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DELEGATION AND INTERMEDIATION

BY DILIP MOOKHERJEE AND MASATOSHI TSUMAGARI'

In a onc-principal two-agent model with adverse sclection and collusion among
agents, we show that delegating to one agent the right to subcontract with the other
agent always carns lower profit for the principal comparcd with centralized contract-
ing. Delegation to an intermediary is also not in the principal’s interest il the agents
supply substitutes. It can be beneficial if the agents produce complements and the in-
termediary is well informed.

KiywoRrDs: Delegation, hicrarchy, intermediation, collusion, principal-agent, auc-
tions, procurement.

l. INTRODUCTION

WE STUDY THE VALUE of alternative ways of organizing production or supply
relationships for a Principal (called P). There are two agents A4, and A, sup-
plying distinct inputs that combine to form an output valucd by P, according to
a quasiconcave CRS production function. The agents are privately informed
about their own supply costs, which arc distributed according to independent,
continuous onc-dimensional random variables. A, and A, can coliude with
onc another, whercby A, offers an enforceable side contract to 4, which is
unobserved by P The side contract coordinates cost reports, and rcallocates
production assignments and payments between the agents. In the case where
the agents supply perfect substitutes, this reduces to the design of a procure-
ment auction with collusion and resale among bidders.

Anticipating collusion among the agents, P may consider contracting with A,
alone, delcgating to him the authority to contract with A4,. Or P may con-
sider delegating this authority to an intermediary M not dircctly involved in
production, but possessing superior information about agents’ costs. That de-
centralization may be an optimal responsce to collusion is a theme that has
been explored recently by a number of authors (Baliga and Sjostrom (1998)
and Faurc-Grimaud, Laffont, and Martimort (2003)). We address this qucs-
tion in the context described above by comparing the following three contract-
ing arrangements. In centralization with collusion (CC), P personally contracts
with both suppliers, who can collude with one another. Delegation to a sup-
plier (DS) is a setting where P contracts with A4, alone, and delegates to A4, the

'Earlier versions of this paper have previously been circulated under different titles: “The
Organization of Supplicr Networks: Effects of Mergers and Delegation,” and “Delegated Man-
agement and Contract Intermediation.” We have benefited (rom discussions with Jean-Jacques
Latfont and Gorkem Celik, detailed suggestions of three anonymous referces, and comments of
seminar participants at Boston University, Cambridge University, University of Chicago, Kcio
University, Kyoto University, University of North Carolina, Stockholm School of Economics, and
the April 2001 Decentralization Conference at Northwestern University.
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authority to contract with A4,. And in delegation to middleman (DM), P del-
cgates to an intermediary M authority to contract with 4, and A,. In a pro-
curement setting, these correspond to P contracting with a “prime” supplier
who subcontracts with other supplicrs in DS, with a middleman with special-
ized information in DM, and directly with all suppliers in CC. In the context
of a firm owned by P, CC corresponds to the firm managed by its owner, DS by
one of the workers, and DM by a professional manager possessing specialized
information about production costs but othcrwise uninvolved in production.

Our first main result is that the presence of collusion does not justify dele-
gation to a supplier: DS is strictly dominated by CC in gencral. By contracting
with both suppliers, the Principal can affect their outside options when they
bargain over a side contract. This reduccs the severity of the problem of dou-
ble marginalization of rents inherent in vertical contracting relationships (Tirole
(1986, Chapter 4)). The problem arises from the monopsony power cxercised
by A, over A in the subcontracting rclationship in DS, causing a markup in
A\’s subcontracting cost over A,’s production cost and consequent underpro-
curement. Moreover, A, is privately informed about his subcontract cost while
contracting with P, causing a double markup in P’s effective cost of procuring
from A,. The inflation of procurement costs owing to the cascading of infor-
mation rents across vertical layers causes P to procurce too little of the final
good, besides distorting allocation of inputs across the two agents. Under cen-
tralization P can offer a contract to both agents that provides a higher outside
option to A, while bargaining with A, over the side contract. This reduces
A\’s monopsony power in the subcontracting rclationship, casing the extent of
double marginalization of rents.

Delegation to a middleman M who is informed about supplier costs has the
potential advantage of limiting rents earned by A4, and A,, and avoiding the in-
put allocation distortions that DS entails. This enhances efficicncy in the re-
lationship between the middle and bottom tiers of the organization. On the
other hand the agency problem between the top and middle tier is accentu-
ated, since P now deals with a single consolidated agent M who controls the
supply of both inputs and is privately informed about the cost of cach. Such
consolidation limits “compctition” but facilitates “coordination” among sup-
pliers. We show that delegation to M is never worthwhile for P when the two
inputs arc substitutes, owing to the dominance of the compctition-suppressing
effect. However delegated intermediation is profitable for P if the two inputs
are complements, and some distributional conditions (that limit the “loss of
control” attending delegation) happen to be satisfied.

Moreover, DM is not dominated by a larger centralized arrangement where
P retains the right to contract personally with M and the two supplicrs, if M
colludes with the suppliers against P and is perfectly informed about agents’
supply costs. If M is not subject to asymmetric information vis-a-vis the suppli-
crs, there is no problem of double marginalization of rents in this delegation
arrangement that P can rectify by contracting directly with all the agents.
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The potential benefits of intermediation do rely on the specialized informa-
tion possessed by the intermediary about supplicr costs. If M has the same
information as P, we show that DM is worse than cither of the other two al-
ternatives DS or CC. In that case P contracts with an agent (M) that is less
informed than A, implying that the coalition with which P deals is subjcct
to higher cost in DM compared with DS. This exemplifics a gencral principle
that P prefers to deal with a more “internally cfficient” coalition, defined by
the shadow cost to the coalition of delivering the final output to the Princi-
pal. However greater internal cfficiency need not correspond to lower infor-
mational distortions within the coalition. For instance, in CC the coalition is
subject to asymmetric information, whereas it is not in DM. The comparison
between them can go either way, depending on whether the inputs are comple-
ments or substitutes. On the other hand, if P has to choosc between delegating
authority between the middleman, and cither of the supplicrs, then it is bet-
ter to delegate to the better informed agent. In genceral, the shadow cost of
the coalition depends on a number of other parameters besides information
structure, such as allocation of bargaining power and complementarity or sub-
stitutability of the inputs.

In summary, we find that delegation is justified only to intermediarics or
middlemen, in circumstanccs involving technological complementarities and
where the intermediary is sufficiently well informed. Our model differs from
much of the existing litcraturc on collusion in organizations by allowing a gen-
eral production function, and supplier cost shocks represented by contin-
uum rather than two-point random variables. The relation of our results
to those of existing literature on delegation and collusion (such as Baron
and Besanko (1992, 1999), Baliga and Sjostrom (1998), Cclik (2002), Faurc-
Grimaud, Laffont, and Martimort (2003), and Laffont and Martimort (1998))
is discussed in detail in Section 6.

Section 2 presents the model. Section 3 describes the CC structure. Section 4
then describes DS and compares it to CC. Section 5 is devoted to results con-
cerning DM. Section 6 discusses the relation to existing literature, while Scc-
tion 7 concludes by discussing extensions, shortcomings, and future dircctions.
All proofs are gathcred in the Appendix.

2. MODRL

A principal (P) values an output jointly produced by two supplicrs A, and A,
according o a production function ¢ = Q(¢,, ¢2), where ¢; denotes the product
delivered by A;. O is homogeneous of degree one, quasi-concave and strictly
increasing in cach argument. P’s return from final product ¢ is V' (¢), where
7 is a twice continuously differentiable and strictly concave function satisfying
Inada conditions. We shall assume that both agents arc essential in the produc-
tion process: ¢; = () implics Q = 0, i.c., the production isoquants do not touch
the axcs. The interiority of production assignments simplifics the analysis, but
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is not essential to the results. The results extend to the case of perfect substi-
tutability (as in a procurement auction), where g = gy + ¢2.°

Ay’s cost of supplying g, is 6,q;. 0, is observed by A;, but notby Por A4;, j # i.
It is common knowledge that P and A; share common beliefs over the realiza-
tion of 6;, represented by distribution function F;(6;) and density f;(0;) on the
interval [0, 6;1. 6, and 0, arc independently distributed. The density function
/; is assumed to be continuous, bounded, and everywhere positive on its sup-
port, with a monotonc hazard rate: F;(6;)//;(6;) is nondecrcasing in 0.}

M is a fourth-party intermediary who plays no role in production, but may
be better informed than P about the realization of supplicr costs. We shall con-
sider two polar cases, onc where M has perfect information regarding 6y, 65,
another where she has exactly the same information as P. In Section 7 we dis-
cuss how our results arc likely to extend to the case where M is imperfectly
informed about supplicr cost.

P and all the agents are risk neutral. P’s objective is to maximize the expected
value of 1, less expected payments to the agents. M’s objective is to maximize
expected transfers received, and supplier A4; secks to maximize expected trans-
fers received, less expected production costs. M and the two suppliers have
outside options equal to 0.

Before proceeding to consider the different contracting nctworks it is useful
to establish a simple result concerning ranking of different agency problems
according to the distribution of unit costs. Since the suppliers and intermedi-
ary collude with onc another, the Principal’s problem in any given setting can
be viewed as contracting with the supplicr-intermediary coalition which collec-
tively delivers the final output at a particular (shadow) unit cost, determined by
the outcome of side contracting within the coalition. The following result states
that different coalitional structures can be ranked by their respective shadow
costs.

PROPOSITION 1: Consider the problem of P contracting with a single agent who
delivers final output g at a unit cost of either ¢, or ¢;, where: (a) ¢, i =1,2, s
distributed over some nondegenerate interval with a continuous positive density
function g; (with associated distribution function G,), and (b) the distribution
of ¢, first order stochastically dominates that of c,. Then P’s expected profit when
the agent’s cost is ¢, is at least as high as when it is ¢, (and is strictly higher if
G,(c) > Gi(c) for (almost) all ¢ in the support of ¢y).

2This follows from the fact that such a production function can be obtained as the limit of
a scquence of CES production functions with clasticity of substitution converging to oo.

3The case where the density is zero at cither endpoint can also be accommodated, with the
understanding that the hazard rate is set at any such endpoint to ensure that the hazard rate is
continuous over the support.
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3. CENTRALIZATION

In the absence of collusion between the supplicrs, analysis of the central-
ized rcgime is standard (analogous to the analysis of auctions by Myerson
(1981)). By the Revelation Principle, P can confine attention to the class of
revelation mechanisms, in which both suppliers agree to participate and report
their costs truthfully. Such a mechanism is depicted as ¢,(0), X:(0), i = 1,2,
where 0 = (64, 6,), q; denotes the production assignment and X; the pay-
ment to A;. Using the approach of Myerson, the optimal revelation mech-
anism can be shown to be found by first selecting production assignments
g<(0), i =1,2, to maximize pointwise V(Q(q,, ¢2)) — Zil hi(0;)q; the differ-
cnee between principal’s revenue and virtual costs. The virtual unit cost of ¢; is
hi(0:) = 0, + (Fi(0,)/ fi(0:)), the sum of production cost (6;) and informational
rent F:(0;)/f:(0;) that accrues to A;. The incentive to limit such rents causes P
to procurc less than in a first-best perfect information setting from cach sup-
plier. Letting 7(0) = max,, .|V (Q(q1, ¢2)) — Z?,I 0:g;] denote the first-best
profit function, the Revelation Principle implies that the expected profit of P
in this sctting 11 = Iy (h,(6,), hy(0,)) represents an upper bound to profits
in any mechanism that does not involve M.

We now introduce collusion between the suppliers. We adopt the standard
formulation in the literature following Tirole (1986) that collusion consists
of an cnforceable sidc contract between the agents, where they can coordi-
nate cost reports to P, and reallocate production assignments and payments
rceeived from P The side contract cannot be observed by P, nor can P verify
what payments or production reallocations occurred between the two suppli-
ers. P can however verify aggregate output ¢ delivered by the coalition, so that
production reallocations can consist only of changing the relative contributions
of the two supplicrs to the final output. In the context of an auction where
O = ¢, + ¢, the side contract amounts to a resale contract.

We make a specific assumption concerning allocation of bargaining power
within the coalition: A4, makes a take-it-or-leave-it offer of a side contract
to Ay. If A, refuses, they play the contract offered by P (which we shall re-
fer to as the grand contract (GC)) noncooperatively. Hence the grand con-
tract serves as the outside option for the two supplicrs when they negotiate
a side contract. The side contract is subject to asymmetric information within
the coalition, since A, docs not know A4,’s cost. Accordingly, the side contract
involves exchange of messages between the supplicrs, which leads to a joint de-
cision concerning the reports they send to P and a reallocation of the payments
and production assignments mandated by the grand contract corresponding to
their joint report.

Formally, the nature of contracts and timing of moves in the CC game is as
follows:

(CCI) Poffers grand contracts g;(my, m»), X:(my, m,), i = 1, 2, to both sup-
plicrs, where m; is a message submitted by A;, consisting of a decision whether
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or not to accept the grand contract, and a cost report in case of acceptance.
If either of the two agents does not aceept, then payments and production as-
signments for both are identically zero.

(CC2) A, offers a side contract m(ey, ¢2), h(ey, €2), Gi(e, e:) to A,, satisfy-
ing the constraint Q(g(m(e))) = Q(g(e)) for all ¢, where e = (e, e,) denotes
a vector of cost reports exchanged internally within the coalition, g = (g1, ¢2)
is a production assignment decided by the coalition, m = (m,, m,) is the sct of
cost reports submitted to P, and £, is a side payment from A, to A,.

(CC3) A, decides whether to participate in the side contract. If not, agents
play the mechanism designed by P noncooperatively. Otherwise the game con-
tinucs.

(CC4) A; observes realization of 6;.

(CC5) A, and A, reconsider whether to participate in the side contract. If
cither of them decides not to participate, they play the mechanism designed
by P noncooperatively. Otherwisc they play according to the side contract and
exchange cost messages ¢; and ¢;.

Centralization in the absence of collusion among suppliers (denoted by C)
corresponds to the case where stages (CC2) and (CC3) do not appear, while
stage (CC5) is modified to independent reporting of costs and participation
decisions by the two supplicrs to P. In that case P can verify the input supplied
by cach agent.

Note the following features of this formulation, many of which are shared by
other organizational variants to be studicd subsequently:

(a) The side contract is offcred ex ante by A, before cither supplier has
lcarned his cost. One interpretation is that A, and A, are two firms that par-
ticipatc in many different procurement auctions organized by diffcrent pur-
chascrs. So the side contract represents a long-term arrangement between the
suppliers specifying how they collude in a large variety of future procurement
scttings. The convenience of this formulation is that “informed principal” is-
sues do not arise in the analysis of side contracts.

(b) The suppliers can postpone responding to P’s contract offer until after
they have communicated with onc another. This pertains not only to the bids
they submit but also whether they decide to participate in the auction.® This
scems natural: when agents collude, it would be hard for P to prevent them
from communicating with one another before they respond with a participa-
tion decision to the GC. Collusion thus allows participation decisions of the
agents to be postponed from the interim to the ex post stage, compounding
ageney problems. Note also that coalition members have an ex ante as well
as interim opportunity to decide whether to participate in the side contract.
This is natural given that the side contract is negotiated ex ante as a mutually
profitable long-term agrecment, in which participation is voluntary. In most

*In this respect our model differs from Faure-Grimaud, Laffont, and Martimort (2003), where
participation decisions arc made at the interim stage, and bids at the ex post stage.
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situations interim participation implics ex ante participation, so the latter is re-
dundant. Nevertheless, it simplifies our arguments in some places so we prefer
to include the ex ante participation decision explicitly.

(c¢) The cnforceability of the contracts offered by P depends on whether
the agents collude, since collusion alters the information about inputs sup-
plicd by different agents that is verifiable. In general, verifiable information
includes signals ¢}, ¢35 of the respective contributions ¢q,, g, of the two agents
(c.g., based on accounting information), and their joint output ¢ (bascd on
physical cvidence). The grand contract specifies targets for the contributions of
cach agent, based on the realized signals. Collusion permits the agents to cost-
lessly manipulate the signals of their respective contributions in a way that is
consistent with their true joint output (i.e., so that Q(q), ¢3) = Q(q, ¢») = q).
One agent can thus claim to produce more than she actually did, only if the
other agent correspondingly claims to have produced less. In the case of an
auction, for instance, this takes the form of one firm transferring some of its
output clandestinely to the other agent in exchange for a side payment. In the
absence of such collusion, the observed signal of cach agent’s production is the
truc production level: ¢t =g, i = 1,27

(d) All the bargaining power in side contracting has been assigned to A, (as
it will be in the DS regime). The purpose has been to ensure that the structure
of the side contracting game does not vary between centralization and delega-
tion, and this structurc scems natural in the case that P dclegates subcontract-
ing authority to 4,. A more general formulation may involve side contracts
designed by an arbitrator acting on behalf of the agents, who assigns a given
set of welfare weights to the utilities of the two agents. Our formulation corre-
sponds to the case where a zero welfare weight has been assigned to A,.

4. DELEGATION TO A SUPPLIER

The DS game consists of the following stages:
(DS1) P offers a contract g, (m), g.(m), X (m) to A,, where m is a message
sent by A, that specifics if 4, agrees to participate, and if so can consist of

It would not be equivalent for P to instead offer a single collective grand contract to the coali-
tion, specilying aggregate payment and collective output of the coalition corresponding to their
joint reports. This presumes that the two supplicrs must neeessarily side contract with one an-
other, in order to assign their relative production assignments and payments within the coalition.
In this case, if the suppliers fail to agree on a side contract, there will be no production or pay-
ments, and CC will reduce to the DS regime. As we shall show below, it is essential in CC that
P offers a set of grand contracts, the noncooperative play of which represents a fallback option
for the agents should they fail to agree on the side contract. This option affccts relative bargain-
ing power of the two agents and thus (despite never being utilized in equilibrium) represents the
key advantage of centralization over delegation.
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a report concerning supply costs.® In the event of nonparticipation, g, = ¢, =
X, =0.

(DS2) A, offers a side contract m(e, ¢,), Ley, ¢2), (e, e2) to A, satis-
fying the constraint Q(g(m(e))) = Q(g(e)) for all e, where e; denotes a cost
message to be submitted by A; to the other supplier, m denotes the report
that A, will subsequently submit to P, and ¢, is a transfer from A, to A,.” In
the event that 4, does not participate in the side contract in either (DS3) or
(DS5), £, =0, A, must also decide not to participate in the contract offered
by P.

(DS3) A, decides whether to participate in the side contract. If not, the
gamc ends here. Otherwisce, the game continues.

(DS4) A, observes the realization of 6;.

(DS5) A, and A, decide whether to participate in the side contract. If either
decide not to, the game cnds here. Otherwise, it continues.

(DS6) A,, A, exchange cost messages ey, ¢;.

Here side contracting takes place under a setting similar to that in centraliza-
tion with collusion (CC). A4, has the power to make a take-it-or-leave-it offer
to A,, and A, responds to P’s prime contract offer only after communicating
and contracting with A4,. The only diffcrence is that P does not separately con-
tract with A,. Refusal of the side contract offered by 4, now implies that no
production will take place, so A4,’s options are now restricted. P can thus triv-
ially achieve the outcome of DS in CC by offering a null contract to A4, in the
latter. Whether CC strictly dominates DS depends on the value of offering A,
a side contract option as well, in order to augment A,’s bargaining power in
the side contracting game.

It is easily seen that DS reduces to the problem in contracting with A, alone
for delivery of the final output. Given any output target, 4, will allocate pro-
duction assignments in order to minimize the sum of his own production cost
0,4, and the rent-inclusive “virtual” cost h,(6;)g, of procuring from A,. If
c(0y, 6;) = min{6,q, + 6.9,|Q(q, g») = 1} denotes the minimum unit cost of
delivering one unit of final output when input ¢; costs 8;, A,’s effective cost of
delivering one unit of the final output in DS cquals ¢(0y, #,(6,)). The max-
imum profit that P can attain in DS is thus represented by the solution to
a single agent problem in which the agent delivers the final output at unit cost
c(0y, hy(8,)), and is privately informed regarding the realization of this cost.

°In this regime, the contract with A4, can cquivalently be specificd in terms of a target for the
joint output ¢ rather than the detailed contributions of cach agent, since there is no “fallback”
noncooperative game that the supplicrs can play in the event they fail to agree on a side contract.

"The assumption that the side contract is ncgotiated before cost realizations are known implies
that the side contract offer by A, docs not communicate any information to A,. Dropping this
assumption (i.c., allowing the side contract to be offered after costs arc observed) would make
no difference to the results, by virtue of the results of Maskin and Tirole (1990), and the fact that
utilitics are quasilinear.
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This can be solved using the techniques of Baron and Myerson (1982). With-
out loss of gencerality, A4, will be asked to report the realization of his unit cost
¢(0y, hy(6,)), and the output target will be a nonincreasing function of this re-
ported cost (henceforth denoted g”*(¢)). A, will be able to exploit his private
information about the realization of both 0, and /,(6,), and the fact that she
can decide whether or not to participate in the prime contract ¢x post. [t fol-
lows that the optimal payment to A, following report of unit cost ¢ will be
X5y =cq™(c) + [ g™ (y)dy, where ¢ denotes the upper endpoint of the
support of ¢(6y, h,(6,)).

It is well known that under these conditions, DS will result in a strictly
lower profit for P compared to C, centralization in the absence of collusion
(as explained in more detail in Melumad, Mookherjee, and Reichelstein (1995,
Theorems 1 and 3)). The following decomposition of X makes this clear:

ey 0 ))
(1) XS = E(,[C(HI, 2 (0:))q ™ (c(0y, 7o (02))) +/ q”“'(y)dy}

(0 1a(02))

. . (71 .
= Eu[(hq(“ + hy(0,)q)"° +/ gl (v, ha(0,)) dy

0,

llz(i)z) o
+/ qz’”(ﬁl, h)clh]
/

15((h)

/rz(i/z)

= Eu|:h|(9|>dlm +ha(02)4y" + / ¢, (01, I dh]’

Ia ()

where ¢ = ¢.(0,, hy(0,))g™ (¢(0y, hy(6,))) denotes the production assign-
ments in DS. Since cach agent’s assignment ¢ is nonincreasing in 0;, these
production assignments can be implemented in C. The minimum expected cost
of implementing them in C will be

(2) Ey[hi(00)g™ + ha(0:)q, |

Comparing (2) with (1) it follows that optimal assignments in DS can be im-
plemented in C at lower cost.

The difference is represented by the last term on the right-hand side of (1).
This reflects the double marginalization of rents, arising from rents carncd
by A, owing to privacy of his information vis-a-vis P with regard to the magni-
tude of the rents paid to 4,. If A, could be compelled to respond to the prime
contract with his participation decision at the interim stage before communi-
cating with A,, these “double” rents could be taxed away by P upfront in the
prime contract. The fact that A, responds cx post prevents P from extracting
these rents. Limited liability constraints (or risk aversion) of A4, would produce
the same effect, as emphasized by McAfee and McMillan (1995).
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1188 D. MOOKHERIJEE AND M. TSUMAGARI

The double marginalization results in two kinds of distortions. The first and
more fundamental one is reduced procurement of the final good, owing to the
increased procurement cost resulting from cascading of rents across two verti-
cal layers. This distortion applies irrespective of the naturc of the production
function.

There is a supplementary distortion in the allocation of inputs bctween
the two agents, in the case of a technology that admits some substitutabil-
ity. The double markup applies to inputs procured from A,, whereas only
a single markup applies to the input supplicd by A,. This results in a bias
in production assignments in A,’s favor, which takes the form of insutficient
“outsourcing” by A, to A,. The second-best production assignments (in the
optimal centralized contract) involves the unit cost function c¢(4,(6,), 1,(6,)).
Accordingly relative contributions of the two suppliers ¢,/g» which should
optimally equal ¢,(/,(6,), h2(02))/c2(h((8,), ha(0,)) are set by A, cqual to
C](()[, /72(02))/(,'2(01, //12(02)) instcad.

Nevertheless, the main question of interest for us pertains to comparison
of DS with centralization in the presence of collusion. The problem of double
marginalization of rents arises in CC as well, where 4, makes a take-it-or-
leave-it offer of a collusive side contract to A,. The relevant question is the
relative magnitude of the double rent problem in the two settings. As we have
explained above, the only diffecrence between DS and CC is that in the latter
P has the opportunity of contracting with both suppliers, thus manipulating
Ay’s outside option when they bargain over a side contract.

Our first main result is that this opportunity to manipulate outside options of
colluding suppliers is always valuable to P, so delegation to a supplier continucs
to be dominated by centralization even in the presence of collusion.

PROPOSITION 2: There exists a grand contract that, if offered by P, induces
a (perfect Bayesian) equilibrium in the continuation game in CC, which generates
a higher expected profit for P than any mechanism in DS.

The basic idea is that increasing the outside option of an agent who carns
informational rents can causc incrcased efficiency. This is familiar from mod-
els of moral hazard with limited liability (e.g., scc Mookherjee (1997) or
Banerjce, Gertler, and Ghatak (2002)), and adverse sclection models with
type dependent rescrvation utilities (Lewis and Sappington (1989) or Jullicn
(2000)). Forcing the contract designer (A;) to offer higher rents to a sup-
plying agent (A,) reduces the productive distortion resulting from the de-
signer’s (A,’s) incentive to minimize informational rents of the agent (A,).
It causes A, to move closer to maximizing the sum of the rents of the two
suppliers, rather than expand his own rent at the expense of A,.

To explain this point, consider a designer denoted C who wishes to procure
quantity ¢ of a good valued at V' (g) from an agent denoted A, privately in-
formed about her production cost 6g, where 6 is distributed on an interval
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[0, 0] with density f, distribution F, and corresponding virtual cost () =
0+ (F(0)/f(0)). Suppose the agent has an interim outside option of 0 for all
types. Then the optimal procurement ¢(60) maximizes E[V (¢(0)) — h(6)¢(0)]
subject to a monotonicity constraint on ¢. Ignoring the monotonicity con-
straint, ¢(#) is chosen to pointwise maximimize V (¢) — h(6)q, so the rent-
inclusive virtual cost /(6) is the shadow cost of procurement.

Now supposc A has a supplementary cx antc outside option of u > 0, whilc
her interim options are unchanged. Given the magnitude of informational
rents implied by incentive compatibility, C’s problem is subject to the addi-
tional participation constraint

Trw _
L[/,(()) q(())} +U>u,

where U denotes the interim rent of type 6 of agent A. Letting A denote the
shadow price of the ex ante participation constraint, and again ignoring the
monotonicity constraint, the optimal procurcment ¢(0) now pointwisc maxi-
mizes V (q) — h(0)g+ ALF(60)/f(6)]g. Hence the shadow cost drops from A(0)
to h(0) — ALF(6)/f(0)] whenever A s strictly positive, i.c., when the ex ante
participation constraint binds.

The original distortion arose from C’s incentive to underprocure in order
to limit the informational rents paid to A. If A’s outside option is raised,
then there is no need to underprocure as much as previously. Given the origi-
nal underprocurcment, raising the amount procured (rather than paying more
lump-sum) is the cfficient way of awarding A higher rents. This corresponds
to a lower shadow cost of procurement, as raising ¢ by onc unit relaxes the
participation constraint, which is valued at the corresponding Kuhn-Tucker
multiplier of the constraint (appropriately normalized). If we identify C with
Ay, A with A, g, 0 with q,, 6, respectively, it is evident that A4,’s shadow cost
of procuring from A, falls from /,(6,) to

15(6,)
f2(02) "

This causes A;’s shadow cost of delivering the final output to drop from
c(01, hy(6:)) 1o (6, z,-,(6,)), and Proposition 1 can then be applied.

More specifically, the proof of Proposition 2 is based on the following sct of
contracts offcred by P to the two agents under centralization. Thesc contracts
mimic what the outcome of DS would be if A4,’s shadow cost of procuring
from A, were to hypothetically cqual

Z]..)\(Hz> = Hg + (] — /\)

15(0,)

Z(r(02> = + o=,
BTN

where a is a parameter lying between 0 and 1. The case of « < | corresponds
to a lower procurement cost than the outcome under DS (which corresponds
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to a = 1). Accordingly it corresponds to higher procurement and rents for A,
relative to the outcome of DS.

With these contracts serving as the status quo for collusion, the proof shows
that it is optimal for A4, to not offer any side contract at all, i.c., to proposc
that they play P’s mechanism noncooperatively. In other words, with outside
options formed by the hypothctical DS mechanism corresponding to procure-
ment cost z,, the optimal side contract for A4, mimics the outcome of this
mechanism exactly: the shadow price A in the optimal side contract equals
| — kb

Notc that this construction implements in CC an outcome that is one possi-
ble equilibrium of the CC game following offer of the constructed grand con-
tract.” We have not been able to establish if this is the unique cquilibrium of
the continuation game. Note however that there cannot exist an altcrnative
cquilibrium that cx ante Parcto dominates (from the agents’ standpoint) the
sclected equilibrium—for if there were, it would have been in A,’s interest to
proposc a side contract that plays the alternate cquilibrium. Moreover, alter-
native (but morce complicated) grand contracts can be constructed in CC with
a unigque noncooperative equilibrium in undominated stratcegies, the collusive
outcome of which strictly dominates DS."

The generality of Proposition 2 is notable: it applies irrespective of the na-
turc of the technology or information structure. The suboptimality of dele-
gation to a supplicr is in contrast to the results of Baliga and Sjostrom (1998),
Faure-Grimaud, Laffont, and Martimort (2003), and in line with those of Cclik
(2002). One question raised by a referee concerns the role of the assumption
that P cannot monitor the inputs of the two agents separately. In the case of
perfect complementarity between the two agents’ tasks, note that such moni-
toring has no value, and yet Proposition 2 applics in that casc. Intuitively, mon-
itoring inputs can possibly alleviate the distortion in input assignments that
ariscs when there is some substitutability between them. But it cannot alleviate
the distortion in the quantity of the final good procured by P, which arises ir-
respective of the nature of the production function. We suspect therefore that

§the structure of the argument is as follows. The side contracting problem is complicated by
type dependent interim participation constraints, in addition to a higher ex ante participation
constraint for 4>. We deal with this by first rclaxing the interim participation constraints to a
zero outside option for cach type, and preserve only the ex ante constraint. Then the shadow
price of this constraint A has to be at least 1 — «, otherwise the amount procured from A, is
too little to attain the required ex ante rent, necessitating an additional lump-sum transfer. It
is cheaper to procure more and reduce the lump-sum payment. On the other hand, it A exceeds
I — v, then A5 is given more rents than is neeessary. So in the optimal side contract A must exactly
equal | — q. This means that the side contract replicates the contract offered by P without any
collusive manipulation. Henee ignoring the type-dependent interim participation constraints, we
obtain a solution that automatically satisfics those constraints, since the interim outside options
arc given by the interim rents from noncooperative play of P’s offered mechanism.

“The approach of Baliga and Sjostrom (1998) is similar in this respect.

WThe proof of this is available on request.
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the result extends also to the case where inputs are monitored. But we have
been unable so far to confirm this in general, owing to the complexity of the
multidimensional incentive problem in DS with input monitoring. However we
have been able to verify that the result is valid with input monitoring in the
case where the cost shocks of the two agents are identically and exponentially
distributed with a lower bound of ().

5. DELEGATION TO A MIDDLEMAN

Now supposc P contracts only with an intcrmediary or manager M, and del-
egates to M the authority to contract with the two supplicrs. Given P’s inability
to monitor inputs, P contracts with M only over the final output. Given such a
contract, M offers contracts to the two suppliers that determine their produc-
tion assignments and payments as a function of cost reports they submit to M.
Formally, the DM game consists of the following stages.

(DM1) P offers a contract g,(m), g2(m), Xy (1) 10 M, where m is a mes-
sage to be sent by M that includes a decision whether to participate, and in that
event a cost report. In the event of nonparticipation, ¢, = ¢, = Xy = 0.

(DM2) M offers side contracts £;(eq, ¢y, €2), gi(ea, ey, ex) to Ay, Ay, along
with a planned participation decision and cost report miey, ¢, ¢2) 1o be sub-
mitted eventually to P, where ¢; denotes a cost message Lo be submitted by A,
and e,; by M. The side contract must satisfy the constraint that Q(¢g(m(c¢))) =
Q(qg(e)) forall ¢ = (ey, ey, ¢2). In the event that onc of the supplicrs declines
{o participate, ¢, = g =6 = h = 0, M must also decide not to participate in
the contract oftered by P

(DM3) A, and A, decide whether to participate in the side contract. If ci-
ther decides not to participate, the game ends here. Otherwise it continucs.

(DM4) A; observes the realization of 0, and s;, i = 1, 2; M observes the re-
alization of s;, i = 1,2, where s; is a signal of 6;, which is cither completely in-
formative (s; = 0;, i = 1, 2) or completely uninformative (in which casc M has
the same beliefs as P over ;).

(DMS) Mand A4;,i=1,2, reconsider whether to participate in the side con-
tract. If any of them decides not to participate, the game ends here. Otherwise
the side contract is played: A, submits report ¢; and M submits ¢y,

In delegating to M, P does not contract with the suppliers at all. Accordingly,
M has the power to make a take-it-or-leave-it offer of subcontracts to the sup-
plicrs, who have no opportunity to produce anything if they happen to turn
down the subcontracts offered by M. This is analagous to DS where A, doces
not have the opportunity to produce if he turns down the subcontract offered
by A,.

The version of centralization with collusion that corresponds to DM is one
where P personally contracts with all threc agents M, A, and A,, with M sub-
sequently proposing a side contract to the two supplicrs. In this casc the sup-
plicrs have the option of refusing the side contract offered by M and playing
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the mechanism proposed by P noncooperatively. We refer to this organiza-
tional variant as centralization with M and with collusion (CMC). In cffect,
M is treated as a supervisor who is asked to report what he knows about the
realization of the supplicr costs to P, who can use this information in designing
supply contracts for A, and A,. But M can collude with the suppliers with re-
gard to the reports she submits, limiting what P can achieve from extending the
centralized mode to incorporate M. This game consists of the following stages.
(CMCI) P offers a contract to all three agents:

(XM(W), Xi(m), Xo(m), q,(m), f]z(m));

where m = (my, m,, m,) denotes their respective cost messages. In the cvent
that any agent A4;,i =1, 2, or M decidcs not to participate, Xy = X; = ¢; =0,
i=1,2.

(CMC2) M ofters a side contract m(ey, ey, ), ti(ey, e, ), gieu, e, ea),
i=1,2,to A, and A,, where ¢; denotes a cost message to be submitted by
A;, and ey a message to be submitted by M. The side contract must satisfy the
constraint that Q(g(m(e))) = Q(g(e)) forall e = (ey, ey, er).

(CMC3) A;,i=1,2, decide whether to participate in the side contract of-
fered by M. If either of them decides not to participate, they play P’s mecha-
nism noncooperatively. Otherwise the game continues.

(CMC4) M and A, obscrve the realization of their signals s; and 6;, i =1, 2,
respectively.

(CMC3) M and A;,i= 1,2, decide whether to participatc in the side con-
tract offered by M. If either of them decide not to participatc, they play P’s
mechanism noncooperatively. Otherwise the game continues.

(CMCO) M, A;,i=1,2, cxchange cost messages ey, e, ¢,.

By construction the structurc of the side contracting game in DM and CMC
arc the same, with the exception of the outside options additionally available
to the supplicrs in CMC of playing the grand contract offered by P noncooper-
atively. 1t is evident that P can achieve in CMC anything that she can achieve
in DM, since she always has the option of offering a null contract to the suppli-
ers in the grand contract. Hence (as in the comparison between DM and CCO)
delegation cannot perform better than centralization. The relevant question
is whether delegation can achieve the optimal centralized outcome, given the
presence of collusion between M and the suppliers.

5.1. When M Is Perfecily Informed

When Mis perfectly informed, DM can indced replicate the best centralized
outcome of CMC. The intuitive reason is simple: the coalition is no longer
subject to any internal asymmetric information when M is perfectly informed.
In DM, the unit cost incurred by M in delivering the output to P is the first-best
cost ¢(6y, 0,), sincc M can procure each input at its truc cost, and production
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allocation across the supplicrs will be efficient. Hence the relevant coalitions in
centralization and delegation are subject to the same shadow cost of dclivering
output to P,

PROPOSITION 3: When M is perfectly informed, P can attain the same expected
profit in DM as in any equilibrium outcome of CMC."

Increasing the outside options of the suppliers by offering them a fallback
contract now does not reduce delivery cost because there are no productive
distortions in DM, unlike the case of delegation to A, in DS. It mercly has the
effect of redistributing rents within the coalition, owing to the operation of the
Coasc theorem.

The principle of ranking different regimes by the shadow costs of the as-
sociated agent coalitions (Proposition [) allows us to compare the benefits of
delegating to M rather than A4,. The DM regime corresponds to a one agent
problem with ex post unit cost ¢(6,, 6,), while the DS regime corresponds to
the higher unit cost ¢(60,, h,(6,)) owing to the need for A4, to pay informational
rents to A,. Hence it pays P to delegate to the better informed agent.

PROPOSITION 4: If M is perfectly informed, P obtains a higher expected profit
in DM than in DS.

Since DS is dominated by both DM and CC, it remains for us to compare
DM with CC. Bringing M into the organization enables rents of supplicrs to be
climinated, at the cost of allowing M to earn rents vis-a-vis the Principal. The
regime DM effectively consolidates the two agents in CC into a singlc agent
that supplics both inputs g1, g2 at a total cost of 6,¢g, + 0,¢,. Whereas in CC,
P deals with two scparate agents A, and A, that collude under conditions of
asymmetric information.

It is uscful to first compare DM with C, centralization in the abscnce of
collusion, and then examine the effects of introducing collusion within central-
ization. The comparison between DM and C has been evaluated under special
conditions by Baron and Besanko (1992), Gilbert and Riordan (1995), and
Scverinov (1999). We gencralize their results below.

The comparison between DM and C turns out to depend on whether
the two inputs g, ¢, arc substitutes or complements, as defined below. Let
g; (0) denote the second-best production assignments, and ¢”" (0) the produc-
tion assignments resulting in the optimal solution to DM. Clearly, g/""(0) =

""The proof employs an assumption of “passive” beliefs off the cquilibrium path, i.c., that such
deviations do not result in any updating of priors. This helps avoid possible incentives for agents
to refuse to participate in the side contract at the interim stage, in the anticipation that such de-
viations trigger other agents o change their beliefs in a manner that cnhances their continuation
payoffs in the ensuing noncooperative play of the grand contract.
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c(0)g" (¢(0)), where ¢ (c) is the optimal output in DM as a function of
the unit cost ¢ reported by M."

DEFINITION 1: The two inputs are said to be substitutes if ;™ (01, 62) is in-
creasing in 0;, j # i =1, 2. They arc said 1o be complements if g (0, 02) is de-
creasing in 0;, j #i=1,2.

The definition of substitutes refers to the optimal input assignments in DM,
whercas that of complements refers to the centralized solution. These defini-
tions do not directly refer to the parameters of the model. So it is morc appro-
priate to view them as notions of “strategic” substitutes or complements. Thesc
turn out to correspond to the common technical notions of substitutability and
complementarity, as expressed by the following Lemma.

LEMMA 1: (1) The two inputs are substifutes if cither of the following conditions
hold:

(1a) g, and q, are perfect substitutes, L.c., Q=qi+ q

(1b) the production function Q has constant elasticity of substitution which is
sufficiently large, and ¢ + G(¢)/g(c) is nondecreasing in ¢, where G(c) denotes
the distribution function of ¢(0y, 02).

(2) The two inputs are complements if forall (qy, q2):

PV (Q(q1, q2)) -0

g

The following result generalizes Baron and Besanko (1992), Gilbert and
Riordan (1995), and Severinov (1999).

PROPOSITION 5: Suppose that M is perfectly informed.

(i) C generates higher expected profits for P than DM if the two inpuls are
substitutes.

(ii) DM gencrates a higher expected profit for P than C if the two inpuls are
complements, and in addition 6,, 0, are identically and exponentially distributed
with 0, =0.

Consolidating two noncolluding suppliers into a single composite supplier
has two effects. First, there is an effect of internalization of bidding externali-
ties. The effect on P’s profit depends on whethcer the two inputs arc substitutes
or complements. In the case of substitutes, a lower cost report submitted by
one supplicr reduces the quantity of input procured from the other supplier,
lowering the latter’s rents. Internalization of this externality with consolidation

24PV s the solution to the onc-agent problem where the agent has unit cost ¢(0), and is
privately informed about this cost.

N
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causes cost reports to be raised upward (on average), to P’s disadvantage. This
is essentially the effect of eliminating competition between the two supplicrs. If
instead the two inputs are complements, the effect goes in the opposite dirce-
tion: cost underreporting by one supplier raises the input level procured from
(and hence the rent earncd by) the other supplier. Then consolidation lowers
cost reports on average. In this case the enhanced coordination between the
two supplying units is beneficial to P,

The second cffect of consolidation is that P faces a single merged agent
with two-dimensional private information, who supplics two inputs rather than
onc. Replacement of a two-dimensional incentive problem by a pair of sep-
arate onc-dimensional ones creates a loss of control for the Principal. This
control loss is represented by a more stringent sct of incentive compatibility
constraints, arising from the enhanced control over reporting and input as-
signments cxercised by the consolidated agent. Any set of input assignments
that can be feasibly implemented in DM (by some payment schedule) is also
implementable in C, but the converse is not true. Implementability in C is
represented simply by the requirement that the demand for cach input is non-
increasing in the cost reported by the corresponding supplier. With consoli-
dation it additionally requires that the Jacobian of the input demand function
be a symmetric, negative semidcefinite matrix.” In addition relative input pro-
portions will be selected by the merged agent on the basis of proportionality
of marginal products to their relative (truc) costs, whereas the Principal faces
no such constraint in C. Hence implementability in DM requires an additional
set ol conditions, over and above the constraint that input demands be nonin-
creasing functions of own-cost. The loss of control by the Principal is a cost of
merging the two suppliers.

When the two inputs are substitutes, it is clcar that on both counts consol-
idation is disadvantageous to the Principal: it suppresses competition and ac-
centuates incentive problems owing to control loss. So in gencral C is better in
the substitutes case. When the inputs are complements instead, consolidation
is advantagcous to P through the internalization of bidding externalitics across
the separate suppliers, but could prove disadvantagcous owing to control loss.
In general this tradeoff is difficult to assess. In the special case where cost
shocks follow identical, exponential distributions with a lower bound equal to
zero, the increased stringency of the DM incentive constraints happens not to
bite at the optimal solution to C: virtual costs are lincar, symmetric functions
of the true costs, so relative virtual costs are proportional to relative true costs.
Hencee relative factor proportions are not subject to additional distortions in
DM. Morcover, the scale of total output in the solution to C is a function of
a one-dimensional sufficient statistic (the ¢x post minimum unit cost of deliv-
ering a unit of final output) of the costs of the two agents. The solution to C

HSee MeAfee and McMillan (1988) for a detailed explanation.
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can thus be implemented in DM with a onc-dimensional incentive scheme.™
The control loss then does not bite, and DM comes out ahead on account of
its ability to encourage coordination across the supplicrs.

We now cxamine the implications of allowing collusion in the centralized
regime. Since collusion among supplicrs cannot improve P’s profits, it follows
that DM dominates CC whencver it happens to dominate C. Less straightfor-
ward is the casc of substitute inputs where C dominates DM. We saw above that
this is owed to the fact that the DM regime suppresses competition between
the suppliers, unlike C where the suppliers cannot coordinate their reports.
When suppliers collude, this benefit of the centralized regime may be substan-
tially lost. Nevertheless we are able to show that the previous result extends
even in the presence of collusion.

PROPOSITION 6: The result of Proposition 5 extends even when suppliers col-
lude under centralization (i.c., C is replaced by CC)."”

In the case of substitutes, thercfore, P benefits from dealing with a coalition
that is morc subject to problems of asymmetric information within the coali-
tion. In CC, the presence of asymmetric information between the two suppliers
leads to inefficient productive assignments within the coalition. Since the side
contract is designed by A, it is prone to the same kind of inefficicney as in DS,
owing to A,’s incentive to reallocate production assignments in his own favor
at the expense of A,. This incfficiency can be limited by P offering a grand
contract that offers gencrous terms to As,.

The proof that CC can replicate the profits achicved in DM in the case of
substitutes is a simple modification of the argument used to establish Propo-
sition 2. As explained above, the construction usced in that argument with any
parameter « less than one induces an optimal side contract with Kuhn-Tucker
multiplier 1 — a assigned by A, to the rents of A,. When the two inputs are
substitutes and « = 0, the resulting shadow cost for A4, in procuring from A4,
turns out to be z,(#,) = 65, the same as incurred by M in the arrangement DM.
In CC, A, can thus be motivated to bechave the same way as a perfectly in-
formed intermediary M in DM in the substitutes case.

Unfortunately the argument cannot be modified to demonstrate that CC
achieves a strictly higher profit. The strict inequality is established by an en-
tirely different grand contract, which employs a similar idea. This grand con-
tract lowers A,’s shadow cost of procuring ¢, strictly below A,’s true cost 6,
when the two inputs arc substitutes. The delivery cost of the supplier coalition

[We have been able to extend this result to some cases where the costs of the two agents arce
nonidentical but follow exponential distributions.

15The proof that CC strictly dominates DM in the case of substitutes employs an assum ption of
“passive” beliets off the cquilibrium path, i.c., that such deviations do not result in any updating
of priors. This assumption is not required to show the corresponding weak inequality result. Sec
the proof for further details.
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in centralization then falls below the delivery cost of M, permitting centraliza-
tion to strictly dominatc DM.

5.2. When M Is Not Better Informed than P

The preceding results are substantially altered when M is not better in-
formed than P. In that casc the delivery cost of M reduces to the sccond-best
unit cost function c(h,(6,), h»(6,)), which is uniformly higher than the delivery
cost ¢(6,, hy(6,)) of A, in the DS regime. Applying Proposition | again yiclds
the following result,

PROPOSITION 7. If M has the same information as P, DM generates lower ex-
pected profit to P compared with DS.

Since Proposition 2 implies that DS in turn is inferior to CC, it follows that
in this casc DM is the worst of the three organizational alternatives.

0. RELATION TO EXISTING LITERATURE

Comparisons between variants of DS and C have been the subject of a
substantial litcrature, which includes Baron and Besanko (1992), Mclumad,
Mookherjee, and Reichelstein (1992, 1995, 1997), Mookherjee and Reichel-
stein (1997, 2001), and Severinov (1999). Reasons why DM performs poorly
relative to C have been explored in McAfee and McMillan (1995) and
Faure-Grimaud and Martimort (2001). These models thercfore cannot explain
why DM may dominate centralization or delegation to supplicrs. As Radner
(1993) and van Zandt (1996) have persuasively argued, there is a need to ex-
plain the widespread phenomenon of delegation of control to managers or
intermediaries who play no direct role in the productive process. Morcover,
this litcrature does not consider versions of centralization with collusion.

The papers most closcly related to ours deal with the question of cen-
tralization versus decentralization in the presence of collusion. Laffont and
Martimort (1998) deal with this question in an adverse selection setting with
two suppliers that produce perfectly complementary inputs, when cach sup-
plicr’s costs take two possible values. They compare the DS regime with a for-
mulation of CC that differs from ours. In centralization they assume that the
supplicr coalition is organized by a fourth party that cares symmetrically about
the utilities of both supplicrs, so the side contract is designed to maximize the
sum of their ex ante utilities. Hence the allocation of bargaining power changes
exogenously in favor of A, when the organization switches from decentraliza-
tion to centralization. In our formulation the structure of the side contracting
gamc is thc same in both organizational variants, and the allocation of bar-
gaining power changes endogenously. In their model Laffont and Martimort
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(1998) find that delegation to a supplier achieves the same outcome as central-
ization, a result that owes partly to their assumption of two possible cost types
for cach supplier, and perfect complementarity of inputs.'®

Celik (2002) and Faure-Grimaud, Laffont, and Martimort (2003) consider
a version of DM where there is one supplier, and a supervisor M who is imper-
fectly informed about the supplicr’s cost. Apart from the number of suppliers
and information structure, their models differ from ours by considering interim
rather than cx post participation constraints. They compare delegation to M
with centralization where P contracts with both agents (which corresponds to
CMC here), and the supervisor makes a take-it-or-leave-it side contract offer
to the supplier. In their models the comparison between delegation and cen-
tralization is not apparcnt, since the supervisor is imperfectly informed about
the supplier’s cost, causing coalitional agreements to be inefficient. Celik and
Faurc-Grimaud, Laffont, and Marimort obtain different results, owing mainly
to different assumptions concerning the information structure. Celik finds that
delegation is dominated by centralization, when the agent’s cost has an arbi-
trary finite support and the supervisor’s information is represented by a con-
nected partition over the cost space. Faure-Grimaud, Laffont, and Martimort
find centralization and delegation to be equivalent if both the supervisor’s sig-
nal and the supplicr’s cost can take two possible values, and the support of the
former docs not depend on the realized cost.”

Baliga and Sjostrom (1998) consider a setting with two suppliers that collec-
tively producc an output for the Principal, under conditions of moral hazard
with limited liability rather than adverse selection. The supplicrs work sequen-
tially, with the downstream supplier able to monitor the effort of the upstream
supplier. Coflusion between the suppliers is not subject to any asymmetric in-
formation. However, limited liability constraints may prevent coalitional agree-
ments from achieving efficiency. In this sctting they find delegation cquiva-
lent to centralization (i.e., their analogues of DS and CC are equivalent) for
some parameter values, while for others, delegation is strictly dominated. In
the latter cases, the distortion appears to be similar to a double marginaliza-
tion of rent problem. Nevertheless the fact that for some parameter values

"They also find that delegation achieves a superior outcome when communication costs in
centralization restrict centralized contracts to be “anonymous,” wherein the two supplicrs must
be treated symmetrically.

TThe difference between their results rests presumably in the structure of the resulting in-
centive constraints. In Faure-Grimaud, Laffont, and Martimort (2003), “upward” rather than
“downward” incentive constraints bind, wherein the supervisor-supplier coalition is tempted to
report a high cost signal when the low signal is observed by the supervisor (and the actual cost
type of the supplicr is high) and thercby qualify for a higher production target. In such a context
countervailing incentives generated by higher outside options of the supplier do not benefit the
Principal. In Celik’s model on the other hand, only “downward” incentive constraints bind, and
in that context it pays the principal to create “countervailing” incentives by contracting with the
supplier also in order to raise his outside option. This is analogous to the argument underlying
Proposition 2 in this paper. We thank Gorkem Celik for offering us this explanation.
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they find DS and CC to be equivalent is in contrast to our finding in Proposi-
tion 2. Conceivably this could owe cither to different assumptions concerning
the underlying source of an incentive problem (moral hazard rather than ad-
verse selection), or different range of actions available to agents (i.c., whether
these are discrete or continuous).

Baron and Besanko (1999) consider an adverse sclection sctting where two
suppliers produce perfectly complementary inputs. They treat as endogenous
the question whether the two suppliers consolidate into an “information al-
liance” similar to DM. In an alliance a fourth party gains access to information
about each supplier’s cost, and operates as a single agent vis-a-vis the Principal.
Atthe first stage of the game, the two supplicrs decide whether to remain scpa-
ratc (as in C, centralization without collusion) or form an alliance (creatc DM).
The Principal then reacts with a contract offer (to the pair of suppliers sepa-
rately if they decided to remain separate, or to the consolidated entity if they
torm an alliance). They produce examples where such alliances form endoge-
nously and result in a Parcto improvement. Their formulation thus incorpo-
rates endogenous sclection of organizational form by the agents themselves, to
which the Principal reacts passively. Our formulation in contrast presumes that
the Principal can select the organizational form (¢.g., DM versus CC or C), to
which the agents react passively. Our formulation seems more appropriate for
Principals that are “big players” such as government procurcment or regula-
tory agencics, who have the power to mandate how regulated entities should
be constituted. Baron and Besanko’s formulation appears morc appropriatc
for settings where the Principal is a purchasing firm in a market setting that
has to adapt to whichever organizational form supplicrs create in their own
interest. Nevertheless, their result that informational alliances can benefit the
Principal is in linc with the result that DM dominates C, centralization without
collusion, from P’s point of view when the inputs supplicd arc complementary.
Our results suggest that the Pareto-improving character of alliances will not
extend to the case where the inputs are substitutes.

A different literature on incentive cffects of delegation introduces contract
rencgotiation or incomplete contracts. Papers focusing on contract rencgotia-
tion include Dessein (2002) and Poitevin (1995, 2000), while Aghion and Tirolc
(1997) usc an incomplete contract approach. Moreover, all these papers dcal
with the question of delegation of authority between a Principal and a singlc
agent, and do not address questions pertaining to delegation of authority to
third party managers or intermediarics possessing specialized information.

7. CONCLUDING COMMENTS

The main conclusion of this paper is that decentralization cannot generally
be justified as an optimal organizational responsce to the presence of collu-
sion among agents. Retaining control with regard to contracting with cvery
relevant agent in the organization cnables the Principal to limit problems of

-
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double marginalization of rents inherent in vertical side contracting relation-
ships among agents. For instance, centralization dominates delegation to one
of the suppliers or to intermediaries with no informational advantage over the
Principal. Only in certain circumstances can delegation be justificd (c.g., when
authority is delegated to a well-informed intermediary and the inputs supplicd
arc complementary). The theory thus predicts circumstances (defined by com-
plementarity or substitutability of activities, and the dispersion of information
among agents) where delegation arrangements are likely to be more prevalent.

Our analysis also provided some results concerning choice of to whom to
delegate authority (assuming that P has chosen to delcgate to someone). The
general principle is to choosc a coalition with the lowest shadow cost of de-
livering the final output. Accordingly, if the intermediary is better (resp. morc
poorly) informed than any given supplicr, then it is best for the Principal to del-
cgate to the intermediary (resp. the supplier). But it is not gencrally true that
coalitions less subject to internal asymmetric information have a lower shadow
cost. When the inputs are substitutes, for instance, P is better off in CC with a
coalition consisting of two asymmetrically informed suppliers, compared with
DM where the coalition is not subject to any asymmetric information at all.

We considered the polar cases where the intermediary M is cither perfectly
informed about agent costs, or has the same information as P. What happens in
the intermediate casc where M is better informed than P, yet is imperfectly in-
formed about supplier costs? Here the precise information structure between
M and the suppliers plays an important role. Suppose that each supplier A,
observes the signals s; observed by M.' Then the intermediary has no private
information within the coalition, while supplicrs have better information re-
garding their own costs than M. The resulting coalitional side contract will
involve distortions, with cach supplicr earning information rents. The shadow
cost of M will now be higher than the case where M is perfectly informed,
lowering the valuc of DM to P. The value of DM to P will typically increase
continuously as M becomes better informed. We thus expect that the result of
Propositions 4 and 6 will continue to apply if M is sufficicntly better informed
than P, whereas the result of Proposition 7 will apply if M is not much better in-
formed than P. Intermediaries will thus be relied on only if they have sufficient
informational expertisc relative to P or supplicrs.

Our model considered the case where all the bargaining power in side con-
tracting rests with one of the agents. This matters for the outcomes of DS and
CC where there is asymmetric information within the coalition, while the out-
come of DM would be unchanged if M is perfectly informed. It would be in-
teresting to cxtend the analysis to the case of a more general allocation of

81 the other case, M and the agents observe correlated signals, whence Cremer-McLean
mechanisms can be designed by M within the coalition to extract all information rents from the
agents, The results will then be the same as when M is perfectly informed (assuming that M and
the supplicrs are risk-neutral).

—
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bargaining power within the coalition, e.g., where side contracts arce designed
by an arbitrator who assigns arbitrary welfare weights to different agents.

Our analysis abstracted from the possibility that the middleman/manager
may be risk averse. We also did not allow for possible collusion-within-
collusion, which would affcct coalitions with more than two members, For in-
stance in DM we did not allow the suppliers to collude against M, which fur-
ther restricts the design of side contracts. In the context where M is perfectly
informed, however, this is unlikely to alter our results: since coalitional agree-
ments arc internally cfficient, there would be no further room for subcoalitions
to form. In more general situations, however, the cffects of subcoalitions on
side contracts would need to be explored further.

We assumed throughout the cost uncertainties of the two supplicrs arc un-
corrclated. In the presence of correlation, centralization possesses some addi-
tional advantages, wherein the Principal can extract all the rents of the suppli-
ers in the absence of any collusion (i.c., by using Cremer and MclLean (1988)
type of mechanisms). In the presence of collusion, however, the feasibility of
such rent extraction mechanisms is likely to be considerably restricted (sce, for
instance, Laffont and Martimort (2000)). The comparison between delegation
and centralization in such a context necds to be studied in future rescarch.

We assumed that the principal could only monitor the quantity of final out-
put delivered, but not the allocation of inputs supplicd by the agents. This
widened the scope of collusion to reallocate production assignments among
supplicrs. If the principal could monitor inputs, then onc of the distortions
associated with delegation to a supplier could be avoided, whercin the “man-
aging” supplicr procures (oo little from the other supplicr. But it would not
alleviate the more gencral problem of double marginalization of rents, which
causes the principal to procure too little of the final good. In the case of i.i.d.
exponentially distributed cost shocks (with a lower bound of zero) DS contin-
ues to be dominated by CC for any technology. We suspect the result extends
to more general classes of distributions. Concerning the comparison of DM
and CC, input monitoring by the principal would typically cnhance the valuc
of DM because it would enable the principal to control the intermediary bet-
ter. In the case where the principal’s bencefit is additively separable in the two
inputs, it can be shown that DM always dominates CC." This is consistent with
the result of Dana (1993), which shows that consolidation of two agents is ben-
cficial with input monitoring if their cost shocks are independent or negatively
correlated. In the case of nonseparabilities in production, the competition and
coordination cffects studicd in this paper would additionally come into play.

The model studied in this paper could be developed further to accommodate
a wider varicty of questions regarding the design of organizational structure.
Onc of these deals with effects of changes in information technology that im-
prove the Principal’s information relative to intermediarics or supplicrs. An-

"This result was included in a previous version of the paper, and is available on request.
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other deals with the grouping of activities within multiproduct firms. We hope
to address thesc questions in future work.
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APPENDIX

PROOI OF PROPOSITION |: Using the technigues of Baron and Myerson (1982), the optimal
solution to the problem of contracting with an agent with unit cost ¢ can be expressed as fol-
lows. The optimal output ¢(c¢) corresponding to cost report ¢ solves V'(q) = z,(¢), where z,(+) is
a (rent-inclusive) cost function detined over the support [¢,, 6] of ¢; which is continuous, non-
decreasing, strictly increasing over a sct of positive (¢;) measure, and such that z,(¢)) = ¢ with
strict inequality holding almost everywhere. Morcover the optimal payment function is

é
3) X(e)y=qaqe)+ / g(c)yde.
Jy

It follows that X (¢) and ¢(c¢) arc both continuous, nonincreasing functions, which are strictly
decreasing over scts of positive (¢;) measure.

Now suppose P contracts instcad with an agent with unit cost ¢, which is first-order stochasti-
cally dominated by ¢;. lf the support of ¢z 18 |¢,, 6], then it is evident that ¢, < ¢, and ¢; < ¢;. Let
P olfer the following output and payment schedule (over the range f¢,, ¢, 1):

L fateny itesle, gl
@ r/:(()—{qm if ce(epndils
X)) ifcele, gl

¢y l.

5 (o) =
) Xa(e) {X((') ifee (¢

Clearly, ¢, and X arc both continuous nonincreasing functions. This contract satislics incen-
tive compatibility and interim participation constraints for the agent with cost ¢;. Define P’s ex
post profit function p(c) == V(ga(c)) — Xa(c) over the range [¢,, ¢ This function is continuous
and differentiable a.c., because ¢a(+) and X, (-) have these properties. At any point of differentia-
bility, p'(¢) = [V (q2(¢)) —clgs(e) = [z1(¢) —c¢lgy(c), which is cverywhere nonpositive and strictly
negative over a set of positive (¢;) measure. Since the expected profit of P with the ¢;-cost agent is
[)((71)—‘/;‘;‘ G(c)p'(¢)de,itis no lower with the ¢;-cost agent, and strictly higher if G1(¢) > G,(¢)
for (almost) all ¢ in the support of ¢;. QE.D.

PROOI O PROPOSITION 2 Let g(c) denote the optimal output function in DS, where ¢ de-
notes the unit cost ¢ = ¢(8,, h(6,)) of A, for delivering output to P Incentive compatibility
implics this is a nonincreasing function, and is implemented at minimum cost by the payment
function X (¢) = cq(c) +/(‘ q(y)dy,where ¢ denotes the upper bound of ¢, i.c., & = (0, 1y (0)).

For « € |0, 1] we define the following functions: modificd virtual cost

I5(6)

2 (02) = 01 + o — ;
f2(62)
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associated production assignments
g (0)=q(cl0, 2.(00)), ¢ (0) = (01, 2,(62))g"(0),

which is also sometimes denoted by ¢;(0y, z,(62));

0>

. gl 2
Xi (0)=0;qy(0) + 0245 (0) +/ qi(y, 0)dy +/ g5 (0, y)dy,

0, 0>
the cost of implementing these assignments in C;
X = EIXC(0) = ELr (8)g] + ha(6:)g5],
the associated ex ante expeceted cost of implementing these assignments in C;

(Byzatin))

XP00) = (01, 2.00)g(c(01, 2,(0))) + / (o) de,

iy za (020

the transfer function that implements the output function ¢(c¢) with a single agent that delivers
this output at unit cost ¢(0y, z,(6,)); and X{’{’ = [i[X{()(())], the associated ex ante expected cost.
Note that with « = 1, this is exactly the expected payment made by P in the optimal mechanism
inDS: XP = EIX (c(8), ha(62)))].

CLAIM: For any « € [0, 1], there exists a grand contract that P can offer in the centralized regime
that:

(a) has a (noncooperative) Bayesian equilibrium in which both agents always participate and tell
the truth, resulting in the production assignments ¢ at an expected cost of max{X$, X} 1o P;

(b) is collusion-proof, in the sense that it is optimal for A, to offer a null side contract whereby
they play the (noncooperative) Bayesian equilibrium described above.

This Claim will establish the proof. To sce this, note that at « = 1 the outcome of the truthful
Bavesian equilibrium of such a mechanism corresponds to the optimal outcome in DS, since
XP > X{ by the argument described in the text Icading up to (2). Morcover, for « close enough
to 1, it will be the case that X2 > X&. By (a) above, the outcome of CC given the grand contract
described enough for any such « will implement the output function g(c(#,, z,(02))) at a cost
of X(/(’. Since the unit cost of Ay in DS first order stochastically dominates ¢(0y, z,(62)) for any
a < 1, the argument of Proposition | implics that P carns a higher expected profit from the
outcome of CC than the optimal outcome in DS.

To prove the claim, It P offer the following grand contract in CC:

0,
(©) Xo(0) = [, {92(1;(9,, 0,) +/ c/fz'(()l,y)dy}
0

2

F 205 (01, 02) ~ 4 4501, 02)],

(N X1(0) = XP(0) — X5(0) + max{ X’ — X2, 0},

@

along with the production assignments ¢ ().
To show that () is true for this mechanism, note that

0
(8) X1(0) = 0,470y, 05) + / 4y, 0:) dy + N(0,),

0
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where

Zu (i) B ih
N(()z)E/ ¢2(01, 2)dz — Ey, [62q3(91,0:)+/ q‘g'((h,y)dy]

() I

+ 2, (02)Ey, g5 (01, 0,) + max{ XS — X7 0},

@ ?

so it is clear that conditional on participating, A, has a dominant strategy of telling the truth. And
if A, always participates and tells the truth, then since

202}

) Xy —X)= E{(/ZZ(UZ) = 2.(02))q5 (01, 02) — /

w(02)

q2(0y, Z)dZ],

it follows that £, N (6;) = 0 and A,’s interim payoff from participating is always nonncgativc.
Conversely, given that 4, always participates and tells the truth, A,’s interim payoff is

I
Ey [ X200) — 0245 (01, 02)] :En./ G50, y)dy =0,
h
which (combined with the monotonicity of the producti!m assignments) implics it is a best re-
sponsc for A, to always participate and tell the truth. This grand contract thus implements ¢ as
a Baycesian cquilibrium at expected cost
E[X(0) + X2()] = X? 4+ max{X{ — X7, 0y = max{X$, X},

@

which cstablishes (a).

To establish (b), i.c., collusion-proofness of this equilibrium, we next consider the induced
side contract design problem for A,. This differs from a conventional contract design problem
with respect to the participation constraints. If either of the agents decides to exit from the side
contract at the interim stage, then the game is not over, since they subscquently play the grand
contract noncooperatively. Accordingly the payoffs from this noncooperative game define the
outside options of the two agents. These outside options depend on the types of the agents, as
well as the beliefs updated by observation of the exit decision. In turn these beliefs themselves
depend on the nature of the side contract (which determines the incentives of the agents to
participate in it). So the outside options arc endogenously determined by the side contract.

To deal with this problem, we proceed by first noting a version of the Revelation Principle that
applics to the side contracting problem.

LEMMA 2: Consider any given grand contract X;(my, my), q;(my, my) offered by P. Suppose that
Ay subsequently offers a side contract in which there is a perfect Bayesian equilibrium (PBE) (in
pure strategies). Then there exists a revelation side contract and a perfect Bayesian equilibrium of
this side contract in which both agents decide to participate at the interim stage, and subsequently
exchange cost messages truthfully, which generates an outcome equivalent to the PBL of the original
side contract.

While the argument is standard, it is nevertheless useful to outline the argument in order to
illustrate the implications of the interim exit options, which alter subscquent beliefs of the agents
when they exchange cost messages. We use the following notation. Let the original side contract
be denoted (my(e), ma(e), (e), qi(e), g2(¢)). Let P; € {0, 1} denote the participation decision
of agent A4, at the interim stage (with 0 denoting exit). These decisions may cause agents’ beliefs
about each other’s types to be updated, thercby affecting their subscquent choice of cost reports.
l.et the PBE cost reports be denoted m*(0, Py, P,) when they play the grand contract noncoop-
cratively following the participation decisions Py, P, where P2 = 0, and ¢*(6) the reports they
exchange when they both agree to participate in the side contract. These satisfy the following in-
centive constraints (where conditional expected utility of cach agent is taken with respect to the
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event corresponding to observed participation decisions):
(i) mi(0y, Py, Ph) = arg max [:'u,IXl (my, m5(6,, Py, P5))
Ny " N

= Ovq(my, my(6, P P)) P (02) = 1’3_],
5 (B, Py, Po) = argmax L2y [ Xa(mi (0, Py, P2), mn)

= O (mi (01, Py, Pa), mo)| P (0y) = Py,
(ii) ey = argmax Ey, [ Xy (m(ey, e5(6:))) — ta(ey, €5(62))
el

= 0\q1(er, €5(0:0)1P2(0,) = 1],
¢3(02) = argmax [, [Xa2(m(e; (o)), e2)) + 1a(ef(8), ¢2)

— 022 (7001}, e) |1 P () = 1.

We can define the following revelation side contract:

O] (r1(0), L(0), i 0))
= (m*(0, P1(01), P2(02)), 0, q:(m*(6, P1(0)), P2(0:)))) i PL(0)Pa(t) =0,
(if) (m(0), 1(0), §:(0)

= (m(e"(0)), (e (0)), (e (0))) it Pi0)P2(0) = 1.
This side contract replicates for given cost reports the outcome of the PBE of the previous side
contract corresponding to the state of the world where these were the true costs. By standard
arguments, there is a PBE of this revelation side contract where the agents participate and report
truthfully in all statcs. This completes the proof of Lemma 2.

However, the implications of Lemma 2 for representation of the optimal side contracting prob-
lem are nonstandard, owing to difficultics in representing interim participation constraints. Note
that the incentive constraints associated with truthful reporting are standard: for any 0, and 0,

L, |X 1 0R(0)) = B(0) = 0141 (0)] = Egp | X1 G0y, 02)) = (0, 02) = 61610, 05)]
and for any ¢, and ()/3,
Lo | XaGit(0)) + 1:(0) = 0,G2(0)] = Lo | X2GR(01 05)) 4 (01, 05) = 024504, 05)1.

The (interim) participation constraints arc more complicated: cach agent must get at least
what she would get in noncooperative play of the grand contract, if she were to exit from the side
contract. For A, for instance, this incquality states that for any 6,

(10) Ey | Xo0i(0)) + L(6) — 0:G2(0)]
> Pr(P(0))=0)I,, [Xg(m’((), 0,0)) = O,q2(m*(8,0,0))|P(0)) = Ul

+ Pr(Pi(8)) = DE, [Xa(m" (0, 1,0)) = 62g2(m* (0, 1,0)|P1(0,) = 1].

This participation constraint is stated in terms of the original side contract and PBE; it depends
on the beliefs held by agents following obscrvation of interim exit decisions. So Lemma 2 cannot
be used to represent the set of possible outcomes from an arbitrary side contract by a sct of
revelation side contracts satistying a simple set of constraints (that depend only on the revelation
contract itself).
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We deal with this problem by considering a wider class of revelation side contracts, which
satisfy a weaker set of interim participation constraints. Note that in any continuation game fol-
lowing the interim exit/participation decisions in the original PBE of the original side contract,
every type of every agent will receive nonnegative utility. Hence the same will be true in every
cquivalent revelation side contract:

(I Ep1X100(0)) — B(0) = 0,41(0)] = 0, Ey [Xo((6) + 6(0) — 0:42(0)] = 0.

The converse of course may not be true: any revelation side contract satisfying the truthtelling
constraints and the nonnegative interim utility property (11) may not be feasible for A, since it
may violate the “true” interim participation constraint, which (typically) involves positive outside
options for most types of cither agent.

Note, however, if A, offers the null side contract, then the agents always play the grand con-
tract noncooperatively, and learn nothing from obscrving interim exit/participation decisions. In
that case the outside options are defined by the expected payoff from playing the grand contract
noncoopcratively corresponding to their priors. Since this is exactly the payolf they achicve in
equilibrium, it is clear that the null side contract (or the revelation side contract which repli-
cates it) is (trivially) feasible.

In order to show that it is optimal for A4 to offer the null side contract, it suffices to show that
it is optimal within the class of revelation side contracts that are incentive compatible and satisfy
the relaxed participation constraints (11). We shall relax the constraints even further, by dropping
incentive and participation constraints for A, hersclf.

The (doubly) relaxed side contract design problem corresponds to the following optimiza-
tion excreise: select joint report (0, 62), side payment ,(0y, 0,), and production assignments
(7,'(()| N ()j) to

max E[X, (71(0;, 02)) — 16y, 6,) — 01416, 62)]
subject to (for all 8):
(12) E, [X200(6y, 02)) + L(01, 02) — 022061, 02)]

> By [Xo0001, 05)) + 82001, 05) = 024201, 65)],

(13) Ly, [Xz(’ﬁ(()h 02)) 4 1200y, 02) — 626201, (')2)] >0,
(14) E[ X030, 02)) + 101, 05) — 6232(01, 02)]

> E[X32(0,, 03— 624501, 6,)],
and
QUG (0, G2(0)) = ¢ (11(6)).
Here (12) is the incentive compatibility constraint for A,, (13) the relaxed interim participation
constraint for A,, and (14) the corresponding cx ante participation constraint.

Define the interim payoff i,(6,) for A, and the outside option ex ante payofl u by

12(62) = Ey, [ Xo(00(8y, 02)) + 1>(61, 02) — 025201, 02)],

(15) = E[X(0,,62) — 0,500, 02)]
s F5(62)
= [{’12(91,Zu(()z))fz(ﬁz)jl-
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The incentive constraint (12) is equivalent to

0y

0:(05) = ,(0:) + / Ly 1g2(00, y)ldy

J Oy

and [y, |€/3((_)1, 0,)] is nonincreasing in ¢,. Therefore the participation constraint (13) is cquiv-
alent to i,(6,) = 0. 1f J denotes max{ X — XP, 0}, the relaxed problem can then be rewritten
as

(16) max [ X2 (0(0)) + T — 0,G,(0) — h2(0:)G5(0)] — it2(02)

subject to

(17) i2(0,) = 0,

, o (0]
(18) 1-(0-) %L[qg(b‘) fz((’z)} >u,
(19) QG (0), 42(0)) = ¢“(7(0)),

and L2y, [¢2(0y, 02)] is nonincreasing in 6-.

For the moment, ignore the constraint that 72, {§>(8,, 6-)] is noninereasing in 05: it will turn
out to be automatically satisfied. If we also ignore the constraint (18), then it is clear that it will
be optimal for 4, to sct 2(6,) =0, and replicate the DS solution (where ¢(71,(0), z,(712(6))) =
(0, hy(82)) and q;(0) = ¢;(0;, h2(62))). Then with o < | we will have ¢y > ¢» almost cvery-
where, and (18) will be violated. Tence (18) must bind and 15(0>) = E{(hy(0,) — 0:)(¢5(0) —
G2(0))1.

‘This implics that the objective function can be written as

(20) E{XD(100)) +J = 0,G1(0) — hy(02)42(0) — (h2(02) — 02)(g5(0) — §2(0))]
= E[X70000)) + T — 0,41(0) = 0:42(0) — (12(02) — 02)g5(0)],

which has to be maximized subject to the constraint (besides (19)):

2n E[(ha(6;) — 02)(¢5(0) — G2(6))] = 0.

Let w denote the multiplier corresponding to (21). Then the objective is to pointwise maximize
(subject to (19) alone) in state 6:

(22) X/g(mw)) +J = 0,G1(0) — 2,(02)G2(0) — (1 — ) (N2(62) — 02)g5(0).

The “clfective™ ex ante marginal delivery cost of the final output for Ay is now (0, 2,(0,)). So
(conditional on participation in the grand contract in state 6) A, will sclect messages #1(0) so
that the output scale is determined according to

(23) (1 (0), z,(ri2(0))) = (6, 2,(05))

and then allocate production assignments within the coalition: §,(8) = ¢;(9,, 2, (0,)) in state 0.
Since (21) requires that

(24) E[(1:00,) = 0) (42001, 24(02)) = ¢2(01, 2,(62))) ] = 0,

it follows that u > «. We now claim that g = «. Otherwise > « > 0, implying that (21) (and
therefore also (24)) must bind owing to complementary slackness. But u > « also implics that
(24) is a strict incquality, a contradiction.

Since p = «, the optimal messages sclected in the side contract (conditional on participation
in the grand contract) in state 6 arc /m,(0,) = 6, 1/71:(6,) = 0,. Since J > 0, it is optimal for the
coalition to participate in the grand contract in every state. This replicates the outcome of the
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null side contract. So the null side contract is optimal within the class of revelation side contracts
that satisfy truthtclling and nonnegative interim utility constraints for A,, and therefore also
within the set of revelation side contracts that replicate the outcome of any PBE of any other
side contract. This establishes that the grand contract offered by P is collusion-proof, establishing
part (b) of the Claim. Q.I.D.

PROOF OF PROPOSITION 3: The first step is to describe the outcome of side contracting
among M, A, and A, following any grand contract offered by P. Specifically we need to check
that the delivery cost of this coalition cquals first-best cost ¢(6).

Fix any statc 6, and let the grand contract be denoted by Xy, (m), X;(m), g;(m), i =1,2. Let
(m*(0), {¢(8)};=1.2) denote a maximizer of

(25) Jm)y = Xy (m) + X (m) + Xa(m) — 0,Gy — 62>
subject to the constraint Q(q, (m), ¢2(m)) = Q(§1, ¢2). Then it is cvident m*(#) also maximizes
(26) Xy () + X 0m) + Xa(m) — c(0)Qq (m), g2(m))

and the two problems have the same maximum value (denoted J*(0)). Let M*(60) denote the sct
of messages m* (6) with this property.

We claim that if J*(0) = 0, M and the two agents will agree to participate in statc 0, and submit
ajoint message m*(0) € M*(6). Andif J*(8) < 0 they will decide to not participatc in state 6. This
implics that the delivery cost for the coalition is the first-best cost ¢(8) in state 0.

The first step in establishing the claim is that following the mechanism offered by P, M can
design a side contract in which it is optimal for both agents to participate in all states and all
stages, and conditional on their participation, has a Bayesian cquilibrium outcome resulting in
the following expected payoft for M:

(27) E[X,,,(m‘ (0)) + X, (m*(6)) + X2(m* (0)) — c()Q(q, (m*(0)), qz(m"’(f))))]

- Z E[X,-(m”((-))) - f),vq,v(m”(()))],

where m”(-) denotes the Bayesian cquilibrium resulting from noncooperative play of P’s
mechanism, when the two agents have prior belicfs about cach other’s cost. Let RP(6;) =
Ly { X (m®(0)) — 6;4;(m"(0))|0;] denote the interim rent that 4; carns from this equilib-
riun.

The side contract that M can offer to achieve this outcome is the following. Conditional on
mutually agrceing to participate in the side contract, the three players M, A, A, will play the
following revelation game. Let 6% = (0%, 03y denote M’s report about 6; 6} denotes agent I’s
report about 0, and 03 denotes agent 2’s report about 6. Also use ¢ to denote (6%, 01, 03).
The side contract specities production assignments ¢ (e), reports m(e), and transfers (¢, £)(e)
from M to A, A, respectively as follows.

Let §;(#) denote the cost-minimizing demand of M for ¢; in state 6, i.c., the solution to min-
imizing 0,4, + 624, subject to the constraint Q(§i, ¢2) = Q(q:(m*(8)), g2(m*(0))). Then the
production assignment is g (¢) = §;(0!, 03). The reports are m(e) = m*(6], 63) and the side pay-
ments arc

0 )
t(e) = - X, (m* (8}, 03)) + 01qi (0}, 63) +/ q;(s, 03 ds m/ qi(s, 03 ds
o oM

1 !

+ REWOY + 8,(8Y, 62),
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where 8,(0y, 03 = 0if 9)' = 02, and K otherwise, where K is a large positive number:

3

i35

0> i
hie) = — z(m*(o},(f§>)+e§q;(0},0§>+/ (/5(()},.&')(13'7—/ G301, 5) ds
03!
+ REOY) + 820V, 81,

where 8,(07, 0)) = 0if 0" = 0}, and is cqual to K otherwisc.

Consider the play of the side contract, conditional on mutual participation. We claim that cach
A will have a dominant strategy of reporting truthfully: 0) = 6,. Consider A,: the argument for
A2 will be analogous. Given his truc cost 6, agent 1°s ex post payolf as a function of the reports
is

Xi(m* (0], 03)) = 0147(0,, 63) + 1,00}, 6V, 0%)

th
= (0] — 0)q; (0], 03) + / g (s, 05)ds
Jol

0
- / qi(s, 03) ds + RUONY 4+ 8,(0Y, 02).
M

ll‘I

Itis clear that this payoff is maximized al 6} = 6,, irrespective of the reports 0%, 67 of others,
since ¢ (-, #2) is a nonincreasing function.

Given that the two agents report truthfully, it follows that it is a best response for M to also re-
port truthfully, if K is sufliciently large. Hence the revelation mechanism is incentive compatible.

In a truthful Bayesian cquilibrium, type 6, of A, will end up recciving an expected payoft
R¥(#,), exactly equal to his interim payoff that he gets by not participating in the side contract
(given the assumption that off-cquilibrium path belicfs are the same as the prior beliefs) in the
stage that A observes 0. The ex ante payoff Ey IRE(01)] is also cqual to that obtained in his
choosing nonparticipation at the ex ante stage. So it is optimal for A, to participate in the side
contract in all stages. The same argument applics to A,.

The second step in establishing the claim is that (following any given mechanism offered by P)
it is always optimal for M to offer a side contract. This follows from the first step: he can always
assure himself a payoff of at least (27), which is by construction at Icast as great as his expected
payoff L1y] X3, (m®(6))] from not offering a side contract.

‘The third step is to show that M cannot design a side contract that gencerates higher ex ante
payoff than (27). Supposc otherwisc. Then there exists a side contract (m(e), gi(e), t;(e)) in
which both agents agree to participate ex ante, resulting in equilibrium messages #7(0), trans-
fers 7;(0), and production assignments ¢;(0), and cx ante payoffl for M in the cquilibrium
Fol X (172(0)) — Z,l] ()] that is strictly larger than (27). Since both agents participate cx ante
in this side contract, A,’s ex ante payoff in the equilibrium, E,[.X;(71(8)) + 1,(0) — 0:q:(0)], is
at lcast as large as E,,VIRf((),v)'l for cach i = 1, 2. This implies that the cx ante joint payoff in
the equilibrium must be strictly larger than E,{J*(8)]. This contradicts the definition of J*(0),
cstablishing the third step.

Finally, the sccond and the third steps imply that the side contract described above is optimal
for M. Morcover, if the sclected message in state 6 is not in the set M*(9), then applying the
reasoning of the third step we would conclude that M obtains a payoff lower than (27). Hence M
must offer a side contract that results in a message from the statc M*(0) in state 6, generating
ex ante payoff cqual to (27) for himself and E,,[R?(6,)] for A;, i.c., a joint payoff of J*(8).

Q.LE.D.
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PROOF OF PROPOSITION 4: This result follows from Proposition 1, since it can casily be veri-
ficd that the unit cost of A, ¢(8,, h>(8)) in DS has a continuous positive density throughout its
support, and is first-order stochastically dominated by the unit cost ¢(0y, 82) of M in DM.

Q.E.D.

PROOE OF LuMMA 1: We first show that in case (1), the optimal production assignments in
DM will be substitutes. If ¢ + G(¢)/g(c) is nondecreasing in ¢, P’s expected payoll is represented
by E [ (H (¢))], where w(H ) = max, [V (q) — Hqland H(¢)=c+ (G(c)/g(c)). The input level
of A, is gPM(6;, 0;) = q(H (¢(0:, 8))))ci(0;, 05), where g(H) = argmax |V (¢) — Ig].* The re-

sulting assignments arc substitutes if
Fc(0:,0)

dqi(0;, 0,)/d0; = 0.0
oY

([(H((:(H,, 0_,)))

dc(ly, 0;) dc(0;, 0;) . .
e P g (H(e(B;, 0)))H (c(;, 0; 0,
76, 70, g (H(c(0i, 0))H (c(8;, 6))) >

for any (8, 6>). With a CES function Q(¢y, ¢2) = (¢} + gsH'«, this condition is satisficd when
the elasticity of substitution 1/(1 — «) is sulficiently large:
H(c)g (H(c)) cH (¢) _
g(H(c)) H(c) ~1—a

Clearly the substitute property is also satisfied with infinite elasticity of substitution, so the result
holds in casc (1a) as well.

Now turn to the complementarity property in C. Since the optimal assignments in C maximize
V{Qygy, q2)) — Zil h(0;)q;, it follows that they will be complements if

PV Qg5 q2)) -0
g1 d¢r ’ Q.E.D.

PROOK OF PROPOSITION 5: Note first that given any nonincreasing function g(c) representing
the scale of output at different unit cost levels, and corresponding cost-minimizing production as-
signments §;(0) = [dc(0;, 0,)/90:14(c(0)), these are implementable in DM and C (by some set of
payment functions). Implementability in C is obvious because g; is nonincreasing in ;. In DM it is
implementable because production assignments arc always selected in a cost-minimizing fashion
by M given the scale of output, and the latter is implementable because G(c(0)) is nonincrcasing.

Next we shall show that any such production assignment can be implemented more cheaply
in C (resp. DM) if the input demands are substitutes (resp. complements), i.c., ¢» is increasing
(resp. decreasing) in 6.

The minimum cost to P of implementing any such production assignments in DM cquals

E[Xy(m(0))] = Ele(8)g(c(8)) + f(f((,f-:)f/(c)d(rL where 0 denotes (0, 6,). In C, it cquals

S EL0G:(0) + 1 4,6, 0,)d6). Since 3, 6:3:(0) = ¢(0)g(e(0)), it follows that

ELXu(m(0)] =Y EIX(m(6)]

e(ih i
:E|:/ Z](c)d('*Z/ qi(9, ()_,-)dﬁ]
o —Jo;

¢ is difficult to verify whether or not H{(c) is a nondecrcasing function in general, given
only our assumption of the monotonicity of the hazard rate of 0;. However, this property does
hold in the case where the elasticity of substitution is infinite or zero. For the casc of perfect
complementarity, sce Eaton (1987).
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Now note that

() RN o(0).03)
(28) / g(eyde :/ (7((,')(/(?+/ q(eyde.
¢ ¢ of

() (H,03) 01,05)

Take the first integral on the right-hand side of (28); by a change of variable from ¢ to 8,

SUINS) . m . ¢ (0, 0 i .
/ qle)yde = / qle(o, 02))% d0= / ¢ (0, 0,)d0,
I3 i

(0, 0h) 0y o

upon using the definition of cost-minimizing assignments. Using the same manipulation of the
sccond integral on the right-hand side of (28), the minimum rent that needs to be paid in DM s

el " 0, B
(29) / q(e) (1(7:/ (7|(H, ()3)([()+/ G201, 0)d0,
¢ 05

) 0

which can be compared with the minimum rents in C:

ih ol
(30) / a0, 03)<m+/ §(01, 0) do.
i Jo

2

Comparing (29) with (30), DM is more costly if and only if

0y
(31) / (4261, 0) — G206, )] d0 > 0,
JHy
which is true if the input demands arc substitutes, while the reverse is true if they arc comple-
ments. That C dominates DM in the substitute case now follows. In the complements case, and
under the additional assumption that 6y, 6, arc identically and exponentially distributed, with
a lower bound for the support equal to 0, the hazard rates A;(0;) are lincar and identical for
both supplicrs. This implics that relative virtual costs equal relative costs, so the optimal produc-
tion assignments in C are cost-minimizing, and the scale of output is a function only of the unit
cost ¢(8). Hence the production assignments can be implemented in DM; the argument above
cstablishes the cost of implementing them in DM would be lower. Q.15.D.

PROOI OF PROPOSITION 6: It suffices to show that CC dominates DM in the substitutes casc.
It is casy to show in this case that the expected profit of P in CC is at lcast as high as in DM, by
adapting the proof of Proposition 2. Take ¢(c¢) to be the optimal output function in DM (instcad
of DS), and sclect @ = 0. Then the argument of Proposition 2 ensures that P can implement the
optimal output function in DM in CC at an expected cost of max{ X, X{'). Since the two inputs
arc substitutes, we have X < X, So it can be implemented in CC at an expeeted cost of X2
This is the same as the cost when P contracts for delivery of the output with a single agent who
has a unit cost of ¢(0y, zy(0,)) = ¢(0) in state 0, which is exactly the same as in DM. Hence P can
achieve the same profit in CC as in DM.

To cstablish that P can achieve a strictly higher profit in CC, however, this argument cannot be
modificd: we need an entirely different construction of a grand contract, and the assumption that
agents have passive beliefs off the cquilibrium path.

Consider the optimal output function in DM ¢(c), and a continuously differentiable nonde-
creasing A(6,) defined over [6,, 0] satisfying 0 < A(6,) < 1. Define

I5(0,) — A(6,)
12(62) '

Extend ¢(+) for ¢ below ¢(0,, 8,) by sctting it cqual to c(f,, 0,) at all such valucs.
We shall show that there exists a nondecrcasing z(+) function of this form with the property
that:

(32) 2(02) = 0, +
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a) z(0,) < @, for all 0,, with strict inequality holding over a set of positive measure, and
q y g p
(b) P can implement ¢(-) in CC at a cost X = E[X?(0)] where

ctdy.z(02))
XP0) = (0, 2(0:))q(c(81, 2(62))) +/ g(e)de.
c(0).2(th))
Since this is cxactly the outcome where P contracts with a single agent with unit cost ¢(8, z(62))
and implements output function g(c), it follows from Proposition I that P achicves a higher
expected profit in CC compared with DM.

We first establish (b) for any nondcereasing z(+) function satisfying (a), (32), and a supple-
mental condition specified below. Then we shall verify that such a z(-) function can indeed be
constructed in the case of substitutes.

Consider the following grand contract where A,’s message space is enlarged to include a deci-
sion of which of two noncooperative games (N, C) to play, apart from a participation decision and
type report: (X (i), Xo(h), gi (i), g5 (i), where m = (i, n13), My € M, = 16,, 01U Exit and
iy € Ma = {(62, N)|65 € 16,, 021} U {(62, ©)]02 € |85, 621} U Exit. If cither player decides to exit,
X\ = X, = ¢ = ¢; =0. Otherwisc the noncooperative game chosen by A, is played between the
two agents. If A, selected C, the game is

X, (0, (6,,C)) = Xf’((}),

Xo(04, (05, C)) =0,

G0y, (B2, O) = q1(01, 2(02)) = 1 (81, 2(62))g(c(01, 2(62))),
G0y, (02, C)) = qa(0y, 2(62)) = >0y, 2(02))q(c(0, 2(65))).-

If instecad A5 sclected N, the game is

0y
Xl(“)la(02,N))5Xi\7(0)=9|(11(0\,Z(92))+/ ¢1(0,2(0:))d0,
o
i
X:(f)lmoz,N))EX;’w)=ezqz<m,zwz>>-~-/ Ly lq2(8y, 2(0)]d0,
0
qi (01, (02, N)) = ¢, (0, 2(62)),
q5(01, (62, N)) = ¢>(01, 2(62)).

So only the payment rules are modified between games N and C.

Let us first consider the outcomes of noncooperative play of the grand contract. Note first
that selection of game C s a strictly dominated strategy for all types of Ay: it involves positive
production assignments and no payments. So there cannot be any Bayesian equilibrium where
As selects the game C. Conditional on this it is a dominant strategy for cvery type of A; to
agree to participate and report truthfully. And (given z(-) is nondecreasing) conditional on 1,
agreeing to participate and reporting truthfully, and A4, holding prior beliefs over A,’s type, itis
a hest response for A5 to participate, sclect N, and report truthfully. Hence il A, docs not update
her prior belicfs, there is a unique Bayesian cquilibrium (which survives itcrated climination of

dominated strategies) where A, obtains an interim payoff of 1,(0,) = /: Ep 1 q2(0y, 2(0))] de”

ZThere is also a Bayesian cquilibrium where both players decide never to participate, which
does not survive iterated elimination of dominated strategics. A slight modification of the pay-
ment function can costlessly climinate this equilibrium, e.g., where one player is given a small
reward for being the only one clecting to participatc.
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Morcover, note that even with a different set of beliefs, A, can always guarantee hersell at least
this interim payotl in any Baycsian cquilibrium by selecting N and reporting truthfully. It follows
thercfore that irrespective of how the agents may update their beliefs upon obscrving interim
exit/participation decisions from any side contract offered by A, 1(05) is a lower bound to A5’s
outside options from refusing to participate in the side contract. Q.I2.D.

CrAam: Assume that the agents have passive beliefs off the equilibrium path. Then if P offers a
grand contract of the above form which satisfies the condition that XP(0) > XY (6) + XY (0) for
all 0, it is optimal for Ay to offer the following side contract: (in every state) the agents decide to
pum( ipate in the grand contract, report costs truthfully, A, selects the game C, and A\ pays a transfer

i5408) to Ay satisfying I “, [I O] = us(0,) + g 1022001, 2(60:))]. This grand contract implements
q((. (01, 2(8:))) as a perfect Bayesian equilibrium (PBLEY in CC at an expected cost of X .

‘The proof of this Claim is in two steps. We first establish an upper bound to A,’s expected pay-
ofl from any side contract, and then show that the side contract described in the Claim achicves
this upper bound under the assumption of passive belicfs.

Using Lemma 2, the outcome of an arbitrary side contract can be replicated by a revelation side
contract that is accepted by both agenis at the interim stage, and in which they report truthfully.
Consider any such revelation side contract. Let i(0) € {0, 1} denote choice of game N, C, with
i = 0 denoting choice of N. The outcome of any revelation side contract can be denoted as follows:

(1€0); (11 (0), G (0), 45 (0), 15 (6)): (i (0), 4 (0), 45 C0), 1Y (),

satisfying  the  restrictions  Q(g{ (0), G5(0)) = Qg (R (0))) and  Qg¥(0), @) =
Q(q* (™ (0))). Conditional on i(0) = 1, 7€ (0), g4 (0), §5(0), 15 (0)) respectively denotes their
coalitional report to P, input reassignments, and transfer from A, to A,. On the other hand,
i(6) =0 means they choose game N in state 0, and then seleet (Y (9), ¢ (0), §Y (0), 25 (0)).

Let the resulting ex post realizations of payoff of A, production of A, and A, and total
payment received from P be denoted respectively by i (0), ¢1(0), ¢2(0), and X (0):

200) == IO (0) — 0,85 (0))
A (1= IO (0) + XY RN (0)) — 6,85 (0)},

G0y = 1(0)GS (0) + (1 — i)Y (0),

G200) =G () + (1 —i(0)§Y (0),

X(0) =i X2 (0)) -+ (1 — i ONIXY G (0)) + XV Y (0))).
The resulting ex post payoff &, (0) of A, is denoted by

m(0) = X(()) — 01, (0) -~ 0,G2(0) — 2(0).
Since both agents decide to participate in the side contract and report cach others costs truthfully,

the following relationships must hold:

0
Lo [0y, 0] = Iy, [32(6y, 02)) +/ L2y, [q2(0,, )] d0,
0

Ey 1q2(0)] is nonincreasing in 0,,

Ly (01, 62)] = 112(0,).

The third one follows from the fact that A, can guarantee herself an interim payoff of w,(65) in
noncooperative play of the grand contract.
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Ay’s ex ante payoff from this side contract is
(33) E[X(0) — 01q1(0) — h2(02)q2(6) — (0, 62) .

Now by definition of z(-) we have 12(05) = z(62) 4+ (A(6,)/ [2(0,)). Hence (33) can be written as
O _

(34) E[X(()) — hq(0) — Z(()z)(?:(ﬁ)] - / /‘(93)[50,1(71(9)]5102 — Elay (0, 62)].
14

Integration by parts and the fact that 1>(6,) = 0 implics that

ih
/ A0 20, 1G2(0)1d 0>

v

i,
= / A Eg, §2(0) = Eu 2(01, 2(62)) | d 0
o

0>
+ / A0 Ly 1 g2 0y, 2(02)) 1 d 6>
&

= —A(02) g, (01, 62) + A0 Eo 02(01, 8,) — u2(0,)]

+/ j/\’(ez)[ﬁ,,\&z(a) — u2(0,)]dBs

>

0
+/ A Ey, 1201, 2(02)) ] d 6.

L
Henee (33) can be rewritten as
(35) E[X(0) = 6,41(8) — 2(02)2(0)] = (1 = A(02) Ey, it2(6,, 62)
= AO)[Eo, 200y, 8) — ua(05)]

R 0>
—/ A O Ey, 12(0) — 12(602) 1 d 6, —/ A0 Eg,1g2(81, 2(0:)) 1 d 0.
[ [

Since 15(0,) is a lower bound to Ay’s outside option payoff, (35) is maximized among all
incentive compatible revelation side contracts satistying the interim participation constraint
when £y [i(0y, 62)] = u:2(0,), given the propertics of A(6,). Morcover, given that X_f’(m) >
Xi”(m,) + Xﬁ“‘ (m5) for all m,, m> while production assignments arc unaltercd by sclection of
game N rather than C, it follows that (35) is maximized when i(8) = 1 for all 0. Itis cvident from
(35) that it is optimal for 4, to sct m<(0) = 6 and §{ (8) = ¢;(6,, z(62)). The resulting upper
bound to A,’s ex ante profit is

2l

E[X!’(H)fc(()l,z(%))q(o(ﬁl,zwz)))]f/ CABDEy, 1 q2(81, 2(0:))1d 0

143

0 BN B i
:[{/ q,(y,z(f)z))dyﬁ—/ l[:((')1>2)112:| - / A0 Ey, 1¢2(61, 2(82))1d 0.
H J 0y

0 2(05)

Now note that the definition of A(-) implics

/ A Ey 1ga (81, 2(0:))1d 0y = E| (h2(62) — 2(62))q2(81, 2(02))].
0,
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Consider the following transfers that implement production assignments ¢;( 0y, z(0,)) in C:

XEWY = 01,01, 2(02)) + Oag2 (01, 2(02))

0 i
\/ (/|((),z(()_>))d()+/ ¢2(61, z(0))yd0

0 i
and let
XC=EIXC(0))

denote the associated expected cost of these transfers. Then it follows that

2(03) _ il
Xf)f)(f':[;'[(z(()gyA ()3)(/3(()|,Z(()3))+/ (/3(()|,z)dz——/ (/3((11,2()/'))(;’)}

) 0>

2 2(07) - 0>
= 1{[/ (/2(()|,Z)[/Z:| —/ A(O) Ey, |g2(01, 2(02)) 1 d 0.

2(0y) 0y
Thercfore the upper bound to A,’s ex ante profit from a side contract can be expressed as
a0 ‘
(36) lf[/ G (y, z(()g))dy} -4 X!) - X(
J o,

Next we show that there is a side contract of the kind described in the Claim that realizes this
upper bound payoff in a PBE if beliefs are passive. Consider the following side contract: i(0) = 1,
AME0) = 0, g (0) = qi(0y, z(0>)), and

wlly

1§00y = ()zt/z(fh,z(ﬁz))-l—/ g0y, 2(0)) dO

0

+1XPW0) — X — Eg 1 XP(0) — XE(0).
It the agents do not update their prior beliefs, then conditional on playing the side contract it is
casily checked that they report truthfully, since
) 0
/‘,‘,,‘[15(())]:E,,I[()3(/3(()1,2(()3))—&-/ (/3((-),,2(()))(1({'
0

and

0
Eu,le’(())*fé’(fi)l:1:'/;{H|f/u(ﬁ|,2(ﬁz)>+/ (/1(y,2(0z))dy}~|~X_f’ - X

0

On the other hand if they play the grand contract noncooperatively with their prior beliefs, then
Ay would obtain exactly the same interim payoff, and A, would obtain an interim payoff of
Em[f,)’j] ¢1(y, z(62)) dy], which is less than the payoff from playing the side contract because

XP o XC=EIXP0) — (XY (0)+ X5 (0)}] = 0.

It follows that interim participation (and truthful reporting) in the side contract constitutes a PBE
with passive belicts, which concludes the proof of the Claim.
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To complete the proof, we have to show that there exists a z(+) function satisfying (a), (32),
and the property that X”(0) > X (0) + X3 (0) for all 6, if the two inputs arc substitutes. Note
first that the substitutes assumption implics

X2y —1XN(0) + X5 ()]

z({)l)

0s
=(2(6) — 0:)¢-(0,, 2(62)) +/ G0y, z)dz - / Ly [qa2(01, z(0))1dO

205 0,

()

2 (2(62) = 02)G2(61, 2(6:)) + /

Sz

s
([3((71 ,z2)dz — / Ly lq2 (01, z(0)]d0.
N

Therefore it suffices to show that

:(i)j)

37) (2(02) = 0)q2(0y, 2(6,)) + /

J 202y

>
(/3((3[,2)(12~/ Lo 1200y, 2(0)1d0 > 0.
0

Definc &(0-) by

th B
B(6y) = / Lq2(B1. y) ~ Ly a (01 )1 d.
Jos

Since the two inputs arc substitutes, ¢ is a nonnegative, nonincreasing continuous function with
@ () =0and @(8,) = 0. So we can sclect ()3 € (0, 0,) such that (])((}2) > ().

Next select - € [ 05, 53) such that the density f> is cverywhere positive on [ = 16, 92[. Let
1. = 0 denote the minimum value of f; on 7. Take a sufficiently small y > 0 so that 0y — y//é((}z) <
(33 — ’y/fg((’)g). Then since 6, — y/f5(6,) is continuous, there exists [= |()'2, ()'z'l C [ so that 0, —
v/ f2(02) is increasing in 6, on 1.

Choosc a continuously differentiable function g:[ 6,, 03] — [0, 1], with a uniformly bounded
derivative and the following properties: g(02) = g'(0,) =0 for all 6, € [ 6,, (-)'2] u |6)'2', 0], while
g(02) is positive for every 6, in the interior of 1. Let R denote the minimum value of g'(6,)
over 1. Since g must be somewhere strictly decreasing over 7, R is a negative number.

Define z2(05) = 0 for all 0> € (0a, B2}, and z(62) = 6> — €(g(62))/(f>(0,)) for B, < 65, where
e is a positive number satistying the following properties (with f and g respectively denoting the
maximum valuc of /> and g over 7, and M denoting an upper bound to the rate of change of g):22

) L’
() €< ————,
Mf+gf )y
N L
1 < —,
(i) €<
(iii) €Q + S(e) < D),
where
G20, 2(02))
) = max| ——————
¢ ”,,J[ (02 }

20n other words, [g(02 + h) — g(0:)| < Mh for all 0, 0,4+ h e 1.
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and

s B c B
.S'(e)z/ [(_7((), ) — — >7(7_((), /):ld’.
p 1 153 Jan) 12001, Y Y

Since S(e) tends to O as e tends to 0, it is cvident that such an e can be chosen. Property (i)
implics that z is nondecrcasing. This follows from the following argument. We know that for
O, 054+ hel,

Y Y
O<|oin—— Y | _|o,— -
[ 2 /5(024‘h)} [ ’ /s<oz>}

. vh l:fz(()z + 7)) [2(6,) n 2065+ /7)*./'2(()3)]
T SOy -F ) [5(65) ¥ h

_ vh [E+Jﬂm+m~ﬁwa

T L4 e [y i :

implying that /5(6: + h) > f2(0,) — hl/Tl/y, and by definition of M,
80+ N) < g(0) + Mh,

which implics that

(0> + h) 8(02)
B =i NS ]

8024 1) f2(82) — () [>(0, + h)
=h|l —€ - .
hf>(02) f2(02 + h)

1= MER R

L

which is positive owing to property (i). The associated A(0,) cquals F5(6,) above 0, and I5(6,) -
€g(0>) below 0. The continuous differentiability of g implics the same for A. Property (i) implics
that A is nondecreasing. Since A(0,) < 1, this implics that A(0,) <1 for all 6,. So A satisfics all
the required propertics.

For this choice of z(+), (37) is automatically satisficd for any 0, > 0, by virtuc of the substitutes
assumption. For any 6 < 6, it requires

(38)

g )¢ 97 , z((h b
. (( _)(/( 1 ( _)) /
(

- (/g((3|,z)(lz
f2(02) )

(i

i, R
— / Lo qa(01, z(y)) dy + d(0,) > 0.

PAS
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This is ensured by property (iii) and the substitutes assumption, since for any 6, < b,:

0» ~ 0>
/ t/z((h,Z)dz—/ Ey q2(01, z(y)) dy

20y Jos

i

w i B ()3 _ p)
:/ qg((),,z)dz+/ c/;_(()],y)dyff Eo q2(6y, z2(y)) dy
Sy Joy 7

]

K%

0 02 -
/ G2(01,2)dz — S(e) + f (4208, 2(»)) — Eyg q2(61, 2(y))] dy
2(03)

0>

A%

—S(e).

This concludes the proof.
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