairly high.

(c) On the other hand, indirect estimation by asking, for which parameters does the model fit best
asset prices as well as the consumption process suggest an important role for long-run risk.

(d) Hansen and Sargent note that the paper relies on the assumption that agents are able to observe
these long-run shocks perfectly in real time, even though in reality we as economists/econometricians
have difficulty observing them. It would be interesting to examine the model with learning (or with
robustness).

(e) IES: the paper was controversial because it assumed a large IES, while many researchers have
estimated rather low IES (e.g. Hall 1988 JPE) by estimating the Euler equation with power utility for
T-bills. However, some recent studies find somewhat larger TES if you look at stockholders’ consumption
(Vissing-Jorgensen, 2002). Some results suggest an aggregation bias (Guvenen, 2005). And BY show that
in their model, the regression would suggest an IES > 1 (though not as small as the typical estimates).

(f) Discussion: the Bansal-Yaron model has become a very popular framework for asset pricing. Like
the Campbell Cochrane, it has the simplicity and tractability of a representative agent, and it matches
well the standard facts of large, volatile risk premia, and volatile stock returns. It has the advantage
of being more testable, and less “reverse-engineered”. But, the presence of long-run risk in macro time
series remains controversial. Also, time-varying volatility is not an obvious feature of the data. Still,
many extensions of the model are studied now international context, to yield curve, to option pricing,
etc.

(g) Instead of the lognormal time-varying risk, one can have a time-varying risk of disaster, as in
Gourio (2008), Wachter (2009), or Gabaix (2009). The model works similarly, and does quite well. The
time-varying risk of disaster plays a role similar to that of the time-varying volatility. The calibration is
more difficult, because disasters are rarely observed.

8.4 Tallarini/Hansen computations when TES=1

Another approach to implement Epstein-Zin utility empirically is to solve exactly for the value V;, given
a tractable consumption process. This implies we do not need to introduce the market return in the
SDF. This section does this computation in the special case p = 1, i.e. an ITES equal to unity, and for
arbitrary autocorrelations of consumption growth. There is a fair bit of algebra but I give all of this to
you for free! First, write the recursion for 0 =1 :

B
Vi= G (BT

logVp = (1—p)logC;+ log E; (thﬁo‘)

11—«

logVy = (1—-p)logC + log Eyexp ((1 — a)log Vit1)

11—«

Assume that consumption growth follows some MA(co) process,
AlogCy = ~(L)wi + pe

wy iid N(0,1)
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where w; can be a vector.

From our previous computations, the stochastic discount factor is:

met41 = 5

Ct

exp (1 — @) InViy)

Ct+1 Et exp ((1 - Oé) In ‘/t-‘rl)

We now guess and verify that vy = £¢; + 7(L)w; + pp (where lowercase denotes log). Once we verify this
guess and find the coefficients &, 7(L) and p, we have the value v; and hence the stochastic discount

factor my 41, OK, here is now the algebra:

Verification:

Eiexp ((1 — a)vegq)
= Erexp((1 — ) (§errr — e + e + T(L) w1 + o)),

= exp (1= ) (e + o +Epe)) Brexp (5 (€1(L) +7(L) wern) )

— oxp (1= ) (Ect + oo + Ep1c)) oxp ((1 B (D) + (D)) wean +

§y(L) +7(L)

Hence,

vy =

(1_»3)Ct+15

(1—6>ct+6(£ct+uv+5uc>+ﬂ[

(1 =B+ BE)ct + B (o +§,U¢c)+ﬁ[

(67

exp (1 — ) (et + o + Epie) ) exp ((1 —a) [

§y(L) +7(L)

log Eexp ((1 — a)vegq),
&) +7(L)

L

L

L

| e
+

| e
+

Al —a)

pll-a)

e
+

2

2

(1-a)

L (€0 + 70 @00 +70)).

(1-a)

5 (€9(0) +7(0))" (67(0) + 7(0))> :

(€7(0) + 7(0))" (€7(0) + 7(0)) ,

(€7(0) +7(0))" (¢7(0) + 7(0)),

where [A(L)], = terms with nonnegative degrees of this polynomial fraction. (See the section on “Hansen-
Sargent prediction formulas” for some explanations.)

Identification with our guess: vy = &cp + 7(L)wy + py :
(1-B+pB)=E=1,

and

3

fho

=

8 (/~Lv + {,uc) +

sl —a)

2
Bo
4

+7(L)

I

(£7(0) + 7(0))" (£7(0) + 7(0))

(7(0) + 7(0))" (v(0) + 7(0))

Clearly ¢ is uniquely determined and so is p, given 7(L). To see how the last equation fully determines
7(L), it is useful to use z-transforms:

Hence

7(z) = B2

(2) +7(2) = 7(0) = ~(0)

z

)

v(B) + 7(8) — 7(0) — ~(0),
v(8) —~(0)
+7(2) =(8))

B(r(z)

)



which has a pole for z = 3, so this is a polynomial with only nonnegative degrees. Done!

Computing asset prices

Given the expression for m;,1, it is not too hard to compute the risk free rate and the risk premium.
The key result is the following. Since dividends and consumption are jointly log-normal, the risk premium
is given by:

R; R; 1
log E; (Rtﬂ) = E;log (Rtﬂ) + §Va7“t log (Rit4+1)
fit+1 fit+1

= —Cov(log R y1,logmy 141),
7001}15 (log Ri,t+1; log mt7t+1 — Et log mt7t+1),

i.e. the covariance with the innovation to the SDF. In our case, this innovation is:

IOg Miy1 — Et log miy1 = — (A ].Og Ct+1 — EtA log Ct+1) + (]. — OZ) (’Ut+1 — Et’l}t+1)
—Y(0)wes1 + (1 — ) (Y(O)wey1 + 7(0)wey1)
= [7(0) + (1 = a)y(B)] wis.

Where the last line follows from 7(0) = v(5) — 7(0). The first term ~(0) is the standard one (risk pre-
mium associated with log utility). The second one is new and depends on the future path of consumption
as measured by v(8) = ijo 7;B7. This is the long-run risk which now plays a role with EZ utility. It
is directly related to the idea that the “intertemporal composition of risk matters”. Note that if § — 1,
this term can be substantial and high for high risk aversion. This all comes from the form of the SDF
with Epstein-Zin utility — future utility matter. So even if consumption does not change much today, if it
changes in the future, the utility reacts. (More generally, what matters is that the future value changes
— it could change either because of expected changes in future consumption, or because of higher risk.)

8.5 Log-linearization (Campbell 1993 AER /1996 JPE)

This is the third main approach to Epstein-Zin utility. Campbell uses some log-linear approximations to
derive implications even if the IES is not one. (Some of these log-linear approximations can be useful more
generally, which is why I go over them.) The first use is to show analytically some implications of EZ.
The second use is to estimate the model. Just like Campbell and Shiller did a log-linear approximation
of the return, Campbell writes a log-linear approximation to the budget constraint. He writes the budget
constraint as:

Wipr = R (W = Cy),

where W, is wealth and R}, is the return on wealth (the “market return”, if by market we include all
savings instruments). Now do all the steps similar to Campbell-Shiller:

Wit —Rpm (1- &
Wt t+1 Wt )
Ci

Alog Wt+1 = Wi41 — Wt = ’/‘ﬁ_l + log (1 — W) y

t

log (1 - Tf/ft) = log (1 —exp(ce —wy)),
B
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with p = WT%V < 1. This yields:
m 1
Awt_H = ’I”t+1 + k +(1- ; (Ct - U)t) . (12)
We can rewrite this equation as:

1
Aciyr + (¢p —wp) = (ci1 — Wig1) = 14 +k+ (1 - p> (et —wy), (13)

1
;(Ct —wi) = (Cr41 — W) =14 Tk — Acppa,

(¢t —wi) = p(crr — wigr) = p (rfty +k — Acepa),

Iterating forward yields:

c—we o= Y P (L k— Aey)
j>1
k 4
= [, - Aa).
L=r =

Just like in the Campbell-Shiller decomposition, this is just an accounting identity, which holds ex-post
as well as ex-ante. This holds also in expectation:
_ —ﬂ—FEZj(m —_A )
Ct wt_lfp tj>1,0 Tt Ct+j) -

When the consumption-wealth ratio is high, it means that either future returns will be high or future
consumption growth will be low (so that the C/W ratio returns to its average).

Another way to state this equality is to apply the operator E;; — F; to equation 13 (this operator
cancels all terms known at time t):

(Bty1 — Ey) Ay = (B — Ey) (41 — wigr) + (B — Ey) rifyy

ciy1 — Ercerr = (Eepr — Ey) ZP] (riti; — Aceyy) + ity — Bty
=1
= (Biy1 = B) Y pritagy — (B — B) Y p' Acriryy,
Jj=0 j=1

so that a good news for consumption must come from either a good current return, a good news about
future returns, or a downward revision in consumption growth in the future.

Euler equations

Up to now we have only log-linearized the budget constraint. We can use this empirically to measure
what explains changes in consumption (just like we did with returns), but the interesting part is to
note that consumption, wealth and returns are also tied by the optimality of consumer choice. This will
allow us to substitute either consumption or the market returns out of the SDF. Campbell thinks the
consumption data is low quality, so he substitutes out consumption (hence the title of the paper). Other
people prefer to substitute out returns.

To do this, we assume that all second moments (variances and covariances) are constant. [There is a
bit of a consistency issue here since expected returns are time-varying while second moments are constant
— a bit tricky, but it seems the approximation is OK - see the sections of the paper with heteroskedasticity
— this is in any case a useful source of intuition.]
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Recall the SDF formula with EZ utility when we substitute out the return on wealth:

mety1 = B <

When we write the Euler equation for the market return, we obtain:

C e ey
Et <B< é,—:1> R?il t+1 =1

a—1 11—«
log B — pﬁEt (AlogCii1) + EE,: log (R t41) +C =0,

This leads to:

where ( is a constant regrouping the (constant) conditional variances and covariances. Hence a first
result:

1
EtA IOg Ct+1 =k + ;Et (Tm,t—i-l) )

where k is a constant. Expected consumption growth moves proportionally to the expected stock return,
with the TES 1/p governing the proportionality.

I now derive the equation for the excess returns. Start from the EE for any return and for the risk-free
rate:

Ey (myp1Ri41) =1
1 1
E,logmyy1 + §Va7“t logmyy1 + Ejlog R 141 + §Va7“t log R; 141 + Cov, (logmyy1,l0g R y+1) =0
1
Eylogmyi1 + §Vart logmyqq + Eylog Ry i1 =0

Substracting these equations yields

R; R;
log By~ = B log =2t 4 Vart log R; +41,
Ry Ry
= —Cov; (logmyy1,log Riyy1),
pla—1)

—
= ﬁCOvt (A 10g Ct41, IOg Ri,t-‘rl) + %CO’W (log Rm,t+17 log Ri,t-‘rl) . (14)

You can see how both consumption growth and the market return are risk factors in this equation.’

Campbell’s last step: use the consumption EE E;Aciq =k + %Etrm’t+1 in the PVBC found above:

Ct+1_EtCt+1 (Et+1 Et ZPJTH.] Et+1 Et ZP A0t+1+]

§>0 i>1
Thus
_ 1 .
cor1 = Erees1 = (Berr = E0) )0y — = (Bery = B) ) 0/ A
7>0 p =1
1 N
= Tm,t+1 — EtTm,tJrl + (1 - ,0) (Et+1 - Et) ZPJTm,tJrlJrj- (15)

jz1

9Campbell uses a different notation, but he has the same results: 0 = X, o =, and § = 1:1 = %. Sol—0= ’i_fa

1
p’ 1

and%:@p:%.
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We can use this equation in 14 to substitute out consumption. Hence we get what he calls the “CAPM+”
formula:

Riia pla=1) p-a
1 B Ry = C m s g
* "Ry p—1 * p—1 0Vt (T 41, i t41)

a—1 1 j
+“ <1 - P) Covy | (Bt1 — Ey) ijrm,ﬂrlﬂ" Tit+1
Jj=>1

= OLCOUt (Tm7t+1, Ti,t+1) -+ (Ol — 1) CO’Ut (Et+1 — Et) ijrm,t+1+j7 Ti,t—&-l
jz1

The novelty is that expectations of future returns now matter. Investors dislike assets that do badly
when the market does badly (the first term, which is just the usual CAPM effect), but they also like/dislike
assets which do badly when expected future returns are bad. Whether this is a “like” or “dislike” depends
on whether « (risk aversion) is greater or smaller than 1. Intuition: if future returns are good, this would
lead you to decrease consumption today to invest more (substitution effect), but the future returns also
would make you invest less through the wealth effect.

This formula can be implemented empirically if you use a VAR to measure the news to future market
returns, (Eip1 — Et) 320 P T 4145 Campbell (1996) does this. He measures the market return as a
weighted average of the SP500 return and a return on human capital. Because human capital price is
unobserved, one needs to make an assumption - Campbell assumes that the returns are the same than
on the SP500. Alternative assumptions are possible (e.g. constant return, or a more general model, see
Baxter and Jermann (1997), Lustig, Verdelhan and Van Nieuwerburgh (2010)). Campbell then tests this
equation in the cross-section: do assets which have high average returns also have high covariance with
one of these two terms? He finds some support for the mechanism.

Note: by substituting out returns rather than consumption, you can obtain a similar formula where
the risk premium on an asset is determined by its covariance not only with current consumption growth,
but also with news about future consumption growth. The “Tallarini-Hansen” computations above are
one example of these (when IES = 1). Malloy, Moskovitz and Vissing-Jorgensen (2009) use such an
approach to estimate a model that uses stockholders’ consumption data.

8.6 Savings and Portfolio Choice with Recursive Utility

Weil (QJE 1990, REStud 1993) shows how to solve portfolio problems with recursive utility. (Basically
you can do guess and verify.) This allows to generalize naturally the results with CRRA utility, except
now we see the two coefficients (RA and IES) showing up in different terms. Weil studies for instance
the effect of interest-rate uncertainty on savings. The Bellman equation is:

max <(1 — B P+ (EV(W’)l_“)llZ> v ,
R(W —¢),
log R iid N(u,0?).

V(W)

WI

WEeil shows that interest rate uncertainty leads to more savings iff the IES<1. In the same spirit,
Gourio (2010) studies a RBC model with time-varying risk of disaster - the uncertainty about the rate
of return leads to less savings, investment, and output.
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8.7 Other “exotic” preferences

There are many more “exotic” preferences that people have used in asset pricing, for instance ambiguity
(aversion to uncertainty as opposed to risk). To know more, a nice paper is “Exotic preferences for
macroeconomics”, by Backus, Routlege and Zin (NBER macro annual, 2005).

9 Yield curve

Here we discuss the pricing of bonds (without default risk), ak fixed income. We start with some
definitions, then use the standard consumption-based asset pricing to establish some general intuition.
Fin ally, while in principle the same methods and results can be applied to bonds and to stocks,
the methodologies used to formulate and estimate a model are somewhat different (e.g. a large share of
the bond pricing literature uses latent factor models, see below). There are some signs of convergence,
though.

Bond basics A zero-coupon n period bond is a claim to a sure payoff of 1 at time ¢ + n. The price
is denoted Pt(n) and it satisfies the recursion:

p™ - E (MtHPt(f:f ”) ,
rY = 1
We define the yield of a bond with maturity n at time ¢ through the equation

v
(1+v)"

i.e. it is the per period (e.g. per year) return that you get if you buy a bond today and hold it until it

Pt(n) —

matures. The yield curve is a plot of Yt(n) as a function of n, for fixed ¢t. But of course, if you sell the
bond before it matures, you may make a capital gain or loss and your realized return will not be equal to
1+ Yt(”) . There is one exception: the one-period rate, which will mature: Yt(l) is the sure return in this
case.

The holding period return is the return if you buy a bond of maturity n at time ¢ and sell it back at
time t 4 1:

With p = log(P), y = log(1 +Y), and hpr = log R, we have

—)
n n—1 n
him"§+)1 = p§+1 )—pg ).

The forward rate is the rate at which you commit today to borrow/lend for one period, N periods

from now:!0 a0
Ft(NHNJrl) b

1+ :
D

10Suppose you buy one n-period zero-coupon bond and simultaneously sell  units of a n + 1-period zero-coupon bond.
Today’s cash-flow is fo"JA) — Pt("). At time t 4+ n, you receive 1 and at time t + n + 1 you have to give back x. Choose =

such that today’s cash flow is zero. As a result, Ft"H"le = Pt(n)/Pt(”Jrl).
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Facts about the yield curve are alternatively stated in terms of prices, yields, holding period returns,
or forward rates. Due to the relations above, these are all related.

Yield curve with iid stochastic discount factor

Suppose that {M;41} is iid. Then the yield curve is constant and flat, i.e. ygn) =y, =7y for all ¢, n.

Proof: (math) let p = E(M). We prove that Pt(n) = p" for all ¢. This is true forn =0 and n =1
obviously. By induction, Pt(n) =F (Mt“Pt(_f;l)) = E; (Myyap" ') =ppt =p". If Pt(n) = p”, then

yt(n) =g withl+7 = %. End. Note: as you can see from the proof, we only need that E;(M;y1) is

constant over time.

Proof: (econ) If Fy(Myy1) is constant, then the short-rate yt(l) is constant: y,gl) = yﬁ)l =..= yt(}r)k =

... We can then perfectly replicate a long-term bond using short-term bonds. Suppose you want a payoft
of 1$ at time ¢ + 7. You can invest in the one-period asset, then “roll over” i.e. reinvest in the same
one-period asset. If the short rate is constant, you know at which rate you will be able to reinvest in
the future. Your total return will be (1 4+ yt(l))T. By no arbitrage, this must be 1 4 y,gT). Note that it is
critical for this argument that you know with certainty the path of future short-term rates.

Conclusion: if the short-rate is constant, all yields are constant, and hence bonds of all maturities
have risk-free returns! (Whereas in general, only the one-period bond has a return that is risk-free.)

Nominal discount factors

.
depends on real consumption

Usually we use a real discount factor M;; (e.g., My11 = 8 Cétl
growth), and discount real payoffs (e.g. dividends need to be adjusted for inflation using the CPI).
However, one can also use a nominal stochastic discount factor and discount nominal payoffs. That’s

basically the difference between nominal and real interest rates.

Technically, if you consider the FOC for buying a nominal asset with price P, and payoff D}, you
find

qt

where ¢; =price index (CPI). Hence, inflation is 741 = gt41/q:- Why this FOC? T consider the real cost
of buying the asset, and the real payoff, and apply the real SDF. Alternatively, we can write

M,
P = E <f+1‘” D;wm) :
qt+1

o <Mt+1 Dzmm) ,

qt+1

Tt4+1

and we can define a nominal SDF
My

b
Tt41

nom __
Mo =

so that for any nominal return R77",

1= B (MR
In particular, the bond pricing recursion holds for nominal bonds using this nominal SDF: Pt(n) =
F. (el )
The key facts on nominal bonds and the nominal yield curve
See table 1, copied from Cochrane: New Facts in Finance, and table 2 below. These facts are obtained

for the nominal US federal gov’t debt market. Assuming that the US gov’t does not default, these payoffs
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are riskless in nominal terms but not in real terms (i.e. there is inflation risk). While the US federal
gov’t debt market is one of the largest and most liquid in the world, there are other very large markets of
debt, including local government debt (state and municipalities) in the US, and mortgage debt (including
agency debt, i.e. debt issued or guaranteed by Fanny Mae and Freddy Mac and essentially guaranteed
by the US gov’t).

- On average the yield curve is somewhat upward sloping; i.e. the yield on long-term bonds is larger
than on short-term bonds.

- The slope of the yield curve, i.e. the difference between a long rate (> 5 years) and a short rate
(< 1 year) is correlated with the business cycle: an inverted yield curve predicts a recession, and at the
trough of the recession, the yield curve is steeply upward sloping.

- Long-term bond prices are fairly volatile; the std dev of the 10y return is about 8% per year, i.e.
almost half that of stocks. In terms of yields, the std dev of yields as a function of maturity is hump-
shaped. (But of course a given change in yield has a much bigger effect on the bond price for long
maturity bonds.!!)

n (years) FE(hpr) s.e. o(hpr)

1 5.83 42 2.83

2 6.15 .54 3.65

3 6.40 .69 4.66

4 6.40 .85 5.71

5 6.36 98  6.58
Table 1

- All yields (long and short) are highly correlated - they tend to move up and down together a lot;

- more precisely, one can do principal components to find the factors which move yields. The first, by
far most important factor is the “level”: all yields move up and down together; second, there is a “slope”
effect i.e. long term yields and short term yields move in opposite direction; last, there is a “curvature”
effect i.e. the concavity of the yield curve changes somewhat.

- violation of the expectation hypothesis & predictability of bond returns. See below.
Expectation hypothesis (EH)

The EH states that the expected log (holding period) returns on all bonds is the same:
Ethprt(i)l = Ethprifl = y,gl), all n > 0.

This can be shown to be equivalent to: the N-period (log) yield is the average of expected future one-
period (log) yields:

N 1 1 1 1
y§ ) = NEt (yt( )+yt(+)1 + +y§+)N_1) .

Another equivalent statement is, the forward rate equals the expected future spot rate (in logs):
N 1
N = By (y§+)N) :

(Exercise: prove the equivalence between these statements!)

11If you have not done finance before, this is a duration effect. To illustrate it, compute the price of a 10y bond a 1y
bond when both yields are 5%, then when both yields are 3%, and compare the % change in bond prices.
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A weaker form of the EH is that these relations hold “up to a constant”, i.e.

E, h’prt(i)l = yﬁr)l + constant,
1
yt(N) — NEt (ylgl) + y)g_l'_)l + .+ yt(-l‘,-)N—l) —+ Constant,
tN—’N‘H = FE (y&)N) + constant,

where the constant may depend on maturity n but not on time .

Key point: the EH is almost assuming risk-neutrality - expected returns should be the same on all
assets. (It is not quite that, because it is in logs instead of levels.)

Key intuition: under the EH, if the long-term yield is high today relative to the short yield, it must
be that the short yield will rise in the future, so that if you invest in short rate only every period you
will end up getting the same return at the end. A two period example:

2y§2) = yt(l) + Etyt(-l&-)l

hence if the yield curve is upward sloping, ygl) < yt(z), it must be that yt@) < Etyﬁ)l i.e. the short rate

will rise, so rolling-over one-period investments will bring the same return at the end as the long-term
investment.

In the data, the expectation hypothesis does not work very well (though it is a decent start). One
way to say this is to say that the expected return on bonds is forecastable, Ethprt(i)l — ygi)l =a+ pBX;
i.e. there are times when investing in long-term bonds brings excess returns. One way to summarize the
results is to go back to the example explaining the EH — in the data, on average, when short < long, the
short yield does not increase enough in the future, so there is a positive excess return to borrowing short
term and buying long-term bonds.

More precisely, the variable X; that researchers use to predict returns on long-term bonds is usually
based on current yields or forward rates. Fama and Bliss use the difference between the forward rate
at time ¢t + n and the current short rate, to forecast the maturity n bond excess return. Cochrane and
Piazzesi find that a particular combination of forward rates forecast all maturities of excess bonds returns.
(Refs: Fama and Bliss (1988), Campbell and Shiller (1991), Cochrane and Piazzesi (2005)).

The expectation hypothesis is often tested through to the following equation:

1 Y — i
Y — i = a+Bn (;_f) + &1

The expectation hypothesis implies that 5, = 1. In the data, 8, < 1, often negative, and decreasing
with the horizon n.

Table 1: Expectation Hypothesis Tests

n =2 n=23 n=4 n=>=5
Slope Coefficients - 1961-1979
—1.03 —1.52 —1.55 —1.43
[0.65] [0.71] [0.83] [0.96]
Slope Coefficients - 1988-2006
0.61 —0.13 —0.19 —0.21
[0.89] [0.90] [0.97] [1.02]

Summing up
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Just like for stocks, we need a model which explains both (i) the mean return on long-term bonds,
relative to short-term bonds, (ii) the volatility of long-term bond returns, and (iii) the variation over time
in the expected returns. Things are somewhat simpler since cash flows are fixed in nominal terms.
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The yield curve in a standard consumption-based model

This section discusses how the consumption-based allows to think about the yield curve. We start
with the real yield curve and then turn to the nominal yield curve.

Real yield curve, iid lognormal case: in this case the risk-free rate (short-rate) is constant, hence all

2
yields are constant and equal to the short rate, that is given by ygl) = log R{ = —log (B) + vite — 7%.

Real yield curve, serial correlation in growth rates:

Key intuition: suppose that consumption growth is positively serially correlated. Hence, an increase
in consumption today increases expected future consumption growth. Hence, it increases interest rates,
since interest rates depend on expected future consumption growth. This reduces the value of long-term
bonds. (Bond prices move inversely to interest rates: when the interest rate goes up, the value goes down
since we discount a fixed payoff at a higher rate.) Hence, long-term bond prices fall when consumption
goes up. This implies that long-term bonds allow you to hedge against consumption shocks, i.e. they
are insurance rather than being risky. Hence, they will have a negative excess return. This means that
the average return on the long-term bond is less than the average return on the short-term bond. This
implies that the yield curve is downward sloping on average.'?

Math proof: two ways to do this. Method 1: an example where we can compute everything fairly easily.
Find the price of a one-period and a two-period bond, assuming expected utility/CRRA preferences and

Alog Ct+1 = (1 — (5)/,6 + OA IOgCt + OE¢41,

with &; iid N(0,1). Note that the state of the economy is last period’s consumption growth rate: it is
a sufficient statistic to compute all conditional expectations of the SDF and payoffs. Find the expected
return on the two-period bond and the one-period bond. When is the yield curve upward sloping? Under
which conditions is the yield curve upward sloping on average? This is a bit algebra-intensive, but it is
a good exercise.

Method 2: a bit more general and insightful. first, recall the Campbell-Shiller log-linear approxima-
tion,

o0 oo
Tig1 — Eiriie1 = (B — Et) Z Ad; i1145 — (Eip1 — Ey) ZTi,t—i-l-',-jy
j=0 j=1
and consider a bond with an infinite maturity (a consol) that repays 1 unit every period, forever. The
first term is zero, since expected cash flows do not change over time. Hence,

oo
Tet+1 — EtTc,tJrl = - (Et+1 - Et) E P]Tc,t+1+j~
Jj=1

Moreover, we have
Eiri 1 = constant+yE:Alog ciq1,

i.e. expected returns are high when expected consumption growth is high, where -y is the inverse of the
IES.

This equation also implies:
Et"nt—i-l—i-j = constant—!—’yEtA IOg Ct+1+j5,
and if Alogeryr = (1 —0)u+ dAloges + oe441,, then we have,

(Biy1— Eo)reviry = v (B — By) Alogeiyg
= Ve,

12¥ou can prove by induction on maturity n that, if E(log R(") < E(log R™) for all n, then Ey(™) < Ey(»=1 < . <
EyM) | Intuitively, if average returns are lower on long-term bonds, they will have on average lower yields since the yield is
the return that you get if you buy and hold to maturity.
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so that a good consumption growth surprise increases expected future consumption growth is § > 0,
and hence leads to higher interest rates and higher expected returns in the future. Using the C-S
decomposition, we find

o0

S e —pd
Tet+1 — Eﬂ‘c,t+1 = -7 p]5j€t+1 = 1— p55t+1-

Jj=1

A good news today (.41 > 0) leads to higher future returns later since cons. growth will be higher in
the future. Hence, price fall today since discount rates increase. The consol risk premium premium is
then

E, (10% ?1) = 7Couv; (Alogciy1,Tetv1)
Rt-‘rl
_ *’YQP‘s 2
= O_.
1—p6 ¢

Hence, this premium is negative if § > 0, and is positive if § < 0, as in the intuition above.
Extension to other shocks

Just like before, we can think of having shocks to uncertainty or shocks to expected future growth
rates. The analysis for persistent consumpion growth above directly gives the response of bond prices
to changes in expected future growth rates. On the other hand, higher uncertainty drives the short rate
down (that’s our basic result from PS2), hence long-term bond price go up. Hence, the long term bond is
a hedge against this shock. If this shock is “bad” for the agent (i.e. marginal utility goes up), long-term
bonds will have a negative risk premium. Hence the yield curve will slope down on average. (This, and
the previous analysis for § > 0, imply that in the long-run risk model the real yield curve is downward
sloping.)

Nominal yield curve

Most facts are for the nominal yield curve. A model of the nominal yield curve requires a specification
of inflation and its impact on the SDF. — e.g., in the basic CRRA model, the covariance of consumption
growth with inflation. For instance, suppose you buy a 1-period nominal bond, but inflation is positively
correlated with consumption growth. Then, the bond payoff will be higher in real terms when inflation
is low i.e. when consumption growth is low, so the bond is a hedge against consumption growth. So
this would give a negative risk premium over a “pure” risk-free asset. Inversely, if inflation is negatively
correlated with consumption growth, you would get a positive risk premium. (PS4 asks you to do such
simple computations.) Note that what matters is the inflation surprise — expected inflation is already
built into the price of course. At short horizon inflation is easy to forecast (since it is persistent) so the
inflation risk premia are more likely to play a role at long horizon.

As in the analysis of the real yield curve, we can use the C-S decomposition for a consol,

o0 o0
Tept1 — Evreprr = (Bre1 — Ey) Z Adeii14j — (Brp1 — Ey) ZTc,t+1+j7
7=0 j=1

and note that d. 414, = log ( L ) is the log real payoff of a consol. Hence,

Py

oo o0
Tet+1 — Etrc,tJrl = - (Et+1 - Et) E APt+1+j - (Et+1 - Et) E Tet+1455
j=0 j=1

and assuming that both consumption growth and inflation follows AR(1), i.e.

Alogeirr = (1= 0c) e + 0cAlog ey + 0cec 41,
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Apii1 = (1= 0p)pp + 0p APy + 0pep 41,
we have

—Ypede

—0p
Tettl — EiTe i1 = T g Cpttl + T pod, Ee,t+1s
p

cYc

and hence the risk premium is the risk premium for the second part (the same as above, i.e. the real risk
premium) and the first part, the inflation risk premium:

c
Et IOg i+l >
( Rty

e.g. if Cov (g¢.1+1,€p41) > 0, inflation is procyclical, and the risk premium is negative, while if inflation
is countercyclical, the risk premium is positive. This is consistent with intuition above.

vCov; (Alog e, Tet+1)

2
VPS5 0
=TT % T _%pCOU (Ec.tt1,€p,tt1)

Macro intuition: supply vs. demand shocks

What’s the correlation of inflation and consumption growth in the data? In the data set I gave you
(1929-2009), it is somewhat positive (0.19), however, it is negative in the post WWII sample (1950-2009),
i.e. the Great depression (deflation and low growth) matters a lot for this correlation. From a macro
point of view, this is really about supply vs. demand shocks — supply shocks such as oil price increases
lead to low growth and high inflation, as in the 1970s, while demand shocks like 2008 or 1929 lead to
low inflation and low growth. See ”Inflation Bets or Deflation Hedges? The Changing Risks of Nominal
Bonds” (Campbell, Sunderam and Viceira), who argue that this correlation is time-varying and can
account for some interesting dynamics.

News about inflation

More generally, if you do not hold a 1-period asset, the realized return on a long-term bond will be
lower when there is news of higher future inflation. It will also be lower when there are news about future
economic growth (since the real interest rate will go up then driving long-term bond prices down). Key
question is, are these news good or bad today (i.e. for the SDF today).

Piazzesi and Schneider (NBER macro 2006) use Epstein-Zin preferences, to analyze this question.
(They also incorporate learning, but that’s something on top of the basic point above.) With Epstein-
Zin, good states are states with high current or future consumption growth. Hence the key question is
whether future inflation is correlated with current or future cons. growth. In post WWII data, they find
a strongly negative correlation. (A simple suggestive correlation is between the 5-year moving average of
inflation and cons. growth: it is -.60.)

More consumption-based asset pricing

So far we have looked at the basic consumption-based model. Of course you can use a different model
to fit the yield curve. Some of the finer facts about the yield curve require time-varying risk premia, so
the model needs to be rich enough.

Wachter (JFE 20077) extends the Campbell-Cochrane model. Recall CC has constant interest rates,
so the yield curve was flat. She changes the preference specification to obtain procyclical interest rates,
which allows her to match some features of the yield curve. Adrien Verdelhan’s paper considers a different
preference specification, which implies countercyclical interest rates and helps him fit the forward premium
puzzle (exchange rate premium).

Bansal and coauthors (see also Hasseltoft) have used the long-run risk model to fit the yield curve. This
relies on correlations between long-run inflation and long-run consumption, and on stochastic volatility
of inflation. There is some evidence for these correlations in the data.
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TIPS

TIPS are inflation-indexed bonds, which have been traded in the United States since 1997. In the UK
inflation indexed-bonds have been traded for a longer period of time. In principle TIPS are the analog
to real bonds in our model. Because so far there has been relatively little data, there has not been much
work attempting to fit models to TIPS, but this is becoming more and more doable now. In principle
they allow for a neat test of the models: we should fit both real and nominal yields. In PS4, you will
study some particularities of the pricing of TIPS (they are adjusted up but not down with inflation).

Historical data

Something that seems fascinating is to analyze the nominal and real yield curve under different
monetary regimes, e.g. during the gold standard. Inflation dynamics were very difference (mean-reversion
in the price level!) which should lead to very different yield curves.

Link with macro models

There is of course a huge literature on DSGE models and monetary policy. These models have,
however, constant or nearly constant risk premia, so in these models the EH works very well. Monetary
policy sets the short term rate which then influences the long-term rate through the EH. As argued by
Atkeson and Kehoe (NBER macro 2008) and others, these models are thus inconsistent with the basic
facts about asset prices. [See, for instance, Palomino and coauthors, and Swanson and coauthors, for
related work.]

Latent factor models

A large literature on the yield curve does not use microfounded (consumption-based) models but
rather uses “affine models”, e.g.
N
2

/ (1)
— A1 — Ty s

log Myy1 = —

where Tt(l) is the short rate (so that Ey My = 1/(1 + rt(l))), and

A = Ao+ A Xy,
Tt(l) = o+ 01Xy

where X; are observables or unobservables (aka latent) factors, which are assumed to follow a VAR(1):
X1 = p+ PXy + Xepya.
Note that )\; is a vector above.

These models are relatively tractable (computing bond prices is easy thanks to the “affine” i.e. linear
structure), and they allow for a time-varying price of risk A;. Because they allow for several factors, some
of which may be unobservables, and some of which may be interest rates, they typically fit the yield curve
much better than consumption-based model. The latent factor(s), if any, must be recovered as part of the
estimation, through the Kalman filter. Estimation can be conducted by MLE (but there is some work to
make the maximization converge!) or through other methods, e.g. simulation-based methods like SMM.
The main limitation of these models is that they are not as nicely tied to economic fundamentals, and
may be harder to interpret. They may be useful for pricing, though. (Industry practice is, I believe, to
use continuous time models with a few factors, which are observed interest rates.)
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10 Corporate bonds

Firms which need to raise funds for investment or other expenditures can use the equity market (IPO
or SEO), or they can get bank loans, or other private financing (through private equity or hedge funds),
but probably the single most important source of external finance is the corporate bond market (and
associated commercial paper market for short-term borrowing). There is > 6,000Bn$ of corporate bonds
outstanding in the US.'3

The interest rate at which firms can borrow depends on the firm’s credit rating, which is based on the
estimated probability of default by rating agencies (most famous: Standard &Poors, Moody’s, Fitch).
This interest rate is higher than the rate at which the US Federal government borrows, because of credit
risk and because of the lower liquidity of corporate bonds.

See table: investment grade bonds vs. high yield.

Rating 10-year default probability —Default rate (annualized)
Investment-grade Bonds (IG)

AAA 0.19% 0.02%
AA+ 0.57% 0.06%
AA 0.89% 0.09%
AA- 1.15% 0.12%
A+ 1.65% 0.17%
A 1.85% 0.19%
A- 2.44% 0.25%
BBB+ 3.13% 0.32%
BBB 3.74% 0.38%
BBB-  7.26% 0.75%
Speculative-grade Bonds (aka High yield or Junk bonds)
BB+ 10.18% 1.07%
BB 13.53% 1.45%
BB- 18.46% 2.04%
B+ 22.84% 2.59%
B 27.67% 3.24%
B- 34.98% 4.30%
CCC+ 43.36% 5.68%
CCC 48.52% 6.64%
cC 77.00% 14.70%
C 95.00% 29.96%

Table 1: Historical default experience of Bonds Rated by Fitch

As seen in the attached figures, the spread between safe bonds and less safe ones is countercyclical. A
striking example is the current recession, where the interest rate on government bonds has declined sig-
nificantly, while the yield on BAA bonds (which are not so risky) has increased substantially.!* Of course
this is qualitatively not surprising: the probability of default has increased since profits fell substantially.!®
However, it is not clear that this is quantitatively enough to explain the magnitude of the increase - while
default probabilities have gone up, they are not huge. Simple risk-neutral calculation: if spread = 3%, it
means you expect 3% of default with zero recovery per year. If recovery rate =50%, a 3% spread means
a 6% probability of default!

I3Flow of Funds data from the Fed.

4BAA are Moody’s ratings. BAA corresponds to BBB of Fitch.

15Moreover, the recovery rate on the firms assets may have fallen because the market value of these assets, should they
be seized and sold, is now lower.
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Very simple example — one period debt

Consider a debt of 1$ which may not be repaid next period. If it is not repaid, you will get 0% instead.
The value of this debt today is
Py = By (M417411)

where x4 = 1 if repaid, and z441 = 0 if not. Let p = Pr(z;+; = 0) the probability of default. If the
discount factor is simply M;,1 = 3, then

Py =pB(1-p)

is the discounted expected payoff (where you compute the expected payoff by computing the prob of

default). As long as My is independent of x;11, we have

1-p

Pt = Et (Mt+1) E($t+1) = F
i

But in general, if default is correlated with the SDF M, 1, we have
Pt = Et (MtJrl) E(I’t+1) + COUt(Mt+1, xtJrl).

Typically, defaults occur in “bad times” when the marginal utility is high i.e. My is high, so Covy(Myy1, xi41) <
0. This new term will hence reduce the price of the asset further down. Hence, there are two reasons why
default affects prices: (i) it affects the expected cashflow, (ii) it makes the asset more risky (usually), i.e.

lower payoffs in bad times.

Pricing defaultable debt - an example

Consider a firm, which has a random stream of profits {m;},~ . The PDV of this profit stream is what
we call the “asset value” of the firm A;, and it satisfies

A =E; (Mt+1 (7Tt+1 + At+1)) = Z Mt,t+k77t+k7
k=1

where M; ¢4 is the SDF between dates ¢ and dates ¢ + k, i.e. recursively
My = My p4r—1 X Migp.

The standard financial structure is that firms issue debt and equity claims. Once the firm has issued
some debt, it pays interest on this debt, however it may decide to default at any point in time if the value
of the future profits is less than the cost of repaying the debt. For simplicity suppose that the debt is a
consol with constant payout c. The ex-dividend equity value satisfies the recursion

V; = By (M4 max (141 — ¢+ Viq1,0)),

i.e. the firm can file for bankruptcty, if it is better for the equity holders to do so. Note that the firm will
not shut down if 741 is low but future profits are expected to be high! In this case the dividend payout
m4+1 — ¢ may be negative, i.e. there will be equity issuance, and existing equity holders will increase their
participation in the firm (or new equity holders will join — more on this below).1°

As a simple illustration, suppose that M;.; = § and that profits follow a simple AR(1): w41 =
pme + (1 — p)T + €441, then there will be a threshold 7%, such that the firm defaults if 7 < 7*. And,
typically, 7™ — ¢ < 0 and not = 0.

The firm default realization is thus given by the characteristic function 1r,,, —c1+v;,, <0. We can rewrite
this in terms of cum-dividend values, P; and

P, =max (m; —c+ Ey (Myy1Pi11),0),

161n a more realistic model, the firm could also issue new debt.
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and the default event is 1p,—o.

What is the value of the firm’s debt, i.e. the value of the consol? It may default, hence its value is
not that of the risk-free consol.!” Its value satisfies the recursion

By = Ey (Myg1 ((c+ Beg1) 1p, >0 + ¢l —00A4:41))

i.e.: either the firm does not default, then the coupon c is paid and the consol continues next period,
or the firm does default, and then the bondholders recover a fraction § € (0,1) of the asset value.
(Alternative assumptions are possible here regarding what value bondholders recover.) The parameter
1 —6 > 0 captures “bankruptcy costs”, i.e. bondholders are not able to seize the entire value of assets
(e.g. because they have to pay some legal fees to get the assets).

Formally, the equity is like a call option on the asset value, while the debt is like a put option.

Given a coupon ¢, a profit stream {7;} , and a SDF M4, it is straightforward to use the two recursions
to find the price of equity and the debt: first, solve the asset value recursion; then, solve the equity value
recursion; last, solve the debt value recursion (for which you need the equity value P;!).

We can define the yield on the debt y; as the discount rate which makes the PDV of cash flows
(assuming no default) equal to the price:

= Cc
B=5S <
t ;(IJF%)M

and of course y; will be greater than the yield on the risk-free consol yf*f', since there is a risk of default.
The spread y; — yf*¥ will reflect both the likelihood of default, the recovery rate #, and the risk premium
- does the firm default in bad or good states. (Note that idiosyncratic risk matters for the spread since
idiosyncratic risk can trigger default.)

The total firm value is the sum of the equity and debt value, i.e.
F, =V, + B;.

It is easy to check that if # = 1, then F; = A;. In general however, there is a social loss because of
bankrutpcy costs (6 < 1), hence F; < A;.

Credit spread puzzle

The “credit spread puzzle” is that simple models fail to replicate the magnitude of the credit spread in
the data, given the low historical probabilities of default (and high recovery rates conditional on default).
This can be thought of as the equivalent to the equity premium puzzle: spreads are “too high”. (It may
be that some of the spread is due to liquidity, hence researchers sometimes concentrate on the spread
between AAA and BAA issues not between BAA and Treasuries.)

Recently a literature has developed which tries to use similar models that have been used to solve
the equity premium puzzle (e.g. Campbell-Cochrane, Bansal-Yaron, disasters) and applies them to the
credit spread puzzle. This seems relevant since corporate bonds are very much exposed to “tail risk” —
they pay out less in deep recessions.'®

Optimal capital structure

17The value of the risk-free consol is given by

oo
Xt = E; (Mt+1 (C+ Xt+1)) = cF; Z Mt,t-Hc'
k=1

18See papers by Strebulaev and Kuehn, Hui Chen, Colin-Dufresne, Goldstein and coauthors.
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What we have done so far is take as given the choice of coupon c, i.e. the choice of how much debt to
issue. This framework allows to consider the optimal choice of debt vs. equity. Consider the problem at
time 0 - the firm has to decide how much debt vs. equity to issue. A cost of debt is that it can lead to
default, which is (socially) costly because of § < 1. In the analysis above there was no benefit of debt, so
firms would decide to use only equity.

In reality one incentive to issue debt is tax treatement - interest on debt can be deducted from
corporate income. Using the notation of the previous setup, if the profit is 7y, and the coupon ¢, the
payout to equity holders is

1-7)(m—c)=1—-71)m —c+ecr,
which encourages firms to increase the coupon payment (c7 is a subsidy).!?
Incorporating this into the model, we can solve for the time 0 equity and debt value:
VO(C; 07 T)

and
BO (Ca 97 T)7

where I have written explicitely the dependence on parameters. The manager thus decides on the optimal
coupon ¢, to maximize the total firm value:

max {Vo(¢;0,7) + Bo(c;0,7)} .

This coupon ¢ implies a certain amount of debt issuance at time 0, i.e. a certain leverage, and a probability
of default. Basic intuition: the higher 6, the more leverage. The higher 7, the more leverage. . The more
volatile the profits, the less leverage. This is the basic trade-off theory of debt, but there are alternative
“theories” (e.g. pecking order)

Note that once the debt has been issued, its price is going to evolve depending on the realization of
shocks. Good shocks (i.e. increase in expected profits) push up both equity and bond value.

An increase in o — the risk shifting problem

An interesting shock is an increase in volatility o. Because of the option-like nature of equity and debt,
an increase in volatility is good for equity holders, but is bad for bondholders (they have no upside, only
a downside). This leads to the risk-shifting problem: equity holders, who run the firm, have an incentive
to increase risk, because debt holders pay most of the price for this. (This may be a justification for
covenants, i.e. strings attached to a corporate bond issue, e.g. rules which limit how much you can invest
etc.)

Debt overhang problem

Inversely, there can be situations where debt holders would reap the benefits of equity holders’ de-
cisions. One example is the “debt overhang problem”. Suppose a firm has issued some debt and then
suffers bad shocks. Bond prices fall, and equity prices fall even more. Suppose the firm needs to raise
funds e.g. because of temporarily low profits. It may be impossible for the firm to issue new equity. That
is because an increase in the firm’s capital will benefit bondholders — bond prices will increase because the
probability of default will fall. However, the investors who are buying new equity are not internalizing
this benefit. Hence, it is possible for a firm with positive NPV projects to be unable to finance them!
The problem is that the seniority (the order in which people receive payoffs: debt first, then equity) is
fixed, so standard debt contracts are inefficient. If it was possible to have a most senior claim issued

191n reality the comparison of the tax treatment of equity and debt is not completely obvious (capital gains based on
nominal, realized gains and dividend taxes vs. personal income tax for debt interest).
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(something senior to debt), that would work, but it is legally impossible ex-post in general: debt holders
have the right to oppose this.2°

Merton and Leland Model

Merton (1974) produced a formula for the value of defaultable debt, when the asset value follows a
geometric brownian motion, based on the Black-Scholes formula. This is based on a replication argument
— corporate debt + equity = asset value. Leland (1994) extended this model to have taxes and bankruptcy
costs, hence making it a model of the capital structure. These models are cast in continuous time but
the economics are very much the same as the above example. There are lots of possible extensions: finite
maturity debt instead of consol as above, jumps instead of diffusions, different recovery values, etc.

Credit Default Swaps (CDS)

The CDS market has developed over the past 10 years, allowing investors to hedge their exposure
to the credit risk of a firm. The CDS market is much more liquid than corporate bonds. The main
consequence is that it has become much cheaper to short corporate bonds.

Liquidity issues

Corporate bonds are not traded much. As a result, there is a liquidity premium on corporate bonds,
relative to Treasuries. For instance, AAA bonds have almost no default risk, yet the spread over Treasuries
is quite large. See attached picture from a recent paper by Vissing-Jorgensen and Krishnamurthy where
they show that debt/gdp is highly negatively correlated with the AAA-Treasury spread.

General equilibrium and models with credit frictions

While a large literature in macroeconomics has studied the effect of credit frictions on macroeconomic
dynamics (e.g. Bernanke, Gertler and Gilchrist, Kiyotaki and Moore, Carlstrom and Fuerst), the vast
majority of this research is cast in linearized DSGE models which fail to reproduce the level and the
volatility of risk premia. In particular, these models talk about the “external finance premium”, which
corresponds approximately to a corporate bond spread. In these linearized models, the external finance
premium is mostly due to idiosyncratic default risk, and the spread reflects essentially only the probability
of default (i.e. there is no adjustment for aggregate risk). Hence, I think one important question is to
embed financial frictions in a model with large risk premia.

A two-period model with investment?!

These notes give a very simple, two-period, partial equilibrium model where I add the choice of
investment. So far we have been pricing exogenous cash flows, but of course the reason why we are
interested in the price of corporate bonds (aka their yields) is that they affect the cost of capital. For
simplicity I will assume that the discount factor is simply S - no adj for risk.

At time 1, the firm buys capital k, using equity issuance s and debt: the firm issues a debt with face
value b, at unit price q(k, b), hence the budget constraint:

xq(k,b)b+s =k (16)

The parameter x > 1 reflects the tax shield effect - interest expenses are subsidisized. To simplify I
assume the deduction is done at issuance: for each dollar of debt issued, the firm receives a subsidy x —1

$.

20During the crisis, banks may have been affected by the debt overhang problem. When the gov’t essentially guaranteed
the bank debt (i.e. they would not allow the banks to fail), this mitigated the issue. Of course, this amounted to a very
large bailout to bondholders.

Some researchers have suggested that new state-dependent debt contracts, with explicit contingencies, be used in the
future. (e.g. debt is converted to equity if a specified event happens.)

21See Miao 2005 JF for a dynamic model of investment and capital structure.
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At time 2, the firm produces, and obtains a profit m = zk®, where z is an idiosyncratic shock,
distributed according to a cumulative distribution function H, with mean 1: E(z) = [ sh(s)ds = 1.

The firm will default if its profits are not large enough to repay its debt, i.e. if z < z*, with
¥k =b. (17)

If the firm does default, equity holders get nothing, while bondholders share the firm profits, net of
bankruptcy costs. The parameter 0 < 8 < 1 determines the share of profits which are recovered.

Debt value is given by a standard pricing equation, assuming risk neutrality and a discount factor S :

qa(k,b) = B (/w dH (z) +/OZ H'Z]ZadH(z)> . (18)

The firm equity value is

V= 5/?0 (k" — b) dH(%). (19)

The firm picks k, b, s, 2* to maximize its present discounted value, V — s, subject to 16, 18 and 17.
This can be rewritten as

max {5/:0 (2 — b) dH (=) — k + xq(k, b)b} ,

k,b,z* *
s.t.
0 z* Py
g(kb) = ﬁ(/ dH(z)—l—/ deH(z)>,
z* 0
Z*k* = b

or

max {5/; k® (2 — 2*)dH(2) — k + X8 (ma /Oo dH(2) + /0 t‘)zkadH(z)> } .

This program can be solved by writing the two first order conditions, with respect to k and z*, which
determine the optimal investment and financing. First, we have

1= Bak*™? {/OO (z—2")dH(2) + x (z /OO dH (z) + 9/: de(z)) } ;

which can be rearranged, given that F(z) = 1, as:

1= Bak*! {1 +(x—1)2z*(1—-H(E))+ Ox—1) /Z de(z)} . (20)

0

Interpretation: note that if x = 6 = 1, we have the frictionless limit: 1 = Bak® 1 E(z), the usual MPK
= user cost condition. When 6 < 1,x > 1, this is not true anymore, and the tax shield x and the
bankruptcy cost € both tend to decrease the user cost.

The second first-order condition, with respect to z*, yields, after rearrangement
(-HE)(x—1) =x1-0)z"h(z"). (21)

Interpretation: this equation determines z*, and hence the optimal leverage (increasing z* means increas-
ing the leverage and the probability of default). The benefit of higher leverage is the left-hand side: it is
the tax shield conditional on no default. The cost of higher leverage is an increase in bankruptcy costs
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through a higher probability of default - the change in probability of default is h(z*) at the margin, and
the default costs are proportional to z. (Note: this expression appears to be similar to Bernanke, Gertler,

Gilchrist 1999 handbook paper - they assume that the pdf h is such that z — 1?;&2&)
guarantees a unique solution to this equation. This assumption seems fairly weak (most distributions

satisfy it, e.g. the lognormal) and we can make it too).

is increasing, which

Note that eqn 21 determines z*, then eqn 20 determines the investment choice k.

From 21, z* is determined by the parameters y, #, and the distribution H. The comparative statics
w.r.t. x and 6 is clear. With regard to H, an interesting comparative static is a change in the payoff
distribution H. If H becomes more risky, at least for most distributions, we will have less debt and less
capital. Intuitively, the debt contract becomes more inefficient, making the cost of the debt higher. (Note:
this is ex-ante higher risk, not ex-post: this is different from risk-shifting!)

More intro
P =F (Mt+11't+1)

Define the yield as

1
P =
T 1t e
and the risk-free yield as
1
= F; (M,
1+rf e (Meer)

Assume z;41 =1 w/p 1 — p, and z441 = 0 w/p p;.Then if risk-neutral, i.e. if M1 = 3, then

reg —rfy & p.

More generally, if recovery rate r, i.e. 2411 =7 w/prob p;, then

ree —rfy = p(l—r).

If not risk-neutral, and default correlated with business cycle, then
rct — Tft ~ p(l — 7”) + CO'U (Mt+1, Z'H_l)

where the last term is a risk premium, that is positive only if default is more likely when the SDF is high
i.e. in bad times.

Notes on CDOs

Consider a bunch of assets, which may or may not defaults, z;; = 1 or z;; = 0. These assets could be
mortgages, loans, credit card balances, etc.

We can price a claim to the total payout of these assets, Z; = Zfil z;¢+. We can also tranche the asset,
i.e we split

First, suppose the pricing kernel is M1 = § (risk-neutrality), and further suppose that the x;; are
uncorrelated: each is 1 w/p 1 —p and 0 w/p p.

Second, suppose now that they are correlated. One question is how to model in a simple way their
correlation.

These assets are subject to both idiosyncratic and aggregate risk.

UG notes + problem set.
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11 Heterogeneity and asset pricing (Rough notes)

So far we have considered mostly models with representative agent. As we dicussed in class, this can be
justified if markets are complete. Even then, however, one question that arises is, what is the aggregate
utility function, i.e. the utility function of the representative agent? Perhaps this function is not a simple
CRRA utility, but has a more complicated functional form.

Of course, in reality, markets are not complete, and an interesting question is what kind of asset price
dynamics are generated when agents differ in, say, their income/wealth, their risk aversion, their beliefs,
or their access to markets. For instance, the more risk averse agents would want to buy safe assets, and
the less risk-averse agent would then sell him these safe assets, i.e. borrow from him, and invest in risky
assets. The less risk averse agent is hence leveraged. As the state of the economy changes, the relative
wealth of these two agents will change, and this will affect asset prices.

The first section of this handout discusses a prototypical portfolio choice problem, which is useful as
general background. Then I consider a simple example, that can be solved analytically. I then discuss
briefly the related literature.

Background: a standard portfolio result in continous time (Merton)

A standard finance question is, given the process for asset prices or asset returns, to pick a portfolio
to maximize utility (i.e. maximize wealth, and smooth consumption). These models are typically partial
equilibrium, i.e. they assume a stochastic process for returns, and potentially for labor income as well as
other state variables.

Suppose there is no labor income, CRRA utility, and the investor has to decide at each point how to
allocate his wealth between a stock and a short-term bond. The interest rate is constant, and the stock
price follows a diffusion process:

s

F = /J,dt + O'dZt,
where Z; is a standard Brownian motion. This is the continuous time analog of a random walk,

AS = u+ oe
St - :u’ iy
with ¢; iid N(0,1).
The consumer problem is:
V(Wy) = {max}/ e Plu(c)dt
Ct, 0 0
st o dWy = Wi(rdt + a(p — r)dt — cpdt) + WyaodZ;.

See Ec744 for how to solve this problem - you have to write the continuous time version of the Bellman
equation, which in this case is
yalo

2 2
pV (W) = max {u(c) +VW)(r+alp—r)—c)W+V"'(W)W 5 } : (22)

Intuitive derivation: split between ¢ and ¢ + dt :

dt o
V(W;) = max {/ e_”su(ct+s)ds+/ e_"su(ct+s)ds},
0 d

{ct,ae} t

= maxu(c)dt + e PYEV(Wiiar),
c,a

= maxu(c)dt + (1 — pdt)(V(Wy) + E(V'(Wy)dW,) + %E(V”(Wt)de),

¢,
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use Ito’s Lemma: dW? = W2a202dt, and note that E(dW;) = Wi (rdt + a(u — r)dt — cdt); simplify and
you get equation (22)

FOCs w.r.t. ¢ and « respectively,

and
V(W) —r)W = =V"(W)W2ao?.

= (=) ().

Can guess and verify that V(W) = qﬁml/i: . This implies that consumption is a constant share of wealth,
and so is savings. The key formula (see Cochrane’s op-ed) is the portfolio share:

1u—
a=-£L""
v o2

This formula gives reasonable outcomes — e.g. if u —r = 7% and o0 = 17%, then with v = 4.84 we get
a portfolio share of 50%.22

Where does the equity premium puzzle show up then? Subtle: in consumption volatility. Here
consumption is proportional to wealth, so o(Alogc) = o(dlog W) which is far too high. We implicitely
assumed high consumption volatility.

Extensions there are plenty of (interesting) extensions to this basic setup:

- first, return process may be more complicated - the evidence is for some predictability, so there is a
state variable = such that

dS = p(x)Sdt + o(x)SdZ;,

- second, labor income is risky, esp. at individual level (large idiosyncratic shocks),

- third, taxes,

- fourth, other assets, esp. housing,

- fifth, life cycle,

- sixth, borrowing constraints,

- seventh, more general utility functions.

etc.

The simple point is that all this is going to mean there are “state variables” x that shift the value
function, so now the FOCs will be
u'(c) = Vv (W, ),

o) = (g ) (M)

(1) Interpretation in terms of hedging — if high 2 means high MU of wealth, then you want to have
more wealth in states with high x — you want to “hedge” the state variable x.

and

22T be more precise: we would like to pick v to match the observed portfolio share. In the data, people hold housing,
hold gov’t bonds (but have to pay taxes to the gov’t too, so perhaps we net this out with ricadian equivalence), etc.
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(2) Note that the SDF is M1 = % - Merton (1973) makes it clear that you want to

“hedge” changes in the state variables x;. However, at the end of the day u'(c) = Viy (W, x), so this is
still a consumption model, which can be tested using the standard Euler equation approach.

(3) These problems can be complicated to solve if several assets, labor income, borrowing constraints,
etc. — many state variables etc.

Aggregation with heterogeneity in risk aversion: a simple example

Question: what is the relation between the “aggregate” risk aversion, i.e. the risk aversion that you
would estimate from a representative agent, and the “individual” risk aversion?

Consider the following simple one-period example. Consumers have to allocate their wealth between
a real asset (“stock”) with exogenous random return R, normally distributed with mean p and variance
02, and a zero-net supply risk-free asset RY". RY needs to be determined in equilibrium (In contrast, the
mean and variances of R¥ are determined by technology — it is a real asset.) There is a large number of

consumers, who all have a CARA utility function
exp(—6c)
0 )
but they different risk aversion coefficients 6. Each consumer at time 0 decides how to allocate a wealth
W between the stock and the bond. The problem is

u(c; 0) =

max E (u(c;0)) = E(u(WR;0)),

[e3%

R = (aR°+(1-a)R)).

with, given the normality:

21172

B (u(WR:0)) = —éexp (—GWE(R) 4+ Var(R)) .

The first-order condition for a consumer yields the optimal portfolio share « :

_p- R

oW

It is inversely proportional to wealth because of CARA (agent wants to invest a constant $ amount in
the risky asset).

o =a*(9,0%, u, RY, W)

Let f(W,0) be the joint p.d.f. of W and 6 in the population. Then total holdings of stocks are

[ [ @.0% . wyw v oyasa,

and total holdings of bonds are

//(1—a*(9,02,u,Rf,W)) W f(W,0)dW de.

Market-clearing requires that total holdings of bonds are 0, since they are in zero net supply:

// (1 - a*(’y,aQ,,u, Rf)) Wf(’Yv W)d’}/dW =0,

or alternatively (i.e. equilibrium in the stock market, which is equivalent!)

//a*(@,az,u, RY W)W £(W,0)dWdf = //Wf(W, 0)dWdo = E(W)
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This yields
p— RS
0o

Now let’s consider three different cases.

FW,0)dWdo = E(W).

Case 1: Everybody has the same 6. Then this equation is just:

p—R7
002 =EW),

ie. a*(y,0% 1, RT) = 1, since everybody must be holding stocks in equilibrium. This determines the
equilibrium R given § and the properties of the equity return p,0? as well as the initial wealth E(W).

Case 2: everybody has the same W, but risk aversion is different in the population. Then the equi-
librium R/ is determined from the condition

p— RS
0-2

/ % F(0)d0 = BE(W).

Hence, the equilibrium R/ is the same as if there was only ONE agent, with risk aversion %4 (represen-
tative agent) such that
1 1 1
—— = [ =f(®)do=F |- |.

Since z — é is convex,

and
074 < E(9).

So the economy is equivalent (in terms of prices) to an economy with a representative agent, but with a
risk aversion #%4, which is lower than the average risk aversion. This is because people sort according
to risk aversion; low risk aversion people choose to hold more stocks, hence they matter more for the
determination of prices. Of course this makes the equity premium harder to solve (i.e. the equity premium
is that risk aversion needs to be higher in the aggregate than it seems to be in micro data, rather than
the opposite)

Case 3: 6 and W are correlated. It turns out not to matter in this case because of CARA preferences.
(i.e. the argument of case 2 goes through exactly as before). The distribution of wealth is irrelevant.

Extension to CRRA: With CRRA, we could get an additional effect, because the shares would be
independent of wealth and hence the amounts inveted aWW would depend on wealth. Using the formula
for CRRA,

p— R
fo2

Qerra = Qerra(0,0°, 1, RT) =
we obtain the market clearing condition
/a*(@,oQ,u,Rf)Wf(W,é))deW = /Wf(W, 0)dodw,
leading to

p— RS
0—2

w
/ o FW, 0)awds = /Wf(W, 0)dodw,
which shows that the economy is equivalent to an economy with a representative agent with risk aversion

gRA _ S W (W, 0)dodw
W r(W,0)dawds
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Note that now we overweight agents with larger wealth since their demand is larger. This formula implies
that redistributing wealth from low risk aversion agents to high risk aversion agents would look like an
increase in aggregate risk aversion #%4. Why is this experiment interesting? There are good reasons
to suppose that the wealth of less risk-averse agents falls in recessions relative to the wealth of more
risk-averse agents. By definition, less risk averse agents hold more risky portfolios, hence a bad shock will
decrease their wealth more than more risk averse agents. Hence risk aversion would go up in downturns.??
This suggests that this mechanism can account for the time-varying risk aversion postulated in Campbell
and Cochrane (1999, JPE). Bottom line: the effective aggregate risk aversion depends on the distribution
of risk aversion in the population. It will change with the distribution of wealth.

Leverage constraint

Note that in equilibrium, we must have E(R®) > R/ otherwise nobody would hold the equity asset.
But some people may have levered positions, i.e. a > 1, implying that they short the risk-free asset to
buy equity. This strategy can be implemented in various ways (buying stocks on margin, using options,
etc.), but it is typically costly. How do the implications of the model differ if agents cannot take highly
levered positions? e.g. what if o < @ is imposed as an additional constraint?

In this case, the agents who would optimally pick a* < @ are unaffected by the constraint; and the
agents with a® > @ simply set a = @. The market equilibrium condition is then,

/ aWdF(W,a)+/ o WdF (W, ) :/WdF(W,a).
p=—RI & u—RT <a

602w =<

This implies that we reduce the demand for equity of the less risk-averse agents. Hence, these agents
will demand more risk-free assets (or supply less risk-free assets) to the other agents. As a result, the
risk-free rate will have to fall. Given that the average equity return is fixed by technology, the expected
equity premium rises. Hence, tighter constraints on portfolios are likely to raise the equity premium.
Moreover, to the extent that more people become constrained in recessions, the risk premium would be
countercyclical. (Why do people become more constrained? Not so clear.) Also, if for some reasons (e.g.
breakdown of financial intermediation) the constraint is tightened, you would see some effects on asset
prices. As a practical matter, starting in 2007, it became very difficult to take leveraged position in some
assets such as MBS. This may have had an effect on their price.

Heterogeneity from realizations of idiosyncratic income shocks (very very rough sum-
mary)

There is a large literature on models with heterogeneous agents and incomplete markets (e.g. Heaton
and Lucas, JPE 1996; Constantinides and Duffie, JPE 1996; Alvarez and Jermann, Econometrica 2000
and Review of Financial Studies 2001; Lustig 2005; Storesletten, Tellmer and Yaron, RED 2009, Guvenen
2010, Kruger and Lustig 2009). These models typically consider agents who have only access to a risk-free
asset and a stock to save or borrow, they have risky labor income, and they may face some constraints on
their trading. These constraints can be either, or a mix of, the following: (a) limited participation: some
agents are not allowed to hold stocks directly (Guvenen - this is an approximation for the case where
there is a participation cost); (b) borrowing constraints or collateral constraints; (c) costs of adjusting the
portfolios; (d) limits on leverage. These models have attractive microfoundations but their asset pricing
implications are not always very impressive, e.g. generating a large equity premium is already difficult,
and matching the variation of risk premia is challenging. Incorporating additional assets or frictions in
this model (e.g. housing) is on the research agenda. More precisely, while individual consumption is
much more volatile than aggregate consumption, it is also less correlated with the market, and hence it
is not clear that the equity premium will be higher. Generally speaking, agents in these models are able
to smooth consumption well with only one or two assets, provided that shocks are not too persistent and
trading constraints not too tight.

Mankiw (1986) intuition

23This idea has been formalized, among others, by Kogan and Chang (JPE 2002).
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If aggregate shocks are concentrated on a small set of people, the risk premium will be higher. (To be
added —read the paper, very simple, JFE 1986, http://www.economics.harvard.edu/files/faculty /40_Equity _Premium.pdf

)
Constantinides-Duffie (JPE 1996) (rough summary)

This important paper gives an example of economy where agents can trade, without constraints, a
(potentially large) set of assets, and the equity premium is large. Indeed, any arbitrage-free prices can
be generated (any pricing kernel M; 1) through a particular process of labor income. The key idea is to
assume a special type of income process for households, and to show that given this income process, no
trade is an equilibrium.

All agents have CRRA utility (8,7). It is somewhat simpler to specify directly the consumption

process
2
1 Cit+1 ) _ Yit1
og = Nit+1Yt+1 — ’
Cit 2

with Nit+1 iid N(O, 1), and

2 Ct+1)
=,/ ———4/log M, + B8+ ~lo .
Y1 \/’y(’y i 1)\/ g M1+ 5+ vlog ( C

Because of the unit root, there is no incentive to save if you have a good shock (permanent income intu-
ition). You can check directly that the restriction E; (M;4+1R;+1) hold for any asset — all consumers are
on their first-order conditions. CD actually spell out an income process that generates this consumption
process.

The general result of C-D is that any M;;1; can be generated as an equilibrium given through a

certain process for y.y1. Note that y;11 is the cross-sectional variance of consumption growth. If this

variance is constant, the model actually aggregates to a CRRA model, log M1 = —vlog (Céfl ) . Hence,

it is not idiosyncratic risk in itself that leads to a failure of the Euler equation, but the fact that this
idiosyncratic risk changes over time (Krueger and Lustig, 2009, show the necessity of this condition in a
general setup.) An interesting simple case is when

C
y?+1=a+blog( ”1),

Cy

and then aggregation holds, but the representative agent risk aversion is ¥ = v — (v + 1)b/2, so that
if b < 0 (countercyclical idiosyncratic risk), the aggregate risk aversion is larger than the individual risk
aversion. This would justify the large estimated risk aversion (but would not justify the fact that aggregate
Euler equations are rejected). Some empirical work suggests that y:11 (XS variance of consumption or
income growth) is indeed countercyclical, but perhaps not enough for this mechanism to work.

One important difference with the discussion above (“heterogeneity from...”) is that income shocks are
nonstationary (permanent) and the XS distribution widens in recessions. See also Storesletten, Telmer
and Yaron (RED 2009) who show how life-cycle effects can also play a role.

Risk-sharing and the aggregate utility function: a case with positivity constraints

This is an alternative example where you can study risk-sharing and aggregation analytically. Assume
we have complete markets. One agent is risk-neutral, so he insures the other agent, but he cannot have
a negative consumption, which puts a limitation on the insurance. This is a simple way to capture the
fact that some agents who are willing to take risks may play a large role in determining asset prices,
since they fix the price of risk, but if their wealth is limited there are states where they cannot provide
insurance.
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There are S states of the world, which occur w/prob 7y, s = 1...5. Agent N (for risk-neutral) has an
endowment yn s in state s. His utility function is

S
Z ’/TSU(CNﬁ)a
s=1

with v(z) = z. Note that consumption has to be positive: ¢y s > 0.

Agent A (for risk-averse) has an endowment y4 s in state s. His utility function is

Z 7rs'UJ(CA,s)a
S

with ' > 0 and v” < 0, and «'(0) = 4o0.

Complete markets

The two agents can trade any state-contingent security. Market equilibrium requires that
Vs=1...S:cas+cNs=Yas+YUN,s-

Let g5 be the state-contingent price. Then the problem of agent N s

maxZwsv(cN,s)
S
st quczv,s < ZQSZUN,S :[An]
s s

CN,s > 0: [,U/s]

with FOCs

s+ s = ANGs

HsCN,s

Il
o

For agent A, we have:
7Tsu/(CA,s) = >\AQS-

The case where the constraint cy s = 0 does not bind.

Then we get perfect risk sharing, i.e. ca,s =¢, and cy s = Y, — ¢ The prices are
qs = 71—su/(E)/)‘Aa
i.e. they are simply proportional to the prob of the states. Expected returns are the same on all assets!

The general case

There are two possibilities, for each state - either ps > 0, or ps = 0. In the first case, cy,s = 0 and
hence c4 s = Ys. Thus, ¢s = msu/(Ys)/Aa. Note that this requires:

ps = ANGs —Ts >0

A
- (u'(%s);j - 1> > 0.

In the second case, pus = 0, then

N ’
Ts = )\Nqs = T Tsu (CA,S)
Aa
and
CAs = c,
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where ¢ is defined through: Ayu'(¢) = Aa. Then ¢5 = ;T—N = %;(E) Note that state-contingent prices

are always given by the risk-averse agent (bc the RN agent is not at an interior solution - the risk averse
agent is the “marginal investor” here). Notice also that the state continent price exhibits a kink for ¢ = ¢.

Summarizing, if Yy < ¢, then cy s =0 and cas =Y, and if Yy > ¢, then ey s =Ys; —Cand ca s =C.
So this looks like a “debt contract”: agent A is perfectly insured as long as Yy > ¢, but if Y < € his
payoff is just Y;. (Plot payoffs and prices g5 as a function of Ys.)

The level ¢ is determined through the budget constraint:

S

qu (CN,S - yN,s) =0

s=1

QS(YS_E_yN,s)‘i' Z qs(o_yN,s):O

s;Ys>¢ s;Ys<e
meu' (T _ meu! (Y,
WOy, ey Y ) gy =0
sY.se 4 sY.<e A

This is one eqn in ¢. (Note that writing the budget constraint for the other agent of course is equivalent
given Walras’ law.)

Aggregate Utility Function

Note that an alternative way to find the equilibrium is to define an artificial representative agent.
Since markets are complete, the RA is defined through

V(C,A) = max {\u(ca)+en}
CA,CN
st. : cat+ten=C
CN Z 0

for some Pareto weight .
Note that the function V has a kink for C' = ¢. More precisely,

V(C) = M(C)forC<e
Au(c)+C —cfor C >¢

and as a result, risk aversion is

VIO W (C)C
A = = —
A = =0 @ (C)
and
RRA =0 for C > ¢.

Bottom line: the aggregate utility function’s risk aversion is state-dependent. Low in good states,
high in bad states, as in Campbell-Cochrane. There is perfect risk-sharing, only the risk-neutral agents
cannot provide insurance against very bad states because their consumption must be positive.

Deleveraging

How is the consumption allocation discussed in the model above implemented in terms of portfolios?
(e.g. suppose the model lasted more than one period) Losely speaking, the risk-neutral agent buys risky
assets, and sells risk-free assets to the risk-averse agent, i.e. the risk-neutral agent borrows from the
risk-averse agent. When bad shocks happen, the risk-neutral agent has to sell the risky assets to pay
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back the loans. Who can he sell the assets to in equilibrium? He has to sell them to the risk-averse agent!
But this agent doesn’t like the risky asset and he will be willing to hold these assets only if they sell for
a very low price i.e. the expected return is high. This is the mechanism through which asset prices fall.
The equilibrium market-clearing is critical, but it is not often measured or tested empirically.

Financial Intermediation

Perhaps one of the two agents above can be understood as as “hedge fund” or “financial institution”.
See Krishnamurthy and Zhe (“Intermediary Asset Pricing”) for such a model. They assume that house-
holds must hold securities through financial intermediaries. The wealth of financial intermediaries is then
a state variable for the economy, and when it is low, risk premia are higher.

Differences in beliefs and differences in risk aversion

Geanakoplos and coauthors.have written on the implications of belief heterogeneity when markets
allow for default and the margin (or haircut) varies over time. See also the paper by Alp Simsek.

Guvenen (very rough)

He studies a RBC model with 2 agents, one (“stockholder”) who can invest in stock or bonds, and
one (“worker”) can who can only buy or sell bonds. He finds that stockholder insures the worker, against
poor labor income realizations, and this insurance varies over the business cycle in such a way as to
make the equity premium time-varying. Guvenen shows this model can be made consistent with the
wealth distribution. The model implies that consumption of stockholders is quite volatile and correlated
with asset prices. There is indeed evidence for this (Vissing-Jorgensen, Parker, Malloy, Moskovitz), but
perhaps not quite “enough” to make the model work.
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12 Production Economies

These notes discuss asset pricing in models with production. So far we have concentrated on endowment
economies: the aggregate consumption and dividend are exogenous stochastic processes. In a sense, this
is all what we need to determine asset prices, since the SDF depends on consumption only, and the
dividends give us the payoffs of the assets we want to price. I call this the “demand” approach to asset
prices, as it results fro investors demand,

Vi=B; Y musy;Diy;.

j=1

Of course in general equilibrium, consumption and dividends are endogenous, but, in order to get asset
prices, we only need to know the equilibrium consumption process that is generated by the economy.
We do not need to know the production technologies, financing constraints, shock processes, etc. that
generate these equilibrium dividends and consumption processes.

There are still some reasons to be interested in production economies:

- First, a full explanation of the equity premium also requires to understand why the economy generates
such a consumption and dividend processes, given that alternatives may be feasible. See section 1 below.

- Second, in reality one can produce assets (through investment) and they are not in fixed supply
(trees). This leads to additional relations between quantities and prices, of the form

V; = PF K,

where PK is the price of investment goods. This is what I call the “supply” approach to asset prices, as
it results from the supply of capital (assets). Taking this into account can make it harder to solve the
equity premium puzzle. Example of housing or dot-com bubbles: why do prices rise so fast? Standard
endowment economy models assume the supply of these assets if fixed, and try to explain a change in
demand for these assets, which then leads to a change in the price. But they forget another restriction:
if it was easy to build new houses or new dot-coms, the price could not rise. (Usually in economics, we
think of prices as being supply-determined, price = cost through competition.)

What I find interesting about the “supply” approach to asset prices is that you do not need to make
an assumption regarding the stochastic discount factor, to obtain the value: you are using the fact that
the value = PDV of dividends = cost of creating the asset. Of course, this approach requires some other
assumption, e.g. on the cost of creating this asset. We cannot price anything: can only price the assets
that are effectively produced. But in general equilibrium of course, the price of the asset must equal both
the PDV of its dividends, and the cost of creating the asset. (In GE, price can be read from the supply
or from the demand!)

- Last, from a macro point of view we are interested in the implications of our models for macro
quantities and welfare. The asset pricing puzzles suggest something is terribly wrong with our basic model
of preferences (repr. consumer with CRRA utility). Presumably if we fix our model to match asset prices,
this will have important implications for quantities, and hence all the standard macro questions: business
cycles, welfare cost of taxes and uncertainty, etc.

Adjustment cost model (Cochrane 1991 JF)

One simple model of how to create assets is the Q-theory, or adjustment cost model. Suppose a firm is
just some physical capital. The firm can increase its assets by incurring some adjustment costs, ¢ (1%) .

Under constant returns to scale, we have V; = PXK; and

1
A= ().
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and hence the stock return is

PR (1—6) + Fr (K1, Nejr)
PtK

RtJrl =

Lots of testable predictions, which work reasonably well. However, the adjustment cost model also has
some limitations: (1) need large curvature of adjustment costs to generate volatile returns, (2) correlation
with data return is far from perfect, (3) no clear microfoundation given the observed lumpiness, (4) there
are some additional problems if you embed it into a GE model as we will see. Common wisdom in macro
is that the Q-theory model is rejected.

Aggregate time-series [Read the paper by Jermann, 1998 JME.]

Suppose we set up a standard RBC model:

EZﬁtU(Ct, 1-— Nt)a

t=0
Kt+1 = (]. - (S)Kt + It,
Cy + I < F(Ky, 2 Ny),
log 241 =+ plog ze + oey1, with 0 < p < 1.

A shock to TFP (g.41 >0) leads C, I, N, Y to rise. Permanent vs. transitory shock (plot IRF). Investement
rises more than consumption on impact. This model is a common benchmark, with a risk aversion of 1
or 2. It replicates roughly the volatility of consumption growth. Consumption growth is autocorrelated
but not very much (i.e. it is not far from iid). But of course with low risk aversion the risk premia are
very small.

So one can be tempted to increase risk aversion so as to generate large risk premia.?* However,
this may not work! Consumption becomes smoother as the agent changes investment to avoid adjusting
consumption. This is one central difficulty with production economies: the agent is not forced to accept
a shock to consumption, but can vary investment, hours or other margins instead.

Jermann (1998) studied a model with fixed labor, and introduced habits to help with the equity
premium. Habits similarly lead consumption to be very smooth, indeed too smooth compared to the
data. (The agent responds to a positive technology shock by adjusting investment more and consumption
less.) Because consumption is smooth, risk premia are not that high, despite the habit model.

Jermann’s solution is to add adjustment costs. The capital accumulation is
Iy
Kt+1 - (1 - 6)Kt + qb F Kt,
t

with ¢’ > 0 and ¢” < 0, so increasing the capital stock quickly is costly. The benchmark case is ¢(x) = =
linear. Jermann (1998) finds that adding these adjustment costs, consumption and investment now have
both about the right volatility. Moreover, the equity premium is high, and the equity return is volatile.
Hence, the conclusion: to get a large equity premium, consumers must care about the risk (high risk
aversion or habits), and they must be prevented from doing something about it (fixed labor and large
adjustment costs to the capital stock).

Limitations of Jermann’s paper: the model has fixed labor, which is a serious limitation to study
business cycles. The model has a very volatile risk-free rate, much more than in the data, because of the
habits. (They do not have the Campbell-Cochrane form.) In terms of business cycle dynamics, the model

24Because IES = 1 / risk aversion, we get a very low IES and hence very slow responses to shocks.
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is similar to a RBC model with fixed labor. Shutting down the hours margin and adding the investment
adjustment costs leads to less amplification, which is undesirable from a business cycle point of view.

Profit and dividend volatility

So far we have talked about how the consumption process generated from the model may change as
you change risk aversion or add habits. What about the dividend process? It turns out to be at odds
with the data. Defining dividends as profits net of investment, we have

Dt:Y;—tht—ItZ(l—a)Yt—It,

where « = capital share if production function is Cobb-Douglas. Two issues: (a) profits are not volatile
enough: here profits are proportional to output, so they have the same volatility, but in the data profits are
about 3 times more volatile than output. (There is surprisingly little research on this topic.) (b) Because
in good times investment goes up, dividends are typically countercyclical in this model. Incorporating
debt /equity choices and leverage can generate some additional volatility in dividends.

Return on capital volatility
Absent adjustment costs, the return on holding physical capital in the RBC model is

Rtlj-l =1- 5 + Fl(Kt+17Zt+1Nt+1)-

Bui (Cry1,1 — Ney1) e )
Et( w (Cr 1 = Ny) Rt+1 =1.

This return on capital is very smooth, since 1 — § is constant, and it is the largest share of the return;
and Fy (K41, 2e41Nir1) does not move much. Economic interpretation: you can produce (or destroy)
assets at price one, at the margin, so the value of capital is always equal to one, except for the current

dividend. Tobin q = —market value . _ 7 which implies no volatility of asset prices.
production cost

We have the FOC:

Adjustment costs make it costly to build capital quickly, and hence market value of installed capital

# production cost today. With CRS, average Q = marginal Q = p (1,t i} so a high investment rate means
K¢

a high price of capital. The value of capital is then
Vi = thta

and the return is

B — qry1(1 —0) + F1 (K1, 2041 Ney1)
e qt ’

so the return can be volatile because of “capital gains” i.e. change in the price, as in the data, if the
invesment moves around.

In practice these models tend to require large adjustment costs. These may have undesirable effects
on business cycle dynamics. In reality I suspect that it’s not just physical adjustment costs but also
intangible capital (getting new capital is easy but getting employees, customers, and so on is hard, but
this is rarely modeled or estimated; see Merz and Yashiv AER for an example with labor adjustment
costs).

Intangible capital

More generally, intangible capital is useful to understand the level of ¢, e.g.the fact that ¢ > 1 most
of the time (the fact that ¢ < 1 sometimes if even more of a puzzle). For instance, if a firm is formed by
adding some “idea” to physical capital, then ¢ > 1 since the value of the firm = value of idea + value
of physical capital and hence value of firm / value of physical capital > 1.Another important implication
of intangible capital is that it is related to long-run growth. For instance, Schmid and Huang consider
a Romer (1986) style model where firms invest in r&d, and consider the implications for firm values.
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Similarly, Panageas, Garleanu and Yang consider a model in the Romer (1990) tradition.One interesting
question is, what are the risk characteristics of intangible capital? May depend on complementarity of
intangible and tangible capital, the costs of accumulating/decumulating it, etc.

Tallarini: does risk aversion affect business cycle dynamics?

Tallarini (2000 JME) used a RBC model with variable labor, and with Epstein-Zin utility, to study the
effect of risk aversion on business cycle dynamics. He found that it was very small. A higher risk aversion
changes the “steady-state” (i.e. the average level of capital: there is more capital since agents want to
save more) but does not change the standard business cycle moments, such as o (AlogC),o (AlogY),
etc.

The intuition is that, in this model, the representative agent faces some constant risk. Increasing
risk aversion changes his average behavior, but does not lead to different dynamics since risk is nearly
constant. The TES matters, since it determines how fast you respond to a shock.

You can check my paper on “Disaster risk and business cycles”, for a production economy model
which has an analytical result similar to Tallarini, and some more results when risk varies over time.

Cross-section [Read the paper by Lu Zhang, 2005 Journal of Finance.]

As we discussed in the class, there is heterogeneity of expected returns - in particular, firms with
low Book/Market ratios have low average returns (and they do not seem to have a higher market or
consumption beta).

People sometimes study these questions given exogenously specified (and estimated) time series
processes for cash flows of these firms. But of course these cash flows must be generated, so there
are some natural economic questions:

- why are these firms different? (i.e. sources of heterogeneity)

- why do they generate these different cash flows? (esp. given that the market gives very different
values to these cash flow processes, so there are incentives to produce “safe” cash flows?)

- how do their investment, sales, etc. differ? does this matter somehow?

A natural source of heterogeneity is differences in productivity. Several paper consider the decision
problem of a firm which maximizes the PDV of dividends, and picks investment, e.g.

V(K,z,x,8) = max {D(K,z z,K')+ Ey|sM(s,s)V(K', 2/ ,2',s")},
where

x = idiosyncratic productivity, follows an AR(1)
= aggregate productivity, follows an AR(1)
aggregate states, which determine the SDF M (s, s)

®
Il

Dividend is
D(K,Z,J)7K/) = 7T(I(7Za-7;) — 1 =zzK*— f _I7

where f is a fixed cost, and
K'=(1-8)K +¢(I,K),

where ¢ is an adj. cost function, which may include irreversibility or asymmetric adj. costs.

Sometimes the model is GE, so M (s, s’) equals, say, SC(s")~7/C(s)~7, but often they just specify
an exogenous process for the SDF which is empirically reasonable, and work out firm values and firms’
decisions of investment from the above Bellman equation.
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How can a model be consistent with the facts above?

(a) First, what are the firms with low B/M i.e. high Q7 Well, V' is usually increasing in z and K, but
V(K,z,z,8)/K is decreasing in K if there are decreasing return to scale. A high z means you will be
profitable for a while (since z is persistent), so your value goes up. Hence, firms with high x relative to
their current K will have high Q.

(b) Why would these firms have low expected returns? Intuition in Zhang paper: asymetric adj costs.
A firm with a high «z is investing, and making profits, so if there is a bad aggregate shock (low z) it can
reduce investment easily and pay dividends. In contrast, a firm with a low z is currently not investing, if
z falls it will have to disinvest, which is costly, and it will have very low (even negative) dividends, so it
has low payouts in bad states. Hence the low x firms (which are the low @ firms) are more risky because
they have less flexibility to smooth dividends in the face of aggregate shocks. See the Zhang paper for
much more, some nice quantitative experiments (turning on/off the physical adj. costs and the SDF) and
some interesting predictions for the pattern of investment, Q, and returns. Some of these implications
have not yet been tested, however. There are extensions that allow for financial constraints, labor adj
costs, etc., but this is still a fairly recent literature.
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