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When human capital accumulation generates pecuniary externalities across professions, and capital
markets are imperfect, persistent inequalityutility and consumptions inevitable inany steady state.
This is true irrespective of the degree of divisibility in investments. However, divisibility (or fineness of
occupational structure) has implications for both the multiplicity and Pareto-efficiency of steady states.
Indivisibilities generate a continuum of inefficient and efficient steady states with vapgngapita
income. On the other hand, perfect divisibility typically implies the existence of a unique steady state
distribution which is Pareto-efficient.

1. INTRODUCTION

A central prediction of the neoclassical growth model is that the market mechanism promotes
theconvergencef incomes of different agents, families or countries, so that historical inequality
tends to vanish in the long run. Reformulations of this model in the context of intergenerational
mobility (Becker and Tomes (1979), Loury (1981), Mulligan (1997)) therefore rely on the
presence of random factors (“luck”) in explaining the persistence of inequality, despite the overall
tendency towards convergence. Of course, the key assumption that underlies these models is that
the returns to investment are determined entirely by a convex technology.

A recent literature generates opposite predictions concerning the significance and
persistence of long-run inequality. In this literature, there are steady states with inequality,
where such inequality refers to variations in consumption and utility levels, and not just in gross
incomes. Moreover, inequality persists across dynasties: poor families are unable to catch up
with the rest of the population. This is the central contribution of Banerjee and Newman (1993),
Galor and Zeira (1993), Ljungqvist (1993), Ray and Streufert (1993) and dthers.

In all of these models, the economy displays both unequal and equal steady states, the
convergence to one or another presumably depending on the initial condititersce history
matters well into the future, at both the level of the household and the macroeconomy. As a
corollary, one-shot interventions (such as a single redistribution) can have permanentieffects.
Since these theories assign a significant role to historical inequality, and does so in a similar
vein to classical theories of distribution and growth, we shall refer to them as the “new classical”
theory.

1. See also Bandyopadhyay (1993, 1997), Freeman (1996), Aghion and Bolton (1997), Piketty (1997),
Matsuyama (2000) and Mani (2001).

2. Different steady states typically correspond to different levefsottapitaincome.

3. Hoff and Stiglitz (2001) argue that such multiplicity creates a distinct role for policy (such as a one-time land
reform). By changing initial conditions, the policy intervention may changeptivéicular steady state that forms the
attractor for the process and thereby generate permanent effects; there is no need to clsmtgedteady states.
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Now, at a certain level, these two literatures are not as different as one might first think. The
new classical literature emphasizes indivisibilities or nonconvexities in the relevant capital good
(occupations, work capacities, skills), while the basic neoclassical growth model emphasizes
convexities. Drop convexities in the neoclassical growth model and optimal programs may
become history dependehBuch history dependence can be readily translated into inequality, in
line with the new classical models.

Indeed, one need not go as far as introducing nonconvexities. Simply consider the optimal
growth model with a perfect capital market. Then the investment problem at the level of an
individual islinear, and it is well known that a steady state is compatible aitly distribution
of wealth among the population, though the aggregate wealth level is fully pinned “down.
Depending on the initial distribution of wealth, it is perfectly possible to converge to one of
several final distributions of steady state wealth. For instance, as Chatterjee (1994) observes,
“the influence of the initial distribution of wealth persists forever into the future”, even in the
competitive growth model with perfect capital markts.

The purpose of this paper is to highlight the difference between the two approaches that
we believeis critical. The postulate that we discuss is not present in all of the new classical
models in equal degree, but in our opinion is central for understanding the persistence and
evolution of inequality. This is the assumption that inputs supplied by different occupations
are not perfect substitutes. The relative returns from different occupations then depends on
the occupational distribution in the economy. The returns to a particular agent from investing
(by selecting an occupation with higher human capital) therefore depend fundamentally on
the overall distribution of investment choices of other agents in the econong/-there are
pecuniary externalitiegn investment. The purpose of this paper is to study the implications of
this phenomenon when capital markets are imperfect.

To this end, we construct a dynastic model with missing capital mafketividuals have
dynastic preferences (as in Barro, 1974), deriving utility from consumption and the utility of their
offspring. They enjoy consumption, and bequeath “professions” to their offspilig return
to these professions constitute the starting wealth of the descendants, and the process repeats
itself ad infinitum We abstract from uncertainty altogetfieFhe key feature of the model is the
presence of pecuniary externalities across the investment decisions of different hou¥&holds.

We first show thakverysteady state must involve no mobility at all across occupations with
distinct wages: barring random shocks, each family is permanently locked into a particular level
of earnings and consumption relative to the rest of the economy. And given a minimal extent of

4. See the literature on aggregative growth models with an increasing returns technology Clark (1971), Skiba
(1978), Majumdar and Mitra (1982, 1983), Dechert and Nishimura (1983) and Mitra and Ray (1984).

5. At least, this is true for the case in which savings are based on long-run utility maximization, or a dynastic
bequest motive. For instance, Becker and Tomes (1979) obtain convergence of household incomes despite linearity of
investment frontiers, because they assume a paternalistic form of parental altruism. Note also that there is no obvious
relationship between the imperfection of the capital market and the overall tendency to generate inequality: the creation
of imperfections in the credit market restores strict convexity, and (combined with a dynastic bequest motive) removes
all unequal steady states.

6. Chatterjee (1994) contains interesting results on the evolution of wealth inequalities over time (in the sense of
comparing Lorenz curves) in the competitive version of the neoclassical growth model.

7. We follow Loury (1981) in assuming that they are entirely absent. However, the main results are qualitatively
unaffected as long as the capital markets are imperfect. In Mookherjee and Rag)(2082xplore the implications of
endogenous capital market imperfections for asset accumulation strategies and the evolution of asset inequality.

8. The term “profession” is general and includes professions in the usual sense of the term as well as monetary
bequests. We discuss these interpretations in more detail in what follows.

9. In part, we do so because we want to emphasize that there are inequality-creating tendencies in the system
quite apart from exogenous stochastic shocks.

10. This model is closely related to those studied earlier by Ray (1990), Bandyopadhyay (1993, 1997), Ljungqvist
(1993), Freeman (1996) and Matsuyama (2000).
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occupational diversity (wherein there exist at least two active occupations with distinct wages
or training costs)every steady state must be associated with unequal consumption and utility
across households in every generatibimder these conditions, equal steady states cannot exist.

Note the contrast to the neoclassical framework and even several of the new classical
models, in which perfect equality is never ruled out gsoasiblesteady state (in the absence
of uncertainty). Here, the inevitable nature of inequality is fundamentally a consequence of
the pecuniary externalities that induce the population to sort into different occupations with
unequal net incomes. With missing capital markets, earnings differentials in steady state must
overcompensate for training cost margins, yielding higher levels of earnings net of training costs
in occupations with higher gross earnings. These results are robust to the degree of divisibility of
occupations or the exact form of the bequest motive.

While the divisibility of investment makes no difference to inequality, we show it
has important implications for the history-dependence question. As mentioned above, the
implications of divisibility have not been explored by the new classical literature. When there
are just two occupations with differing training costs, there is a continuum of steady states that
vary with respect tger capitaincome, occupational and earnings dispersion. This recaptures
the results of the new classical theories under substantial occupational indivisibility. But when
there is a continuum of occupations—reflecting perfect divisibility of occupational structure—
the multiplicity disappears. We provide a broad set of conditions under which there is a unique
steady state distribution. This suggests that while investment indivisibilities may be orthogonal
to the study of inequality, they are an important ingredient of theories of history dependence at
the macroeconomic levét.

Notice that this result is different from one which simply asserts the uniqueness of steady
stateaggregatesit is well known that the competitive version of the Ramsey model pins down
the rate of return to investment in steady state, therefore—by the concavity of the production
function—the aggregate capital stock, and consequently the wageeateapitaincome and
so on. But there is, of course, an enormous multiplicity of steady state asset distributions (see,
e.g.Chatterjee, 1994). The pecuniary externalities in our model precipitate the uniqueness of the
assetistribution More generally, our theory generates nontrivial restrictions on the distribution
(even when investments are indivisible), whereas such restrictions are absent in the neoclassical
model with perfectly divisible investments.

The third set of results pertain to the efficiency of steady states. We provide an almost com-
plete characterization of the (constrained) efficiency of steady states. The condition that char-
acterizes efficient steady states is a common rate of return to all occupations, which does not
exceed the discount rate. It follows that efficiency is compatible with optimal or @weninvest-
mentin a first-best sense, but not with underinvestment. This characterization has implications
for special cases. For instance, if there are only two occupations, there is a continuum of inef-
ficient steady states involving underinvestment, and also a continuum of efficient steady states
involving optimal or overinvestment. Moreover, there always exists a fully efficient steady state.

In the case of a continuum of occupations, the unique steady state turns out to be
fully efficient. Once again, investment divisibilities play an important role. A continuum
of occupations can act as a substitute for a missing capital market in restoring efficiency.

11. A nonconvexity is not theonly pathway to history dependence, however. Seg, Moav (2002) and
Mookherjee and Ray (2082

12. Forinstance, in Chatterjee’s (1994) competitive version of the neoclassical model, the linearity of investment
frontiers at the micro level implies an indeterminacy in steady state wealth for any given household, but strict concavity
in the aggregate must pin down total wealth. It is true giaensome starting wealth distribution, the wealth distribution
thereafter evolves in predictable fashion to some limit steady state distribution, but this is quite different from asserting
that there is only one such distribution.
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It seems that efficiency-based arguments for interventionist policies must rely on the existence
of investment indivisibilities, analogous to arguments concerning history dependence.

This paper is organized as follows. Section 2 introduces the model. Section 3 presents our
results concerning inequality and immobility. Then Section 4 discusses steady state multiplicity,
and Section 5 discusses efficiency. Finally, Section 6 concludes, while an Appendix gathers all
the proofs.

2. MODEL
2.1 Agents and professions

There is a continuum of agents indexed lon [0, 1]. Each agent lives for one period, and has one
child who inherits the same index. Each infinite parent—child chain forms a dynasty. Dynasties
are linked by fully altruistic preferences as in Barro (1974), so we may equivalently thirksof
an infinitely lived individual.

Each individual enjoys the consumption of a single gepavith one-period utilityu.13
Assumeu is increasing, smooth and strictly concave. Given altruistic preferencgs;} ifs an
infinite sequence of consumptions, then generatopayoff is given by the “tail sum”

X st
> 8 ), @

wheres € (0, 1) is a discount factor, assumed common to all agents.

There is some sét of professionsvhich individuals in each generation select from. Most
cases of interest are accommodated by takirig be some arbitrary compact subset of Euclidean
space. One can therefore interpret a profession very widely, as ownership of a vector of different
kinds of assets, or as an occupation described by a multidimensional attribptepulation
distribution over professionis simply a measurg& on H. We will be particularly interested in
leading subcases in whicH is finite or is an interval. This allows for arbitrary richness in the
set of professions.

2.2 Technology

The technology combines a production sector with an educational or training sector. The
consumption good is produced by workers of different professions, and inputs of the good itself.
Trained professionals are produced by teachers and workers from different professions, besides
material input of the consumption good. The technology is represented by means df a set
which contains various combinations of the form:

Z= (x’ C’ x/)s

where represents the input vector (a measureHarthe current population distributiong,is
a real number representing net output of the consumption good)’aisda measure orH
which denotes the supply of trained professionals (which forms the next period’s population
distribution).

Throughout the paper, we assume tHatis a closed convex coré, that at least one
profession requires no trainifg,and that owners of firms (in either production or training
sectors) seek to maximize profits.

13. Much of the analysis extends to the many-consumption-good case without difficulty, but we avoid this
generality for expositional simplicity.

14. Closedness is relative to the (product) weak topology on population measures over the set of professions and
the usual topology on.

15. This captures the notion that each family has the option of not investing at all in their children’s education.
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2.3. Prices and behaviour

Normalize the price of the consumption good to unity. Then two sets of prices are relevant at each
date. First, there are the returns to professionsv et {w(h)} be the wage function summarizing
these returns. Second, there are the training costs for different professions: call this function
x = {x(h)}. Note thatx represents both the costs incurred by investing parents and the revenues
earned by training institutions.

Given prices at any datg the economy generates (input) demands for professians (
a supply ¢t) of the final good and supplies of trained professiona{s= A1) for the next
generation at periot+ 1. Given wagesv; and training costg; at datet, profit maximization
implies that(t, ¢, At+1) Mmust solve

maxc + XA — Wi 2

subject to(A,c, 1) € 7.
Now turn to household responses. Given some sequence of priges;}s>t, & generation
t household with current professioh(i) will choose a sequend@s, Cs}s>t to solve

o0
maxZS:t 83u(cs) 3)
subject to the constraints
he = h(i) 4)
and
ws(hs) = ¢s + Xs(hst1) foralls > t. (5)

Because preferences are perfectly altruistic, there is no time inconsistency across generations, so
we may as well restrict ourselves to the choices made by generation 0, with initial “endowment”

of professions given byho(i)}ieo,13, or equivalently, by the population distributiory on

‘H. Denote by{c: (i), hy(i)} the consumption and professional choices made at every date by
dynastyi.

Observe that the optimization problem (3) formulated for an individual (or dynasty)
incorporates the simplest description of a missing market for the accumulation of human capital.
Generatiort + 1's human capital must be paid for by generatipmo loans are possible. If
preferences are strictly convex, this means that self-finance has different implications for people
depending on their current economic status. Specifically, the poor have a higher marginal cost of
finance.

2.4. Equilibrium
Given some initial distribution., anequilibriumis a collection{At, ¢, Wi, X¢} (with Ao = A)
such that:

[1] Ateach datd, (A, Ci, At11) Solves (2), given the price sequer{e®, X;}.
[2] There existghi(i), ¢t (i)} (fori € [0, 1] andt =0, 1, 2, ...) such that for all individuals,
{he (i), ct () )2 solves (3) starting frorhg(i ), and such that markets clear at any date:

G = / c ()i (6)
[0,1]

and
A (B) = Measuréi : hi(i) € B} @)
for every Borel subset df{.
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A particular type of equilibrium is ateady stateone in which all prices and aggregate
guantities remain the same over time. Formally, a colleatlgre, w, X) is a steady state if there
exists an equilibriumAs, ¢, wy, X¢} with (A¢, ¢, Wi, Xt) = (A, ¢, w, X) for all t.

The model is general enough to encompass several commonly studied models as special
cases. The neoclassical (Ramsey) model corresponds to the caseMliernaterpreted as
different possible levels of physical (rather than human) capital, and forms an interval of the
real line1® Models of skill acquisition, such as Ray (1990), Bandyopadhyay (1993, 1997), Galor
and Zeira (1993) or Ljungqvist (1993), correspond to the case of two professions 1 (unskilled)
and 2 (skilled), with a constant cost of acquiring the skill. In similar vein, models of
entrepreneurship or occupational choice (as in Banerjee and Newman (1993) or Freeman (1996))
also correspond to a two-profession version. The relative wages of different occupations may be
exogenous or endogenously determined. However, it appears that most existing literature takes
training costs to be exogenous (with the exception of Ljungqvist, 1993).

3. PERSISTENT INEQUALITY
3.1 Inequality at steady states

Our first result states that even though a steady state is defined in terms of the stationarity of
aggregates (such as the population distribution over professions, or the total production of the
consumption good), it also involves stationarity at the individual level. Notice that this result
does not automatically follow from the definition of a steady state. There is no reason why a
steady state cannot involve a constant fraction of the population in each profession, while at
the same time there are dynasties constantly moving from one profession to another (as in the
ergodic distribution of a Markov chain).

Let (A, ¢, w, X) be a steady state. Say that two professioasidh’ aredistinct (relative to
this steady state) if they involve different training costé) # x(h’). Note a simple sufficient
condition for two professions to be distinct in any equilibrium: if training someone for occupation
h requires more of every material good and every kind of teacher than training someone for
occupatiorh’—as is typically the case wheénrequires more years of schooling thiar—then
irrespective of the precise set of prices, occupaliomill involve a higher training cost thah'.
More generally, two professions with distinct training technologies will turn out to be generically
distinct, though we do not pursue the exact conditions required to make this claim precise.

Proposition 1 (Zero Mobility in Steady State) Let (, ¢, w, X) be a steady state. Then
no positive measure of individuals will switch across distinct professions.

This “zero-mobility” result is based on a single-crossing property that stems from the
convexity of preferences and the absence of credit marketthe fact that parents must pay for
their children’s education). Note first thatifandh’ are distinct professions with(h) > x(h’), it
must be the case that(h) > w(h’) for any family to be induced to choose occupatipiHence
in order to attain a higher income for their children, parents have to invest more in education.
In steady state, the present value utility of a generation currently occupying occupadiuh
contemplating a permanent deviation to occupagjégiven byu(w(h) — x(g)) + 48V (g) where
V (g) is the present (utility) value to the parent of moving the child to profesgiofhe strict
concavity ofu implies that richer families must endure a smaller utility sacrifice in educating
their children, hence must be willing to invest more in education. Accordingly the children of

16. Further, the production set takes the following fofi= {(A, ¢, A)|c = f(f;, hd}) — [;, hdA'}, wheref is
a smooth, production function with output divided between current consumption and capital stock next period.
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families occupying the richest occupation (which entails the highest training costs) must be
trained for the same occupation. Otherwise this occupation would not be filled at subsequent
dates, contradicting the steady state assumption. When there are a finite number of professions,
the same argument applies then to the next richest occupation, and so on down the line.

The no-switching property implies that the earnings and consumption of each family must
be constant over time in any steady state, ¥iild) = [u(w(h) —x(h))]/(1—4) for all h. It leads
directly to the conclusion concerning the necessity of inequality:

Proposition 2 (Inequality in Steady State) Suppose that two dynasties inhabit two
distinct professions in some steady state. Then they must enjoy different levels of consumption
(and utility) at every date.

The reasoning is simple. ffinvolves a higher training cost thé, not only must it generate
a higher level of earningay(h) > w(h")), but also a higher level of earningst of training cost
w(h) —x(h) > w(h’) —x(h’). Otherwise the parent selecting occupatidor its child would be
better off reducing the educational investment freth) to x(h’), and letting all its descendants
move to occupatioh’ instead oh.

Proposition 2 states that inequality is an endemic feature of every steady state satisfying a
minimal “diversity” criterion: two or more distinct professions should be inhabited. In contexts
where the term “profession” corresponds to different occupations with distinct forms of human
capital, this is really a very weak requirement. For instance if there are two occupations ordered
in terms of input requirements (of every kind) in their training, and are both essential in the
production of the consumption good (in the sense that without them the consumption good
cannot be produced), then every steady state (with positive consumption) must involve persistent
inequalityl” On the other hand, if “profession” includes the inheritance of financial as well as
human capital, the diversity condition is much more subtle, and requires careful examination (see
Mookherjee and Ray, 200Zor details).

Endogenous market prices play a crucial role in generating and perpetuating this inequality.
If several distinct professions are needed for economic activity, the behaviour of prices must
guarantee that each of those professions are actually chosen. Since parents pay for their children’s
education, a profession requiring a greater training cost entails a greater sacrifice for parents. So
to induce them to undertake this sacrifice it must be the case that their children are rendered
better off in utility terms. Hence there must be inequality in utility and net consumption, not just
in incomes.

The examples of Ray (1990), Ljungqgvist (1993) and Freeman (1996) go further in
explaining how the market can endogenously create inequality, starting from a position of
equality. In each of these models, there are two professions (skilled and unskilled labour in
Ljunggvist and Ray, managers and workers in Freeman). Consider the Ljunggvist—-Ray scenario
in which there are two skills, and both types of labour enter as inputs in a concave production
function satisfying the Inada conditions. Now suppose all individuals in a particular generation
have equal wealth. Is it possible for all of them to make the selnoéce® The answer is no.

If all of them choose to leave their descendants unskilled, then the return to skilled labour will
become enormously high, encouraging some fraction of the population to educate their children.
Similarly, it is not possible for all parents to educate their children, if unskilled labour is also
necessary in production. Even if all agents were identical to start with, they must sort into distinct
occupations, owing to the interdependence of decisions of different families.

17. Notice that the Ramsey model with strictly concave investment technology at the level of each individual
household exhibits convergence to a unique steady state for each household. Then every economy-wide steady state must
involve the same “profession” for every household, and Proposition 2 does not apply.
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To be sure, at this stage there are no implications for inequality. There is inequality of
(earned)incomes but no utility differences as far as the original generation is concerned. But
utility differences do arise from the descendants onward. Suppose the economy converges to a
steady state (as is verified in Ray (1990), Mookherjee and Ray (2000)) in which both occupations
are occupied. By Proposition 2, such a steady state must display (utility and consumption)
inequality. Hence the pecuniary externalities inherent in the market mechanism cause the fortunes
of ex anteequal dynasties to diverge, in complete contrast to both neoclassical and new classical
modelst®

The result extends to alternative formulations of capital market imperfections or
intergenerational altruism. All that is needed is a higher marginal cost of finance for poorer
households, which almost any reasonable model of imperfect capital markets will satisfy. Or
parents may have a “warm glow” bequest motive, where they care only about the size of their
bequests (or educational investments), rather than their implication for the well-being of their
descendants. Or they may care about child wealth. Irrespective of these details, the crucial
“single-crossing” property that underlies Propositions 1 and 2 will obtain: richer households will
have a greater willingness to invest in their children’s education, implying both zero mobility and
positive inequality in every steady state.

4. MULTIPLICITY

In this section, we explore the multiplicity of steady states, and relate it to occupational diversity.

4.1 Characterizing steady states

Throughout most of this section, we make the following “full-support” assumption: every
profession is occupied in steady stateA sufficient condition for full support is that every
occupation is essential for producing the consumption g8ddternatively, even if some inputs
may not be necessary in production of the consumption good, they will be essential if they are
necessary to train other occupations that are essential in production of the consumption good.
Later we shall explain how the full-support assumption can be substantially weakened without
affecting the results.

The first necessary condition for a steady statec, w, X) is that(x, ¢) must be related to
(w, x) via profit maximization; that is,

(A,C,A) € argmax + x - A’ — Wi, subject to(z, ¢, 1) € 7. (8)

18. A variant with “warm glow” bequests will exhibit similar properties. Typically, the optimal bequest will
increase in wealth, so that the single-crossing property is once again satisfied: children of wealthier parents are more
willing to invest in training. Hence in a steady state there can be no occupational mobility, parallel to Proposition 1. And
Proposition 2 extends too, since lifetime utility must be strictly increasing in inheritance. For examples of the warm-glow
model, seee.g.Banerjee and Newman (1993), Galor and Zeira (1993) or Maoz and Moav (1999).

19. In particular, if the set of professions is an interval, and the steady state population distribution over this set
admits a density, then we require that density to be positive throughout.

20. The reasons why the full-support assumption might fail include the following. First, certain professions may be
inessential, because the inputs they supply can be supplied more efficiently by some other profession. In this case we may
simply redefine the set of occupations to exclude those that are dominated by others. Secondly, even if all professions are
necessary, there could be trivial equilibria with zero output simply because unoccupied professions may be prohibitively
costly to acquire owing to a lack of teachers to train that profession. These steadyitstati®s rely on the assumption
of a totally missing capital market and a closed economy. With a slight perturbation of these assumptions—allowing
teachers to be imported and/or borrowing at a higher rate than the lending rate—such steady states would no longer
survive. And third, different professions may compete in supplying the same input, and some of them may be shut down
depending on the precise pattern of prices. We explain in what follows how the results can be extended in such cases.



MOOKHERJEE & RAY PERSISTENT INEQUALITY 377

Secondly, no individual must contemplate a “one-shot deviation” to another profession, where
(by the zero-mobility result and the full-support assumption) it may safely be conjectured that
the new profession will be adhered to by all descendants. That is, for every individual at some
occupatiorh and for every alternative occupatitih

u(w(h) = x(h)) > (1 — §u(w(h) — x(h")) + su(w(h’) — x(h")). 9

Indeed, by the one-shot deviation principle (for discounted optimization problems) and the zero-
mobility result, conditions (8) and (9) are necessary as well as sufficient to describe the set of
steady states.

4.2. Two professions

First study (8) and (9) for the case of two professions with exogenous training cost. Call the
professions “skilled” and “unskilled” (as in Ray (1990) or Ljungqvist (1993)). For unskilled
labour take the training cost to be zero. For skilled labour assume that there is an exogenous
training costx, which is just the number of units of the consumption good used as input into the
training process. This implicitly assumes that training does not require any labour inputs. Let
denote the fraction of the population at any date that is skilled. If some well-behaved production
function f (satisfying the usual curvature and Inada end-point conditions) determines the wage
to skill categories, the skilled wage at that date will be givenulSyr) = f1(A, 1 — 1), while

the unskilled wage will be given by!(1) = f2(1, 1 — 1), where subscripts denote appropriate
partial derivativeg! This yields the following simple characterization: a fractiomf skilled
people is compatible with a steady state if and only if

8
u(ws)) — u(ws(h) — x) < m[U(wS(A) — %) — u(w"(1)]

<u@"(W) —u@w" ) — x). (10)

The L.H.S. of (10) represents the utility sacrifice of a skilled parent (hereafter denoted by
«S(A)) in educating its child, while the R.H.S. is the corresponding sacrifice for an unskilled
parent (denoted by!Y(1)). The term in the middle is the present value benefit of all successive
descendants being skilled rather than unskilled (which we shall dendté.py

These benefit and sacrifice functions are illustrated in Figuvg 1e (0, 1) denotes the
skill intensity of the population at which the skill premium just disappears and the wages of the
skilled and unskilled are equal. &8 and« intersect there. Likewisé,, is the point at which
the wages of the skilledet of training equal those of the unskilled. $adrops to zero there.
These observations can be used in conjunction with (10) to establish the following:

Proposition 3. There is a continuum of steady states in the two-profession model with
exogenous training costs, and both per capita income and consumption rise as the skill
proportion in steady state increases.

Proposition 3 tells us that multiplicity—in the sense of a continuum of steady states—is
endemic for a small number of professions. While stated only for the two-profession case, it is
easy enough to extend the argument to any finite number of distinct professions.

21. This applies only in the unrealistic event that skilled workers cannot perform unskilled tasks. More generally,
if skilled workers can perform unskilled tasks, then the skilled wage cannot ever fall below the unskilled wage. So when
the skill intensitya is large enough that; < f», wages will not be given by1 and fo, but will be equalized (as a result
of skilled workers filling unskilled positions whenever the latter pay higher wages). We omit this minor complication
here because a competitive equilibrium with a positive fraction of skilled workers will never give rise to such wage
configurations in any case.
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FIGURE 1
Education costs and benefits in two-profession model

Notice that thestructureof the set of steady states may be complicated. In particular, the set
need not be connected. For instance, in Figure 1, the set of steady states is the union of the two
intervals[Ag, As] and[Aa, A3].

The proposition also states that steady states are ordered not only in terms of skill premium
but alsoper capitaincome: a steady state with a highieand lower skill premium corresponds
to higherper capitaincome net of training costs. This does not, however, imply that these steady
states are Pareto-ordered. We defer further discussion of efficiency to Section 5.

The societal multiplicity described in Proposition 3 is very much in line with existing
literature. We now turn to the question of how this multiplicity is modified when the space of
professions is “rich”, so that there are no “gaps” in the set of investment options.

4.3 A continuum of professions

One way to conceptualize the notion of “richness” in a set of professions is by introducing some
notion of continuity in thecostof creating professional slots. To this end, assume (to start with)
that there is a one-dimensional continuum of professithss: [0, 1].22 We impose the following
restriction on the nature of the technology: there is a well-defined unit cost function for each
category of professional to be trained. This requires the following assumption.

[T.1] The set7 is generated from a collection of individual production functions, one for the
consumption good, and one each for the training of a professional in every profession h.

Thus for each professional categdry there is a well-defined production function described
by g(u", y", h), whereu is a measure of0, 1] denoting inputs from different occupations,
and y" the input of the consumption good, into the training of professionals in profession

22. Though we do not go into details here, the case of the continuum can indeed be viewed as the limit of a
sequence of economies with progressively finer (but finite) occupational structures.
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For the consumption good, the production function may simply be writteh(a$, describing
net output of the consumption good from distributi@rover different inputs in the production
sector. Hencq is generated by the collection of production functicnsfH y'dh = f(u) and
A'(hy = g(u", y", h), for h € H, subject to the aggregate resource constva'mtfH pdh < .
[T.1] implies the existence of a well-defined unit cost function for training profedsion

v (W, h)Einf,L,y/{Y’Jr/ w(h’)du(h’>}, subject tog(u, y', h) > 1. (11)
H

In a competitive equilibriumyr(w, h) will equal the training cost functiox(h), given our
assumption of constant returns to scale. Our next assumption is as follows.

[T.2] The unit cost functiony (w, h) is continuous in h for every measuralie

[T.2] is typically satisfied when the technology is such that the required inputs to train a
professional in occupatiom can be represented bydansity function over various professional
inputs, which varies continuously m?3 The main use of this assumption is to ensure that the
training cost functiorx in any steady state is continuous in occupations, thereby implying that
every steady state must involve a perfectly “connected” range of investment options, in terms
of financial cost and returns. One could just as easily replace this assumption by the weaker
requirement that the range of possible training costs is an interval, so that the set of investment
options is perfectly divisiblé?

Proposition 4. Suppose that the space of professior{9,4], that[T.1] and[T.2] apply,
and that the full-support assumption holds. Then, provided that some steady state exists with
strictly positive wages for all occupations, there is no other steady state wage function. If, in
addition, every production functioffor the consumption good, as well as for training in each
professiofis strictly quasiconcave, then there is no other steady state.

Observe that the proposition pertains to the uniqueness of the entire occupational and
earnings distribution. Because this distribution will generally involve inequality, the fortunes
of individual families can be highly history dependent. In that sense the steady state is not
unique. But since the population proportions are uniquely determined, different steady states can
only amount to different permutations of families across occupation, income and consumption
categories. The contrast with the Ramsey model (as in Chatterjee, 1994) is stark: the population
proportions across different categories are uniquely determined here, whereas in the Ramsey
modelanydistribution with the same (uniquely determined) mean constitutes a steady state.

Since the last part of Proposition 4 is straightforward, the part that needs explaining is
the uniqueness of the steady state wage function. Focus initially on the case where the cost of
acquiring a profession iexogenouslgiven by some continuous functiotth) on [0, 1]. This is
the case where no human capital input of any sort is required in training.

Observe that the steady state condition (9) holds for every occugatmnthe full-support
assumption. Imagine testing this condition by moving a tiny amount “up” or “down” in “profes-
sion space”. For such movements, the curvature of the utility function can (almost) be neglected
(since the consumption of each family is constant over time, the marginal disutility of the parent
in decreasing its consumption is exactly counterbalanced by the marginal utility of an increase in

23. For instance[T.2] rules out a technology in which professi¢nis the sole input in the production of
professional capacitly.

24. If[T.2] is dropped, we can prove the following version of the result. Say that a steady datisilsle if the
range ofx(h) is an interval. Then ifT.1] and the full-support assumption holds, and there exists a divisible steady state
with a positive and bounded wage functietth), there cannot exist any other divisible steady state.
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its child’s future consumption). All that matters then is whether the discounted marginal return
is greater or less than the marginal cost of this move. In fact, to make sure that everispoint

a steady state choice (which is required by the full-support postulate), the discounted marginal
return must be exactlgqualto the marginal cost. This proves that for a tiny changé),

w(h+ Ah) — w(h) ~ %[x(h + Ah) — x(h)].
By piecing this over all professions, and recalling tkéd) must be zero, we conclude that
1
w(h) = Ex(h) + w(0), (12)

wherew(0) is just the wage for occupation 0 which does not require any training. Intuitively,
there is no room for constructing local variations in the wage structure, owing to the divisibility
of the occupational “space” that causes relevant local incentive constraints toi.birat oss
adjacent occupations). When this divisibility is absent, as in the two-occupation case studied
above, interior steady states are characterized by incentive constraints that may not bind. This
leaves room for local variations in the wage structure that do not disturb the incentive constraints.

To complete the argument of uniqueness (gixgmote that there cannot be two different
values ofw(0) that satisfy the steady state condition (8). For if there were, the wage function
associated with one must lie completaipovethe wage function associated with the other.
Moreover, by profit maximizationhoth these wage functions must be compatible with some
nontrivial profit-maximizing choice. But that cannot be, given constant returns to scale and the
fact that the price of the consumption good is always normalized to ¢hity.

So far, we assumed thatis exogenously given, and showed that there is a single steady
statew, givenx. The less intuitive part of the proposition is ththere is only onev-function
even wherx is endogenously determinethis part of the argument makes fundamental use of
constant returns to scale, and the reader is invited to study the formal proof for &@tails.

To get a feel for why the endogeneity »fdoes not jeopardize uniqueness, consider the
following examples. Recall that the endogeneity of this function arises from the possibility that
it takes professionals to train professionals, sotrdggpends omv. One elementary formulation
is a fixed-coefficients “recursive” training technology: workers proceed incrementally over suc-
cessive training levels, and to increase one’s level of training fiomdh to h requires a fixed
proportiona (h) > 0 of teachers with training levdi: this costsx(h)w(h). This corresponds to
the cost function

h
x(h) = ¢ (w, h) = / a(hHwhHdh’ (13)
0

which is obviously continuous ih for every measurable, so that[T.2] is satisfied. Combin-
ing (13) with (12), we see that the wage profile in any limit steady state must belong to the family

h /
w(h) = w(0) exp[ f a(h )dh/] (14)
0

1)

Smooth steady states are thus pinned down entirely, except for their level, which correspond to
the wagew(0) of workers with no training at all. Note, however, that the initial conditio®)

maps out a family of wage functions which is pointwise ordered. By an argument given earlier,
it follows that only one value oiv (0) is consistent with profit maximization.

25. The argument—that in a “monotonic” family of wage functions there can be at most one member that is
consistent with profit maximization—may need to be qualified when there are several consumption goods. In particular,
the multiplicity question needs further examination when demand-side compositional effects (as in Baland and Ray
(1991), Mani (2001), Matsuyama (2002)) drive the story.

26. This is where we invoke the premise that a steady state exists with positive wages throughout.
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Or suppose, alternatively, that the training technology is Cobb—Douglas, withHevel-
training technology described by the function

h
logs(h) = / a(h) logt(h)dh’ (15)
0

wheres(h) is the number of typé students turned out by a process that ugk§ teachers of
typeh’ € [0, h]. Here, training am-type requires teachers of all levels up to leligbut there is

scope for substitutability among teachers of different levels. Higher level teachers may be more
effective, but also more expensive. Hence cost-effective training requires educational institutions
to select an optimal teacher mix of different levels given their wage profile, to minimize the cost
of turning out each student. This minimization exercise generates the training cost function

h /
x(h) = ¥ (w, h) = exp[ / «(h') log wh )dh/} (16)
0 a)

which once again satisfi¢$.2]. Combining this with (12), we see that a limit steady state wage
profile must satisfy the differential equation

/ 1 w(h) e w()
w'(h) = ga(h) log m exp[/O a(h’) log « () dh}. (17)
Once again, it is evident that the family of wage functions (determined up to a constant of
integration) is pointwise ordered, so only one of them is consistent with profit maximization

in the final goods sector.

Both examples involve a “recursive” technology, in which the training of Iéveldividuals
depend on indices labellddor below. This suggests that the set of professions may need to be
ordered in some way for the result to work. However, the proof of Proposition 4 is very general
and does not rely at all on a recursive technology.

We conclude this section by indicating how the preceding result can be extended when
the full-support assumption does not hold. It is not essential that every potential occupation be
necessarily chosen by some agents in the economy. What really matters is that the set of effective
financial options available is perfectly divisibies. the range of training costs and returns from
different occupations that are selected in every steady state forms a continuum. For simplicity we
consider the case of exogenous training costs.

Proposition 5. Suppose that(a) the space of professiorf§ is a compact, connected
subset of a metric spacéb) there is an exogenous training cost functiothx defined orH
which is continuous, such that the minimum training cost across all professid)s(@ the
set of professions active in any steady state is a connected subigetndgfich contains both a
minimum training cost and a maximum training cost occupation. Then there is a unique steady
state wage function. If, in addition, the production function is strictly quasiconcave, there is a
unique steady state.

We skip the proof of this since it is closely related to that of the previous proposition. Here

it is not necessary that every occupation is active, only that the set of active occupations has
no “holes” and spans the entire range of training costs. With a continuous (exogenous) training
cost function, this ensures that the range of observed training costs in any steady state is an
interval with a lower end-point equal to 0. All steady states must therefore involve the same span
of training costs. The same argument concerning local indifference can now be applied with
regard to selection of the level of training cost by each family, to pin down the steady state wage
function.
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5. EFFICIENCY

Are steady states efficient in the sense of Pareto-optimality? A crucial market is missing, so
it would be no surprise if they failed to be efficient. It turns out, however, that the answer is
somewhat more complex, and is once again related to the richness of the set of professions.
The concept of efficiency itself requires some discussion. We lay emphasis on the fact that
a “continuation value” from any dateis not just the tail utility for generation 0, bigtthe utility
of the generation born at dateTherefore the universe of agents to whom the Pareto criterion
should be applied may be described by the collection of all p@ity, wherei indexes the
dynasty and the particular member of that dynasty born at dat€onsequently, given some
initial distribution A¢ over occupations, say that an allocatiay(i ), A} is efficientif, first, it is
feasible

(A, Ct Ay €T
for all datest, wherec; = f[o,l] ci(i)di, and if there is no other feasible allocatiej (i), A;}
(with L[, = Ag) such that for every date

> ) = > s ues()),

with strict inequality holding over a set of agents of positive measure at some date.

Proposition 6. Suppose that a steady stdle c, X, w) has the property that
x(h) — x(h") = a[w(h) — w(h')] (18)

for some a> §, and for all occupations h and' hThen such a steady state is Pareto-efficient.

To interpret the proposition, note that(h) — x(h")| is just the marginal cost of moving
up to a “better” profession. The familiar Pareto-optimality condition states that the discounted
returns from doing so shoukfjualthis cost; that is

x(h) — x(h") = §[w(h) — w(h’)].

This condition is included in (18), but the latter is weaker. The incremental costs are permitted to
exceedhe incremental wages without threat to Pareto-optimality. In this sense “overinvestment”
in human capital is not a source of Pareto-inefficiency. As elaborated below, the reason is
that some future generationustlose if this apparent overinvestment is eliminated: essentially,
the proposition states that there is no way that a current generation can compensate all future
generations for the reduction in investment.

Note, however, that the condition also requires a balance between the extent of
“overinvestment” in different occupations: that the incremental coseverypair of professions
be in excess of the discounted returns by exactly the same ratio (that is, ithg18) is
independent of professions). This balance ensures the absence of Pareto-improving reallocations
across professions.

Next we provide a converse to the preceding result which shows that condition (18) is
necessary for Pareto-efficiency for steady states satisfying the full-support property. The converse
is not exact. We will assume that the number of professions is fihiamd that the technology
set satisfies the following condition:

27. We make this assumption for technical reasons, and not to suggest that the proposition will fail if the number
of professions is infinite. There are some technical conditions involving the appropriate negation of (18) which we would
rather avoid.
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[T.3] 7 has a smooth boundary, in the sense that every weakly efftipaint of 7 has a
unique supporting price vector of the foriw, 1, x).

Proposition 7. Assume that{ is finite and that{T.3] holds. Suppose th&i8) fails at
some steady state with full support. Then that steady state cannot be Pareto-efficient.

The proof of this proposition (in the Appendix) provides some understanding for the role of
condition (18). This condition could either be violated by a genenaerinvestmenin which
the rate of return is equalized across all occupations but this common rate of return exceeds
the discount raté. Or there may be a misallocation in investment, with rates of return not
equalized across occupations. In the former case, the planner can construct a Pareto improvement
by investing more at some location in the occupation distribution (redistributing weight towards
some occupatioh; away from anothehn; involving a lower training cost) for some generation
and returning to the previous steady state from the following generation onwards. The deviation
is constructed so as to raise consumption for generatiovhile reducing it for the previous
generationt — 1, and leaving all generations frobt 1 onwards unaffected. The changes in
consumption for generationts— 1 andt are distributed equally across all families. Hence those
in generatiort will be better off, and all those in succeeding generations are not affected at all
by the variation. Finally, generatidn— 1 must be better off since the rate of return on education
exceeds the factdrby which the utility of the next generation is discounted. A similar variation
can be constructed in the case of a misallocation: educational investments can be reallocated
across occupations for some generatigo as to yield a higher aggregate consumption for that
generation, while leaving aggregate consumption for future generations unchanged.

To apply the preceding characterization of efficient steady states, consider, first, the
continuum case discussed in Section 4.3. The steady state wage function (12) satisfies the
conditions of Proposition 6; therefore the unique steady state in that case is Pareto-efficient.
Indeed, since the rate of return on investment is uniforagjyalto the discount rate, there is no
overinvestment in this steady state.

Next, consider the two-profession economy. It is easy to apply Propositions 6 and 7 to show
that in this case, “high” inequality coexists with inefficiency. The reason is intuitive: given the
missing capital market, high inequality is correlated with underinvestment in education. More
precisely, we will show that the set of steady states, indexed by the proportion of individuals in
the skilled profession, is always partitioned by a threshold proportion—ceiHtwhich itself
must belong to the interior of the set of steady states. Steady states in whkich* must be
inefficient, while steady states with> A* must be efficient (see Figure 2). This implies that a
continuum of efficient and inefficient steady states coexist in the case of two professions.

To see this, simply recall the condition (10) that characterizes a steady state in the two-
profession case

u(ws(A) —u(ws(A) —x) < %{u(ws(x)—x)—u(w“(x))] <u')—u@"R)—x). (19)

DefineA* by the conditiorw®(1) — w" (L) = Xx/§. Notice that by Propositions 6 and 7, and by
the particular properties of the functions(1) andw" (1), a steady state proportidnis Pareto-
efficient if and only ifA > A*. So it only remains to show that belongs to the interior of the

28. We look at weakly efficient points because professions that take no resources to produce can be created in
unlimited quantities. Of course, the supporting price for such professional capacities (&h} ir professiorh) will
be zero.
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FIGURE 2
The Pareto-efficiency threshold with two professions

set of sztgeady states. This is done by verifying that (19) is satisfieds#ritt inequality when
A =A%

Indeed, this observation for the case of two professions extends in several directions, though
considerations of space preclude a full treatment here. For instance, with exogenous training
costs (or equivalently, for the case in which training requires only material inputs) there always
exists an efficient steady state. To see this, consider the following class of wage functions:
w(h) = %x(h) + w(0), and treatw (0)—the wage of the profession that requires no training—as
a parameter for the moment. Under weak conditions on the techn$llagi®) can be chosen to
ensure zero maximal profits in the sector producing the consumption good. Once this is done, a
steady state is easy to constrétAnd exactly the same argument as in the two-profession case
guarantees that the intertemporal utility maximization conditions are met. A similar argument
extends the result to the case of a “recursive” training technology, where professions can be
ordered in a way that the cost of training for any occupatiodepends only on wages of
occupations ordered beldw

Summarizing, there is no scope for Pareto-improving policies in the case of a continuum
of professions where the uniqueness results of Section 4.3 apply. But there may be scope for
Pareto-improving policy in other contextsg.those in which the occupational structure exhibits

29. Exploit the strict concavity af to see thati(wS(A*)) — u(wS(A*) — x) < U (WSA*) — x)x = U’ (wS(A*) —
) 25 wS0F) = x — wl(N] < 25 U@SA®) —x) — U@ AN < U @05 L5 wS0r) — x — wl ()] =
U @Y F)x < u@l () — u@l () — x).

30. Essentially, these are Inada conditions on any subset of inputs needed to produce the final good.

31. Lettingr, denote the number of people in occupatina steady state with positive consumptamequires the
existence of a gross outpu of the final good such thaly = agrg + >, X(h)Ap + ¢, whererp = anAg for eachh and
ap, ap denote cost-minimizing input coefficients at the given wages. Sugfeaists for any giverif 1 —ag— ) " an >
0, which is guaranteed by the zero-profit condition in the final good secterdd + Y, w(h)an > ag + Y _, x(h)ap).
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indivisibilities. Nevertheless, even in such cases—and despite the missing credit market—an
efficient steady state will exist in a large class of economies.

6. SUMMARY AND RESEARCH DIRECTIONS

We explored three themes in this paper. First, in contrast with literature which views economic
inequality as the outcome of ongoing stochastic shocks, we argue that there are fundamental
non-stochastic reasons for persistent inequality when capital markets are imperfect. In particular,
long-run inequality (in consumption and utility, not just gross incomes) is inevitable in any steady
state with some occupational diversity, irrespective of the degree of foresight or intergenerational
altruism of parents, or the divisibility of investment optioits.

Second, we show that while the fate midividual dynasties may be plagued by path
dependence, the same may not be true of an economy in which the set of professions is “rich
enough” to eliminate indivisibilities in the set of investment options. Under a broad set of
conditions there is a unique steady state. Hence if a one-time policy has a permanent effect
on some families in a particular way, it will have opposite and compensating effects on other
families. With indivisibilities the familiar multiplicity result is recovered, and there is room for
one-time policy to have permanent effects.

Finally, we characterize efficient steady states in our model. Because the credit market is
missing, it is of interest that some steady states may be efficient. At the same time if there are
significant indivisibilities in occupational choice—such as the case of only two professions with
an exogenous training cost—there are two continua of efficient and inefficient steady states. The
inefficient steady states involve underinvestment and greater inequality than every efficient steady
state. In such circumstances there is potential scope for temporary policies or historical shocks
to raise long-rurper capitaincome while reducing inequality.

We conclude by describing topics for subsequent research. First, there is the question of
non-steady state dynamics. This is important for understanding how inequality evolves over time.
We have been able to resolve this question fully in the two-occupation case, where uniqueness
of competitive equilibrium from arbitrary initial conditions and global convergence to a steady
state obtains (for details see Ray (1990), Mookherjee and Ray (2000)). It would be important to
see whether these results extend to a more general occupational structure.

The second major research question concerns an extension to the case in which financial
bequests can supplement human capital investments. While this is formally a special case of
our model, the appropriate interpretation of this case implies that the occupational diversity
condition (needed for persistent inequality) can be quite strong. Families can effectively lend
while being restricted in their borrowing. Conceivably there might then be steady states without
inequality, where less skilled dynasties compensate for their lower human capital by holding and
bequeathing more financial wealth. The burden then falls more squarely on an examination of
non-steady state dynamics. Some preliminary observations on the interplay between financial
bequests and human capital investments are reported in Mookherjee and Ray).(2002

Finally, we believe that the model developed here can be fruitful for the analysis of dynamic
effects of trade, technical change, financial sector reforms, and redistributive policies. One
may also use the model to understand the effects of economic integration on inequality across
countries, by interpreting each family to represent a different country. For instance, one could
view “occupational” setup costs as infrastructural investments made by the planners to facilitate
a particular mix of economic activities in each counteyg(a country may decide to subsidize

32. When financial bequests are available, the occupational diversity condition may be strong; see the remarks
given in what follows.
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agriculture, promote exports, or invest in high-technology production capabilities). Then—in the
absence of a perfect international capital market to finance these investments—global inequality
must emerge, with historical events determining the subsequent fate of individual countries.
Nevertheless, while individual fates can be altered, the world economy must exhibit a certain
compositional balance, if the investment technology allows a sufficiently diverse set of options.

APPENDIX

Proof of Propositioril.  Say that an occupatioh is dominatedif there is a distinct occupatiog such that
x(g) < x(h) andw(g) > w(h), with at least one of these inequalities strict. It should be obvious that there is no
set of dominated occupations with positive measure ukder
Now suppose that the proposition is false, and there is a set of individuals of positive measure such that for
each individual in this set, a switch (to a distinct profession) takes place at some date. Then—because there are only a
countable infinity of dates—there is som@mmordate at which a professional switch takes place for a positive measure
of individuals.

Claim. There exist undominated professions ,chand d such that a person with occupation h moves to g, one
with ¥ moves to gand the following property is satisfied(lx) < x(h’) and x(g) > x(g@').

To prove this claim, note that if a positive measure of people switch professions (say “uph f@mor “down”
from h’ to g’), then to maintain the steady state distribution there must be flows in the opposite direction. Moreover, all
these professions must be undominated, because no set of dominated professions exhibits positive measure under
The claim implies that there exist initial professidnandh’ such thatw(h) < w(h’), but with the property that
the optimal choice of professiong &ndg’ respectively) satisfies(g) > x(g'). Let V (h) denote the value of starting at
h under the going steady state. Then, becayisefeasible forh (after all,x(g') < x(@)),

u(w(h) — x(@)) +8V(9) = u(w(h) — x(g") +8V(g),
while becausg is feasible undew(h’) (asg is feasible undew(h) andw(h) < w(h")),
u(w(h’) = x(g)) +8V(g") = u(w(h’) —x(9) +8V(g).
Combining these two inequalities and cancelling common terms, we see that
u(h’) —x(g") — uw(h) = x(@") = uw(h’) - x(g)) — uw(h) — x(g)). (A1)
However, given thaiv(h) < w(h’) andx(g’) < x(g), (A.1) contradicts the strict concavity af ||
Proof of Propositior2. Let h and h’ be distinct professions witkx(h) > x(h’). Then (because dominated

professions cannot be inhabited)(h) > w(h’). Now we know by Proposition 1 that for a personhatchoosingh
represents the best continuation. It follows that

Gty — () suu() — x(h')

/
13 = u(w(h) —x(h)) + 5
A /
> u(w(h’) — x(W)) + 7&](1”(2)_ Sx(h )

_u@(i) = x))

N 1-3 '
which shows that a person fathas higher lifetime utility than a personi#t Because no person switches professions at
a steady state (Proposition 1), the persoh atust have a higher utility at every date compared to the persiah at||

Proof of Propositior8. By the Inada conditions, there existg such that()) and«S(1) are equalized. Notice
thati3 must be strictly less thakp, which in turn is less thak. So, using the strict concavity of the utility function, it
must be the case that' (A3) > «S(A3) = b(r3). Thus (10) is satisfied atz and we have a steady state.

Now use the slopes of these curves to argue that for allx3 but sufficiently close to it,

1) > b(hg) > k3(13),

which establishes that there must be a continuum of steady states.
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To see that the steady states are ordered in terms of net output, consider the following maximization problem for
the net output:

max, g f (A, 1— 1) — XA, (A.2)
This is a strictly concave problem inand attains a uniqgue maximum whép— fo = x. Recalling thatw® = f1 while

wY = fp, we conclude that this is the poihtsuch thatwS(1) — x = w" (1), which is precisely., in Figure 1. Because
every steady state lies to the leftiof and the maximization problem (A.2) is strictly concave, the result follows|.

Proof of Propositiod.  The following elementary lemmas will be used.
Lemma 1. The unit cost functiom(w, h) has the following properties:

[1] If two wage functionsv andW satisfyw (h) > w(h) for every h, theny (W, h) > v (w, h) for every h.
[2] Forevery scalak > 1 and each hy(aw, h) < ay(w, h).

[3] Forevery scalaw € [0, 1] and each hy(aw, h) > ay (w, h).

[4] Inany steady staté, c, w, x), x(h) = vy(w, h) for all h.

The proofs are obvious and therefore omitted. The verification of [2] and [3] uses constant returns to scale, coupled
with the fact that the price of the final good (which may be an input in the production of Bpim@ormalized to unity.

Lemma 2. Under the full-support assumption, there cannot be two steady states with distinct wage fufctions
andw such thativ(h) > w(h) for all h.

Proof. Suppose the lemma is false. Then not onlywigh) > w(h) for all h, strict inequality holds on a set
of positive measure. Consider some steady state input distributtbat produces the final good at lev|By profit
maximization and constant returns to scale in the production sector,

€ —Wi =0,
so that by the full-support postulate,
¢—wi > 0.

But (given constant returns to scale) this violates profit maximization at the steady state with wage functidin

For the main proof, we retrace the steps of the informal discussion. Fix some steadi state, x). We first
prove the following claim: (12) holds for afl.

If x is zero throughout (12) follows trivially, as wages must be constant fdr.&lnd if some training costs are
positive, Lemma 1 (part [4]) and the continuity ¢fimplies thatx(h) must be continuous ih, so the range of is an
interval of the form[{0, X] for someX > 0. Obviously, there is a functiow/ defined or{0, X] such that for everi with
x(h) > 0, w(h) = W(x(h)). The full-support assumption implies that everin [0, X] is chosen by some family.

This implies thatW must be continuous. Otherwise some levekah the neighbourhood of a discontinuity will
not be chosen, as it will be dominated by a neighbouxihassociated with a substantially higher wage.

Next, consider anx in the interior of[0, X]. Then, invoking (9) and using the same argument leading up to (10),
we see that for every > 0 and sufficiently small,

)
U(W(X) = X) —Uu(W(X) — (X +¢€)) > 1—_8[U(W(X) — (X+€) —uW(x) —x)]
> UWX+€)—X) —UWX+€) — (X+¢€)).

Dividing these terms throughout ley applying the concavity of the utility function to the two side terms, and the mean
value theorem to the central term, we see that

V(W) =[x +e]) = %u/(e(e)) [w _ 1}

> U (WX +e€) —X), (A.3)

wheref (¢) lies betweerW (x) — x andW(x + €) — (X + €). Now we may send to zero in (A.3) and use the continuous
differentiability of u to conclude that

W(X + €) — W(X)

. 1
exists, and equal§.
€

|im€¢0
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Exactly the same argument applies wher= X (respectivelyx = 0) to show the left-differentiability (respectively
right-differentiability) of W at that point. We may therefore conclude that forxaé [0, X]:

W(X) = %X + w(0).

This establishes our claim that every steady state must satisfy (12) for all
With this claim in hand, we can complete the proof. Suppose that there is a steady state wage fundtion
strictly positive wages throughout. Then, by the claim,

w(h) = %X(h) + w(0). (A.4)

Suppose, in contrast to the proposition, that there is another steady(stétsv, %) with a distinct wage function.
Applying the claim again, we know that

w(h) = gli(h) +w(0) (A.5)
for everyh. Combining (A.4) and (A.5), we see that

Xty b(h) — b(0)

x(h) — wh) —w(©)
for all h such that bothx(h) andx(h) are not simultaneously zero, interpreting this ratio tebén casex(h) = 0.

Now definea = max%ﬂl and 8 = min %('l% Becausew andWw are continuous functions and(h) > 0

everywhere, these terms are well defined. Notice, moreoverpthat 1 andg < 1 if the two wage functions are
distinct (by virtue of Lemma 2).

(A.6)

Casel. % < . Leth* > 0 be some value df such thatr is attained. Then it is easy to see that

() B(h) — ()
x(h5) ~ wh®) —w©) A7)

Define a new wage functiow” such thatw” (h) = aw(h) for all h. Then, using the fact that > 1 and invoking
Lemma 1, part [2],

YW h*) < ay(w, h*) = ax(h®),
while by Lemma 1, part [1],
%(h*) = ¥ (W, h*) < yw”, h*).
Combining these two inequalities, we may conclude that
x(h*) < ax(h®),

which contradicts (A.7).

Case2. % = «a. Leth, > 0 be some value df such thaig is attained. Then, parallel to (A.7), we see that

R(he) _ ib(hs) — (0)
X(h) ~ w(h) — w0

<B. (A.8)

Continuing the parallel argument, define a functiefi such thatw (h) = Bw(h) for all h. Then, using the fact that
B < land Lemma 1, part [3],

YW, hy) > By (w, hy) = Bx(hy),
while by Lemma 1, part [1],
X(hs) = Y (W, he) > YW, hy).
Combining these two inequalities, we see that
X(hy) > Bx(hy),
which contradicts (A.8).

Thus, in both cases we have a contradiction, so that the first part of the proposition is established. The second part
is obvious and needs no proof. ||
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Proof of Propositior6.  We rely on the following result.

Lemma 3. Fix c > 0, and suppose thdts} is a non-negative sequence starting from date t, not identical to c at
every s> t. Then, provided that

(o] _ e8] _
Zs:t 85 tu(cs) > Zs:t 85~ tu(o), (A.9)
we must have
o0 o0
Zs:t 85 teg > Zs:t sSte. (A.10)

Proof. Suppose that there is a sequence of consumpfi@Ag>;, distinct fromc at somes > t, such that (A.9)
holds. By an elementary inequality involving strictly concave functions, we know that
u'(©)[cs — €] > u(cs) — u(c), (A.11)

with strict inequality holding wheneves # c.
Combining (A.9) and (A.11), we see that

V@Y o 65 es—cl = >0 657 u(es) — u©] = 0,

and this completes the proof. ||

Now return to the proof of the theorem. Suppose, in contrast, that there is some Pareto-improving allocation
{ce (i), At} with
(Ct, M, A1) €T
for all datest, wherec; = f[o, 1 ct(i)di, and such that initial conditions are respected.
Then two things must happen. First the new allocation must be distinct for a positive measure of individuals (at
some date) from the old, and second, no individu@ratdate can be worse off. Consequently, using (A.10) at any date
t and adding up over all agents, we see that

[ee] . oo _
Zs:t 85 tes > Zs:t 857 te, (A.12)

wherec is aggregate steady state consumption. Moreover, strict inequality must helohfiedatet.
Now, we know that at the steady state prig@s x), profits are maximized at the steady state allocation.
Consequently, for each dade

C+X+A—W:A>Cs+X-Agy] —W:-As. (A.13)
Taking discounted sums and invoking (A.12) from Lemma 3, we see that
XeA—W-A © st
?Zzszté [X+Agp1 —W-As]
for everyt, with strict inequality at date 0. Using (18), it can be seen that
a—1 © st
T Wz Zs:t 85 Haw + Agy1 — W+ Ag] (A.14)

for everyt, recalling once again that strict inequality must hold at date 0.
Leave the inequality at = 0 undisturbed, but for > 1 multiply the corresponding inequality on both sides by
(a— B)atfl. Then for anyt > 1, we have

-1 a-1 00 st t -1
aHa-9 WA= @-9) Zs:t 85 alw a1 —al T iw - Agl. (A.15)

Add these inequalities over al> 1. Notice that < 1, otherwise we cannot have a steady state competitive equilibrium.
Therefore

—%_gw A= (@—9) Z;’il Z; 55 Halw - hgy1 —attw - Ag]
—@-»y o, Zts:l 55 Uatw - hgrq —al 1w - dg]
s a\t s 85 sant
=@-9 Z:il[zt:lss (E) WeAst1— Zt:l a (E) w 'ls}

- Z:i (8@ = 65W dsy1 — @ — 65 W - ds]. (A.16)
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Now add both sides of (A.16) to the corresponding sides of the inequality (A.14)d. Remembering that this latter
inequality is strict, we see that

WA > Z:il[a(as — 8SWAgy1 — (@5 — 8HW-Ag] + Z:io 85[aw - Agp1 — W+ Asgl.

But careful inspection of the R.H.S. of this inequality shows that it is also equaltoA, which is a contradiction. This
completes the proof. ||

Proof of Propositior7.  The following standard lemma will be used.

Lemma4. Suppose that a boundary point= (g, c, o) of 7 has a unique supporting price = (w, 1, X).
Suppose further that for some alternative allocatidignot necessarily feasiblgp - Z < 0. Then for alle € (0, 1) and
sufficiently close to zergl — )z + aZ € 7.

Proof. Standard. See.g.Rockafellar (1979, Theorem 2). ||

We now turn to the proof of the proposition. Suppose that (18) is false at some steady state, x). Then one
of the following must be true.

[l There are professiorig andhy with x(hy) > x(hy) such that

1
w(hy) —w(hy) > E[X(hl) —x(h2)]. (A.17)
[l There are four professiotg, hy, h3 andhy (not necessarily all distinct) witk(h1) < x(h) andx(h3) < x(hg)
such that
w(hp) —w(hy) _ w(hy) —w(hy)
> . A.18
X(h2) —x(hy) — x(hg) — x(h3) (A18)
Accordingly, we divide the analysis into two cases.
Casel. [l]istrue. Thenthere is € (0, 1) andn > 0 such that
vw(hy) — w(hy) 1
— = > > —. A.19
x(hp —xthp) "7 5 (A-19)
Fix these two numbers in what follows. For any- 0 and small, define the distributidn by
€V
re(hy) =ah) + ————,
< YT xthp) = x(hp)
and
he(hp) = a(hp) — — ¥ (A.20)
=T Xy —x(hp)” '
while A¢ (h) = A(h) otherwise (wher&. is the original steady state distribution).
We first claim that there existg > 0 such that
AC—€A)eT (A.21)

foralle € (0, 7).
To establish this claim, calculate the “profit” generated by the allocatior= (A, c — €, A¢) (not necessarily
feasible) at the steady state price veget (w, 1, X). We see that

PZe=(C—€)+X-Ae —W:A=(v—1e <0,

where use has been made of (A.20) and the facttfat-A —w-A = 0. By Lemma 4, we know that for all € (0, 1) and
sufficiently small,(1 — @)z + a«ze € 7, wherez = (4, ¢, 1). Using (A.20), this is easily seen to be equivalent to (A.21)
(for € small enough), and the claim is established.

Next, we claim that there exis¢s > 0 such that

(he.CH+ne, M) eT (A.22)
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for all ¢ € (0, €2), wheren is defined in (A.19). To see this, calculate the “profit’ generated by the allocation
Z, = (Ae, C+ 1€, A):

P-Ze =(C+ne)+X-A—W-Le

evw(hy) —w(hy)
x(hy) — x(hy)
<C+ne+X-A—W-A—ne=C+X-A—W-A=0,

=CH+ne+X-A—-—W-A—

where the inequality in this string uses (A.19). So once again, by Lemma 4, we may conclude that fer(@ll1) and
sufficiently small(1 — «)z+ ez, € 7. Using (A.20), this is easily seen to be equivalent to (A.22) {femall enough).

We use these constructions to create a path that Pareto-dominates the steady state. Consider the following sequence
of production plans(zc, z,, z, z, .. .), where O< € < minfey, €2}. By (A.21) and (A.22), such a path is (technologically)
feasible.

Relative to the steady state, this path displays an aggregate consumption shoetfallpgfriod 0, an aggregate
consumption excess @t in period 1, and no difference thereafter. Divide these transitory differences equally among all
the agents. Notice that agents after period 1 are unaffected, while all agents at period 1 are strictly better off. It remains
to check agents at period 0. The gain in utility for each persatrdate 0 is jusiA (i) = [u(c(i) — €) + du(c(i) + ne)] —

[u(c(@i)) + su(c(i))]. Notice that

A(i) = 8u'(c(i) + ne)ne — U’ (c(i) — €)e

€ [ u'(ci) + ne) }
= . &n . -1
u(c@) —e€) u'(ci) —e)

Now, there are only a finite number of possible values wisi¢h can assume, and all of them are strictly positive. Use
this information together with the smoothnesaipaind the fact thain > 1 (from (A.19)) to conclude that far small
enough,

A(i) >0
for every agent. This completes the proof in Case 1.

Case2. [ll] is true. With (A.18) in mind, choose such that

w(hp) — w(hy) . x(hp) — x(hy)
w(hyg) — w(hg) x(hg) — x(h3)’

(A.23)

and theny such that
0 <y < plx(hg) — x(h3)] — [x(h2) — x(hp)]. (A.24)
Now adjust the steady state distributibmas follows. For any > 0 and small, defing, by
re(hy) = A(hy) —e,
re(hg) = A(hg) +e,
Le (h3) = A(h3) + pe,
and
re(hg) = A(hg) — pe, (A.25)
while ¢ (h) = A(h) otherwise. We claim that there exists > 0 such that
A C+yer)eT (A.26)

foralle € (0, €3).
To establish this, observe thatzif = (A, ¢ + y¢, A¢) andz = (&, ¢, L), then

P-ze =p-z —p-z=ye—x(hpe + X(hp)e — x(hg)pe + x(h3) pe
= ye +{[x(h) — x(hp)] — p[x(hg) — x(h3)]}e
< ye—ye=0,

where the last inequality uses (A.24). Applying Lemma 4 as before, we are finished.
Next, we claim that there existg > 0 such that

(e, M) eT (A.27)
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for all € € (0, €4). To prove this, define. = (A¢, ¢, A) and note that

p-z. =p-z. —p-z=—w(hp)e +why)e — w(hz)pe + w(ha)pe
= e{[w(hg) — w(h3)]p — [w(hy) — w(h)]}
<0,

where the last inequality uses (A.23). The claim then follows from a final application of Lemma 4.

Just as in Case 1, we may now construct a Pareto-dominating path. Consider the sequence of production plans
(Ze,Z,,2,2,...), where O< € < min{es, 4}. By (A.26) and (A.27), such a path is (technologically) feasible. Relative
to the steady state, this path displays an aggregate consumption surpkisngberiod 0 and no difference thereafter.
Divide this surplus equally among all date-0 agents. Clearly, a Pareto-improvement has taken place, and the proof is
complete. ||
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