MCMC:
Gibbs Sampler



Building Complex Models:
Conditional Sampling

e Consider a more complex model

plb, o, Bly)cp(y|b)p(ble, B)p(x)p(B)

* WWhen sampling for each parameter iteratively,
only need to consider distributions that have
that parameter

p(ble, B, y)ocp(y]b)p(blx,B)
p(x|b,B, y)ocp(blx, B) p(x)
p(Blb, &, y)ocp(ble, B) p(B)



In one MCMC step
p(b(gﬂ)‘(x(g)’ B(g)’ y)OCp<y‘b(g))p(b(g)‘O((g), B<g))

p<0((g+1)‘b(g+1), B(g)’ y)OCp(b<g+l)‘(x(g), B<g)>p(0((g))

p(B(gH)‘b(gH), O(<g+1), y)OCp(b<g+l>‘o(<gH), B(g))p<B(g))



Gibbs Sampling

* |f we can solve a conditional distribution analytically

- We can sample from that conditional directly
- Even if we can't solve for full joint distribution analytically

« Example

p(u, 07P)e N (3w, o) N (1w, V) IG (07|, B)






Trade-offs of Gibbs Sampling

 100% acceptance rate

« Quicker mixing, quicker convergence
* No need to specify a Jump distribution
 No need to tune a Jump variance

 Requires that we know the analytical solution
for the conditional

- Conjugate distributions
e Can mix different samplers within a MCMC



Bayesian Regression
via Gibbs Sampling

» Consider the standard regression model
y.=by+b,x,,+b,x;, ,+--+b,x, ,+E€,
e,~N(0,0°)

- Y = response variable
- Xj = covariates

- ﬂj = parameters



Matrix version

* As noted earlier this
Vi=bytbx; \+byx, ,++b,x;,
can be expressed as
yi:Xig

* The full data set can be expressed as

v=Xb



Quick review of matrix math

» Vector b, ] » Transpose
b= ¥
3 x 1 b, bT:[bl b, b3]
b3 1x3

e VVector x vector

[E—
|

b'xb=[b, b, b,|X|p. |=b>+b>+D

> >~ o>~
(\®)

(9
[

1x3 3x1 1x1

See Appendix C for more details



Quick review of matrix math

e \Vector x vector

b, by bb, bb,
bxb'=|p |X[b, b, b)]=|b,b, b} b,b,
b3 ] b,b, bb, b;
3x1 1x3 . 3x3 .
* Vector x matrix e Matrix x Matrix
X b=ji XX'=z

nx3 3x1 nx1 NXx3 3XNn nxn




e Matrix x Matrix

2
in,l in,lxi,2 in,lxi,3
I'v__ 2
X' X= in,2xi,1 in,z in,2xi,3
2
_in,3xi,1 in,3xi,2 me
3x3

3Xn nx3

. Ident_ity Matrix_ e Matrix Inversion

1 0 0
I=/0 1 0
0 0 1

X'xX=xX"'=1




Transpose Relationships
(A7) =4
(A+B)' =A4"+B'

(AB)' =B A"



...back to regression

v=Xb+e €E~N (0,%)

Data model
Process model

Likelihood
p(7|b,0*, X)=N, (3| Xb,0I)

Priors

Parameter model



General pattern

 Write down likelihood
- Data model
- Process model

* Write down priors for the free parameters in the
likelihood

- Parameter model

o Solve for posterior distribution of model
parameters

- Analytical
- Numerical



)

Posterior

p(b,0%| X, )N (3| Xb, o T)X
Np(b | by, Vb)]G(Uz | 51,8,)

Sample in terms of conditionals

p(blo® X, 3)xN, (3| Xb, 6> I)N,(b|b,, V,)

p(c?b,X,7)xN, (3| Xb, 6’ I)IG(c’]s,,s,)



Regression Parameters

p(b|o®, X, P)cN, (3| Xb,0>I)N (b by, V,)

Will have a posterior that is multivariate Normal...

N, (bW, V)= 1

(27_[)]9/2‘ V‘I/Z

What are V and v??

exp




(b—w)' V' (b—1V)

'V b=b" VWV v—vV VbtV VT Y

Z;T V_lg—gTV—VE-l-VVV

ﬂ
S
S
|
\O)
S
~
<

+viv




(3=Xb) (0* 1) (3= Xb)+(b—b,)" V' (b—b,)

o’ yj Y Xb—o b X p+0 b X" Xb

bTVEbV;E bV, 'b+bl Vb,

Ay

b X Xb+b' V'h — V'=a X X4V,

—2b"y

—o Yy Xb—o b X =0TV, by—bL VD

— v=6_2XTj?—I— V;lbo



Variance

p(c?|b,X,7)xN, (7| Xb, 6 1)IG(c’]s,,s,)

oC L exp- 1
nl2 -20_2

Will have a posterior that is Inverse Gamma...

[G((rz\ul,uz)oc((yz)_<”1“>exp — =

U=t

n

(3—Xb)" (7—xb) |(07) """

u,

exp




BUGS implementation

model{

##tprior distributions
b[1] ~ dnorm(0, 1

tau

Hitlikel
for(

}

.OE-5)
b[2] ~ dnorm(0,1.0E-5)
.1,0.00

~ dgamma(0 1)
hood

1in 1:n){

mul[i] <- b[1] + X[i] * b[2]
y[i] ~ dnorm(mul(i],tau)
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Centering the data

model{

#tprior distributions
b[1] ~ dnorm(0,1

tau
mX

Hitlikeli
for(

}

OE-5)
b[2] ~ dnorm(0,1.0E-5)
1,0.00

1)

~ dgamma(0
<- mean(x[])

hood

1in 1:n){

muli] <- b[1] + (X[i]-mX) * b[2]
y[i] ~ dnorm(mul(i],tau)
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