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Optimal Dynamic Voltage Scaling
iIn Energy-Limited Nonpreemptive
Systems with Real-Time Constraints

Jianfeng Mao, Student Member, IEEE, Christos G. Cassandras, Fellow, IEEE, and
Qianchuan Zhao, Member, IEEE

Abstract—Dynamic voltage scaling is used in energy-limited systems as a means of conserving energy and prolonging their life. We
consider a setting in which the tasks performed by such a system are nonpreemptive and aperiodic. Our objective is to control the
processing rate over different tasks so as to minimize energy subject to hard real-time processing constraints. Under any given task
scheduling policy, we prove that the optimal solution to the offline version of the problem can be efficiently obtained by exploiting the
structure of optimal sample paths, leading to a new dynamic voltage scaling algorithm termed the Critical Task Decomposition
Algorithm (CTDA). The efficiency of the algorithm rests on the existence of a set of critical tasks that decompose the optimal sample
path into decoupled segments within which optimal processing times are easily determined. The algorithm is readily extended to an
online version of the problem as well. Its worst-case complexity of both offline and online problems is O(N?).

Index Terms—Hard real-time system, voltage scaling, optimal control, sensor networks, nonpreemptive.

1 INTRODUCTION

INIMIZING energy consumption in low-power systems

has become a critical design consideration, especially
in view of proliferating portable and mobile real-time
embedded systems whose lifetime is strongly dependent on
battery management. In sensor networks, for example,
nodes incorporate small, inexpensive devices with limited
battery capabilities. Prolonging battery life is closely tied to
the network’s overall performance; for instance, the failure
of a few nodes can cause significant topological changes
which require substantial additional energy to reorganize
the network [1]. In low-power systems, the processor
reportedly accounts for 18 to 30 percent of the overall
power consumption and often exceeds 50 percent [2].
Controlling the voltage and clock frequency provides the
means to regulate processor power consumption leading to
Dynamic Voltage Scaling (DVS) techniques [2], [3], [4]. For
CMOS processors, the total energy consumption FEju
mainly includes two parts: the dynamic energy consump-
tion Egy, V{fd caused by the supply voltage V;; and the
leakage energy consumption Ej.,; caused by the leakage
currents. Thus,

Etotal == Edyn + Eleak7 Edyn, == Cl V;?da (1)
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and the processing frequency (clock speed) is given by

fo (Vaa — Vi)* )
CoVaa

where C, (s, and « € [1, 2] are constants dependent on the
physical characteristics of a device and V; is the threshold
voltage, so that Vy; > V. These relationships may be
approximate, but the functional interdependence of Vg4,
Eiotq, and f clearly indicates that reducing the voltage
provides an opportunity to reduce energy at the expense of
longer delays, which adversely affects performance with
possibly catastrophic consequences in hard real-time
systems [5]. Thus, managing this trade-off becomes an
essential design and dynamic control problem.

In this paper, we consider system processing tasks which
are nonpreemptive and aperiodic. We also assume that the
order in which the tasks are to be executed is given a priori
according to some scheduling policy. Note that determining
the optimal order in which to execute tasks is a separate
(NP-hard) problem. Our goal is to assign processing times
(equivalently, processor speeds through voltage control) to
tasks so as to minimize a total energy consumption function
while guaranteeing that no task completion exceeds a given
deadline. Our approach is based on a similar optimization
framework as in [6] and [7], but the structure of the problem
in our setting leads to some attractive properties that we
exploit to develop a new DVS algorithm. This algorithm is
shown to improve upon the DVS algorithm developed by
Yao et al. [8] by a factor of NV and is guaranteed to obtain the
optimal solution of the offline problem (where task arrivals
and deadlines are known) under any given task scheduling
policy. The algorithm is also readily extended to an online
problem where task arrivals and deadlines are not known
in advance, but tasks are assumed to arrive within a given
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interval. Its worst-case complexity, for both offline and
online cases, is O(N?). The efficiency of the algorithm rests
on the existence of a set of critical tasks that decompose the
optimal sample path into decoupled segments within which
optimal processing times are easily determined. The key to
the low complexity lies in the fact that a simple procedure
can be developed to detect these critical tasks.

The paper is organized as follows: Section 2 summarizes
related work. Section 3 develops an offline DVS algorithm.
In Section 3.1, the offline DVS problem with hard real-time
constraints is formulated and the two main challenges it
poses are described. We subsequently identify the struc-
tural properties of the optimal sample path for this
problem, first based on a busy period decomposition
(Section 3.2) and then based on further decomposing a
busy period through critical tasks (Section 3.3). The final
solution to the offline problem is obtained in Section 3.3,
where our main result, the Critical Task Decomposition
Algorithm (CTDA), is presented. Section 4 extends the
offline DVS algorithm to online problems. In Section 5,
some simulation-based experimental results are presented,
illustrating the low computational complexity of the
CTDA. Section 6 concludes the paper.

2 RELATED WORK

A number of DVS algorithms have been proposed over the
last decade. Most of them are designed for preemptive
scheduling of real-time systems, as in [8], [9], and [10]. In
practice, when considering systems with very limited
resources (e.g., restricted battery life, storage capacity)
nonpreemptive scheduling is often a better choice because
uncontrolled preemption can give rise to a large number of
context switches requiring larger stack sizes and increased
energy consumption [11], [12]. Moreover, nonpreemptive
scheduling is necessary in some applications, such as
executing wireless packet transmission tasks which also
happen to be particularly energy-intensive and fall within
the framework presented in this paper [13], [14]. DVS
algorithms developed for the nonpreemptive case have
been reviewed in [15]. Many of them were developed for
systems with periodic tasks, as in [16]. In this paper, we
consider a system with aperiodic tasks which arise in a
setting consisting of asynchronously operating components
(e.g., a sensor network where sensing units asynchronously
supply data to a processing node). In the offline version of
our optimization problem, task arrival times and associated
deadlines are known in advance. In the online case, task
arrival times at the processor are generally random. As
discussed in Section 4, we will model them as being
constrained to occur in a given time interval.

Our approach is motivated by the work in [6], where the
nonpreemptive and aperiodic case is considered with a
known arrival time schedule and an optimal control
problem is solved with an objective function incorporating
the trade-off between processing performance and task
timeliness. The problem is solved through the so-called
Forward Decomposition Algorithm (FA) with applications
motivated from manufacturing systems; it was later applied
to the DVS problem in [17]. The FA can avoid the
combinatorial complexity that often comes with such
scheduling problems, but it still requires the solution of N
(the number of tasks) nonlinear programming (NLP)

problems, which is generally demanding for online applica-
tions with limited on-board computational capacity. For the
case of tasks with real-time constraints, Yao et al. [8]
developed an algorithm (referred to as YDSA in the rest of
the paper) which does not involve solving NLP problems.
Although the YDSA was originally designed for preemptive
systems, it can also be applied to nonpreemptive cases after
some simple modifications. Its complexity in solving offline
problems is O(N?) (originally claimed to be O(Nlog? N))
and becomes O(N*) when solving online problems; this is
typically not sufficiently efficient for demanding real-time
applications. In the following sections, we will develop a
new algorithm provably optimizing energy costs subject to
real-time constraints whose complexity is O(N?) by exploit-
ing the structure of optimal sample paths of the associated
nonlinear optimization problem.

3 OFFLINE DVS ALGORITHM

3.1 Problem Formulation

The hard real-time system we consider is modeled as a
single-stage queuing system with the objective of minimiz-
ing energy consumption while guaranteeing to meet hard
real-time constraints (deadlines). In the offline problem, the
arrival times of tasks and their associated deadlines are
known.

To achieve this goal, there are two issues we need to
handle: 1) how fast to process tasks and 2) how to order
tasks. Since the latter issue is NP-hard for nonpreemptive
systems with aperiodic tasks [15], it is necessary for a
system with limited computational resources to adopt a
specific scheduling policy of sufficient simplicity to be used
in the real-time environment we have described and to
facilitate the development of DVS algorithms with poly-
nomial complexity. For example, the Earliest Deadline First
(EDF) policy and the First Come First Served (FCFS) policy
are appropriate candidates. Our approach is independent of
the scheduling policy, since, once the policy to decide task
order is selected, we can fix the processing order of tasks
and model their queuing dynamics through the standard
Lindley equation [18] as follows:

x; = max(z;_1,a;) + Wi, (3)

where a; and z; are the arrival time and departure time,
respectively, of task 4, 7; is the processing time per operation
for task ¢ (the controllable variable in our problem), and g,
is the number of operations (or instructions) needed for
task i. For example, if we apply the FCFS policy, we then
order the task indices so that a; < ay < --- < ay; if we apply
the EDF policy, then we order the task indices so that
di <dy <--- <dy. Clearly, EDF and FCFS may be poor
policies for some nonpreemptive cases, but our approach is
not limited to these policies; it is applicable to any given
policy which may be chosen depending on the application
of interest.

We can now concentrate on the first issue above, i.e.,
controlling the processing rate of tasks so as to minimize an
energy consumption function while ensuring that all task
deadlines are satisfied. Thus, we formulate a deterministic
finite-horizon nonlinear optimization problem which we
will refer to in the sequel as Problem J:
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min {J = Zj\:l Mia(Ti)}

TL ey TN

st. >0, ¢1=1,...,N; xy=—o00;
xi:max(xiflaai)+ui7ia i=1,...,N;
I7§d“ izl,...,N,

where N is the total number of tasks to be processed, d; is
the deadline of task i, and 6(-) is the energy consumption
per operation. Note that the hard real-time constraints are
captured through z; <d;, i =1,..., N. In this problem, the
control variable is the processing time per operation 7
(equivalently, f;=1/7, is the processor speed when
processing task i) which is directly related to voltage as
explained below. Usually, DVS techniques operate through
the software/hardware interface [17]. The software is not
aware of the operating voltage used by the hardware, i.e.,
the voltage is adjusted depending on the processing time
per operation for the desired task.

Regarding the energy consumption function 6(7;) in
Problem .J, we emphasize that the analysis that follows is
independent of its precise form as long as it is a strictly
convex and monotonically decreasing function of ;. How-
ever, we can obtain more information on 6(7;) by using the
relationships (1)-(2) from which we can write

9(7—2') = Etotul = Cl (h71(7—z'))2 + Eleaka (4)
where
CoViaa
T, = h(V, =
V) = s =)

and h~!(r7;) is its inverse function. For « € [1,2], it can be
easily seen that h(Vy) is convex and monotonically
decreasing. Based on this fact, h~!(7;) can be shown to be
also convex and monotonically decreasing. In particular,
since h(Vyq) is convex, then for any 7, 72, and any g € [0, 1],

B+ (1—0)m
= Bh(h™' (1)) + (1 = B)h(h ™ (72))
> h(Bh™H () + (1 = B)h (7))

Since h(Vy) is monotonically decreasing, h~'(7;) is also
monotonically decreasing, which implies, for any g € [0, 1]:

W1 (Br + (1= B)m)
< B (R(BRTH (1) + (1 = B)h™ (1))
= Bh7H () + (1 = AR (m2),

that is, h~'(7;) is convex and also monotonically decreasing.

Due to the presence of Ej.; in (4), 6(7;) is generally not
convex or monotonically decreasing [19] since Ej.q
increases with Vy; decreasing. However, there exists a
lower operating bound, Vi, on Vg, such that Ej,; can be
regarded as a small constant in the operating range. Since
h7!(7;) is strictly convex and monotonically decreasing in
7;, 8(7;) is a convex and monotonically decreasing function
in 7; with the corresponding upper bound expressed
aS Tmax = (ch‘ivt) Moreover, the supply voltage Vy, is
physically limited by an upper bound V., that is, there

is a corresponding lower bound for 7; expressed as

Tmin = CoVias T summarize, we have
(Vinax—V2)
C(2 Vnnx
Tmin < T < Tmaxy Tmin = 77— wrvas
(Vmax - ‘/t) ( 5)
. _ 02 ‘/min
max — 7y, 15\«
(‘/min - ‘/t)

Note that the boundary constraints 7yim < 7; < Tyax are
omitted in Problem J. However, we shall show in
Section 3.4 (Proposition 3) that the solution of the modified
Problem J with the constraints (5) included is easily
recovered from the solution of Problem .J. We can,
therefore, first study this problem. Before proceeding, we
stress once again that the precise form of 6(r;) or the values
of the constants C;, Cy are not essential; as we shall see,
what matters is only the assumption that 6(7;) is a strictly
convex and monotonically decreasing function of 7;.
Looking at Problem J, we can see that there are two
main difficulties: 1) The potentially high dimensionality of
the control vector (r,...,7y), given that the number of
tasks N may be very large, which can lead to a
combinatorial complexity similar to that encountered in
[6], and 2) the nondifferentiability of the constraints
introduced by the presence of the “max” operators. With
regard to the second issue, it is certainly possible to
eliminate the max operators by replacing the nondifferenti-
able constraints of the form (3) by inequality constraints
s; > aj, 8; > w1, where s; is a dummy variable, together
with linear constraints z; = s; + u;7;, ¢ = 1,..., N. However,
this approach would double the dimensionality of the
problem and also add 2N inequality constraints, which
makes it even less likely for a resource-limited device to be
able to handle the computational complexity of such an
NLP problem. In the next two subsections, we will show
how to overcome both of these difficulties by decomposing
the original problem into smaller, simpler problems whose
solution (and, hence, the solution of Problem J) can be
obtained without any need for an NLP problem solver.

3.2 Busy Period Decomposition

We begin with the observation that a sample path of the
queuing system whose dynamics are captured through (3)
can be decomposed into busy periods, i.e., intervals during
which the processor is busy processing tasks, separated by
idle periods. This decomposition allows us to eliminate the
nondifferentiable constraints in Problem J without introdu-
cing any additional decision variables or inequality con-
straints and replace the original problem with several
simpler ones of lower dimensionality. Let z; denote the
optimal departure time of task i.

Definition 1. A Busy Period (BP) is a contiguous set of tasks
{k,...,n} such that x;_, < ax, «}; < any1, and xi > a4 for
i=k,...,n—1

If we know that a particular set of tasks {k,...,n}
defines a BP, then we can associate a problem with this BP
which is simpler than Problem .J and will be referred to as
Problem Q(k,n):
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min {Q(kz, n) = Z:L:k ,uﬁ(ﬁ)}

Tkse-+sTn
st x;=ar+ E T T >0, i=k,...,n
.Zn,gdn,; a¢+1§1‘i§d7‘, i:k,...,nfl.

By the definition of a BP, it is clear that x; = a; + s
and x; =x; 1+ ;7 for all i=k+1,...,n. Therefore,
the nondifferentiable constraints (3) are replaced by
z; = ay + Z;ﬂ:k w;Tj, i==%k,...,n, and the dimensionality
of Q(k,n) is no larger than N. Thus, if we can identify all
BPs in the task set {1,...,N}, then we can decompose
Problem J into a number of smaller and simpler problems
of the form Q(k,n). Let us, therefore, focus on identifying
this BP structure. Proposition 1 provides the means for
achieving this through simple comparisons of the known
data a;4; and d; for every i =1,...,N.

Proposition 1. Tasks {k,...,n} constitute a single BP and its
last task n ends at d,, i.e., x} = d,, if and only if a;, > dj—1,
ani1 > dp, and a4y < d; foreachi=k,...,n — 1.

Proof. See the Appendix. O

This property implies that a BP can be identified by
simple comparisons of the available arrival and deadline
information, a procedure whose complexity is O(N).
Moreover, since z = d,, the end of every BP is given by
the (known) deadline of task n. This implies that we can
further simplify Q(k,n) by replacing the inequality con-
straint z,, < d,, by the equality constraint z,, = d,,.

The BP decomposition above allows us to concentrate on
solving Problem Q(k,n) with the added simplification that
the inequality constraint “z,, < d,,” is replaced by “z,, = d,,.”
However, it should be noted that the dimensionality of
Problem Q(k,n) may still be high (N in the worst case,
where tasks {1,..., N} constitute a single BP). In addition,
Q(k,n) includes inequality constraints on x; that make its
solution harder to obtain. In the next subsection, we will
introduce a new structural property allowing us to further
decompose each one of the Q(k, n) problems and ultimately
solve it through a computationally simpler algorithm.

3.3 Critical Task Decomposition

In this section, we identify an additional structural property

that leads to decomposition of a BP {k,...,n} into subsets

termed “blocks” associated with certain “critical tasks.” We

begin with the following lemma:

Lemma 1. 1) If 7/ > 77, , then x = a;y1, and 2) if 77 <71/,
then x; = d,.

Proof. See the Appendix. ]
Lemma 1 identifies two cases when an optimal task

departure time z is readily computed: If we can detect

which of the two cases applies, then z} is directly

determined as either a;,; or d;. We associate these two

cases with “critical tasks” through the following definitions:

Definition 2. If 7 # 7/, task i is critical. If 77> 7/,
then task i is left-critical. If 7 <7}, then task i is
right-critical.

Definition 3. A block in a BP {k,...,n} is a contiguous set
of tasks {p,....q} (k<p<q<mn) such that 7, | #1,,
7o F Ty, and 77 =17 for all i,5 € {p,...,q}.

Busy Period
A
' N
a,dy az dy ds ds a; dg 4y

Block 1

Block 3
T > 17

Block 2
o <7

*

_ _ *
== T,

Right-Critical  Left-Critical

Fig. 1. An example with optimal controls.

Using the definitions above, a BP consists of a set of
blocks separated by critical tasks. If all left-critical and right-
critical tasks in a BP can be detected, then the optimal
controls for tasks in each block can be directly and easily
determined. An example is shown in Fig. 1, where, for
simplicity, we let 1 = --- = pg = 1. Assume we can detect
that 7; < 77 so that task 4 is right-critical, which implies that
x; = dy from Lemma 1. Then, the optimal controls of tasks
{1, 2, 3,4} in BLOCK 1 are all equal and can be determined
as 77 = (ds —a1)/4, i=1,...,4. Similarly, if we can also
detect that 7} > 7, then task 6 is left-critical, which implies
that = = ay. Thus, the optimal controls of tasks {5, 6} in
BLOCK 2 can be determined as 7" = (a7 — d4)/2, i = 5,6,
and the optimal controls of tasks {7, 8, 9} in BLOCK 3 are
given by 7* = (dy — a7)/3, 1 =7,8,9. Hence, all that remains
is to identify all critical tasks. This is accomplished next and
our final result is formalized in Proposition 2.

When examining a BP, we apply a forward way to
identify all critical tasks; that is, in every iteration, we
always search for the first critical task in the BP and identify
the corresponding block. In the next iteration, we examine
the remainder of the BP as if it were a new one and detect
the first critical task in it. Repeating the process, all critical
tasks can be found. Based on this idea, we only need to
focus on finding the first critical task in a BP. This is
accomplished by formulating Problem C(p) below, where
k <p <nand s, is the starting time of the current BP, i.e,,

sp=apllp ="k +z, ;1[p > k|,

where 1[-] is the usual indicator function. Problem C(p) is
defined as follows:

min {O(p) = Y ub(n)}

TpseeesTh
s.t. xi:s,,JrE iy M 720, i=p,...,n
a1 <z <dj, i=p,...,n—1 x,,=d,.

This can be regarded as a subproblem of Q(k,n). In par-
ticular, if p = k, then C(k) coincides with Problem Q(k,n).
If p > k, then task p — 1 is the critical task identified in the
last iteration and the remaining tasks {p,...,n} are viewed
as a new BP starting at s, = z; ; and ending at d,.
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Proposition 2 provides the means to determine the first
critical task in the BP {p,...,n}. We first establish some

convenient notations. Define, for i = p,...,n — 1,
Qjy1 — Sp dL —Sp
Gi(p) == Hp) ==— (6)
and
dp, — s
G’/L(p) = H’Il(p) = nn, L *
2 Hi

Note that G;(p) is the processing time per operation
assigned to all tasks in a block [s,, a;11] which ends with a
right-critical task ¢ (by Lemma 1). The same is true for H;(p)
when the block [s,, d;] ends with a right-critical task. Both
Gi(p) and H;(p) are readily computed for any given p and

L=D,...,N.
In addition, we define, fori =p+1,...,n,
Gi(p)= max G;(p),
JE{Pssi=1} ™)
Hi(p)= min H;(p),
JE{p,...yi—1}
and
Li(p) =arg max Gj(p),
JE{pyyi—1} (8)
Ri(p) =arg _min Hj(p),
je{p,...i—1}

where the operators “argmax” and “argmin ” stand for the
argument of the maximum and the minimum, respectively.
By convention, if there are multiple indices in {p, ...,7 — 1}
that satisfy the definitions of L;(p) and R;(p) in (8), then we
choose the largest index.

Proposition 2. Consider the problem C(p) and some i€
{p+1,....n} such that G;(p) < Hj(p) and H;(p) > G;(p)
forall je{p+1,...,i—1}. Then,

1. If Gi(p) > H}(p), then task R;(p) is a right-critical
task and also the first critical task in the BP {p, ... ,n}.
Moreover, T = H}(p) for all j € {p,..., Ri(p)}.

2. If Hi(p) < Gi(p), then task L;(p) is a left-critical task

and also the first critical task in the BP {p,...,n}.
Moreover, 7; = G;(p) forall j € {p,...,Li(p)}.
Proof. See the Appendix. 0

Based on Lemma 1 and Proposition 2, an algorithm that
executes the critical task decomposition and determines the
optimal controls is given in Table 1. We shall refer to it as
the Critical Task Decomposition Algorithm (CTDA).

3.4 Additional Boundary Constraints

As already mentioned, in Problem J, we omitted the
constraints (5) imposed on the controllable variables 7;,
i=1,...,N. Having obtained through Proposition 2 the
solution of Problem J, we will now show that the solution
of the modified Problem J below (incorporating the
boundary constraints T, < 7; < Tmax) can be recovered
from that of Problem J:

TABLE 1
Pseudocode of the Critical Task
Decomposition Algorithm (CTDA)

Step 1: Initialization: p = k, s, = ax;
Step 2: Identification of the first critical task in C(p);
t=p+1;
while(i < n) {
if (Gi (p) > H; (p)) {
R;(p) is the first critical task in C(p), and
right-critical;
7-; = H; (p)’ J=Dp Rl(p)’
p=Ri(p) + 1; 8p = 2%, () = dR; (p)
goto Step 2; }
if (H; (p) < G7 (p){
L;(p) is the first critical task in C'(p), and
left-critical;
77 =Gi (p), j =p,.., Li(p);
p=Li(p) + 15 sp = 27, () = AL, (p)+15
goto Step 2; }
i=1i+1;}
Step 3: Termination: 7;° = Gn(p), j = p,..,n;

in {7= 377, wotr) |

s.t. Tmin S Ti S Tmax 1= 17 .. 7N‘
x; = max(zi_1,a;) + i, i=1,...,N;
xg=—00; z;<d;, 1=1,...,N.

The connection between Problems .J and J is established
through Proposition 3.

Proposition 3. Let 7 denote the optimal solution of Problem J.
If 74 > Ton for i = 1,..., N, then 77 = min(7}, Tiax); Other-
wise, Problem J is infeasible.

Proof. See the Appendix. O

It follows from Proposition 3 that, having obtained the
solution of Problem .J, we can check the feasibility of
Problem J and derive its optimal solution 7/, i = 1,..., N,
as a function of Ty, Tmax, and 75,4 =1,..., N.

3.5 Complexity Analysis

In this section, we analyze the complexity of the CTDA and
compare it to the YDSA [8]. As mentioned in Section 2, the
YDSA is designed for preemptive models, but it can also be
used (after some simple modifications) to solve the offline
DVS problem with nonpreemptive scheduling which we
have considered. Thus, it is worth comparing the two
approaches in terms of their relative computational com-
plexities. As shown next, through the use of critical tasks in
the CTDA, we have developed results in lower complexity
than the YDSA, which relies on the identification of critical
intervals. We point out that the notion of “criticality” in the
two algorithms is entirely different.

In the CTDA, we define a critical task as one whose
processing time per operation differs from that of the next
task, ie., 77 # 7/ . In [8], a critical interval (when the
system is nonpreemptive and operates under FCES) is
defined as one with the largest intensity, i.e.,
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I’ = max

J
d; — i)y
arg[e{[a;,d,”i‘j:l ~~~~~ N};uk/( i~ )

which can be regarded as containing those tasks with the
shortest processing time per operation. Let n; denote the
number of tasks in a BP. In each iteration, the CTDA
identifies a critical task with complexity O(n;), while the
YDSA identifies a critical interval with complexity O(n}).
Thus, the CTDA solves Problem Q(k,n) with complexity
O(n}), while the YDSA solves it in O(n}).

Looking back at Problem J, let n,, denote the size of the
longest BP in the task set {1, ..., N}. Then, the CTDA solves
Problem J with complexity O(Nn,,), while the YDSA solves
it in O(N nfn) since there are approximately N/n,, BPs. In
the worst case, n, =N, ie, when the whole process
consists of a single BP, the complexity of the CTDA is
O(N?) while the complexity of YDSA is O(N?).

4 ONLINE DVS ALGORITHM

4.1 Problem Formulation and Solution

In the offline problem solved so far, the task arrival times a;,
it =1,..., N, are known in advance. In practice, these arrival
times may be unknown a priori. In this section, we define
an online problem based on the notion of “release time
jitter” [20] to capture this uncertainty. Specifically, a; is a
random variable defined over a known interval [a;,a;],
which includes situations where expected tasks not re-
ceived within a particular time interval are considered
useless and are never processed (e.g., expected data that
arrive too late to a processing node in a sensor network).

The uncertainty introduced by “release time jitter”
makes it infeasible to obtain optimal controls based on the
actual arrival times. To guarantee that deadlines are met in
all cases, we inevitably have to make decisions based on the
worst case, that is, assuming future tasks will arrive at the
latest possible time af. However, the optimal solution
based on the worst case analysis must be conservative. To
obtain better performance, we utilize an online algorithm
which allows us to reoptimize controls based on new
observations made at a number of appropriately defined
decision points. In particular, new information is acquired
when the events characterizing the system take place, i.e., at
task arrival times and at task departure times. In what
follows, we choose task departure times to be these decision
points, corresponding to what is known as “intertask” DVS
[10] (other approaches for online control are considered in
[21]). Our approach does not depend on the choice of
decision points chosen. However, from a practical stand-
point, updating controls upon each arrival time can be
problematic when arrivals are bursty, in which case, it is
even possible that the calculation of new controls takes
longer than an interarrival time and this can lead to
unstable behavior.

At decision points, we can observe the actual arrival
times of all tasks in the queue and this information can be
utilized to improve the optimal control. Fig. 2 is an example
to illustrate how to improve optimal controls by updating
arrival information. At the decision point zx_o, task K has
not arrived, thus, ag, its actual arrival time, is unknown.
The optimal control at zx_» has to be computed based on
the worst-case arrival time alf,. On the other hand, at the
next decision point zx_;, task K has arrived and is in the
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Fig. 2. Online framework example: ax does not need to be estimated at
TK-1-

queue so that we can make use of ax to evaluate the optimal
controls obtained when a}: is replaced by af.
The observed arrival time of task 7 at the Kth decision
point (i.e., xx_1) is defined as
a; = ail[fEK—l > ai] + (L;L].[:E[(_l < at]

Then, based on these observations, we solve the following
online problem at the Kth decision point:

{7 =32 b(m)}
i=K,...,N;

€X; :max(mi,hdi)—!—mn, i=K,...

min
TK 5+-sTN

s.t. Tmin g Ti S Tmax
N

Ty = —0O0;

It is important to note, however, that we apply only the
optimal control for task K, since future task controls may be
different at the next decision point, based on newly
acquired arrival time information. Since Problem J(K)
above has the same form as the offline problem .J we have
already solved, we can still use the busy period and critical
task decomposition method to obtain its optimal solution.
In fact, it is not necessary to solve Problem J(X) completely:
We only need to identify the first BP and its first critical
task, since only the optimal control of the first task is
required at the time that J(K) is solved.

4.2 Complexity Analysis

Let n, denote the size of the first BP when solving
Problem J(K). As mentioned above, at each decision point,
the CTDA only needs to identify the first critical task with
complexity O(n;) so as to obtain the optimal control of the
first task only. In contrast, the YDSA needs to solve the whole
problem related to the first BP in the worst case with
complexity O(n}) so as to obtain the optimal control of the
first task.

Let n,, denote the size of the longest BP. If there are
N tasks to be processed, the overall complexity of the CTDA
is O(Nn,,), the same as in the offline case, while the
complexity of the YDSA becomes O(Nn?,), worse than the
offline case. In the worst case n,, = N, the complexity of the
CTDA is still O(N?) while the complexity of the YDSA
becomes O(N*). Thus, the CTDA is more suitable as an
online algorithm by virtue of the forward decomposition
way in which it operates.

5 SIMULATION RESULTS
5.1 CTDA versus YDSA

We provide some simulation results in order to illustrate
the computational complexity of the CTDA and compare it
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to that of the YDSA in [8]. We omit simulation results for
the performance obtained under various DVS algorithms
since we have formally shown that the CTDA gives optimal
performance.

Define the probability that a task i + 1 arrives after the
deadline of the last task as P(d; < a;y1) = 1/n;. We can use
this probability to derive a process with the average BP size
set to n;. In the following, all algorithms are programmed in
C++ and are executed on a computer with CPU Intel
Pentium M 2.8 GHz. We compare the complexity of CTDA
and YDSA based on the elapsed time (seconds) in two cases:
ny, =N and n, =100 (the online YDSA [8] applies the
average rate heuristic, which is not applicable to non-
preemptive systems but only preemptive systems; there-
fore, we only compare with the offline YDSA). The results
are shown in Figs. 3 and 4, respectively.

In the case of n, = N, we can see that the complexity of
the CTDA increases quadratically with N and the
complexity of the YDSA increases cubically in N, as
detailed in the previous sections. We can see that the

Busy Period size: 100
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L L L [ ————
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1 2 3 4 5 6 7 8 9 10 M
Total Number of Tasks: N X 10°

Fig. 4. n, = 100.

TABLE 2
The Effect of the Size of [a;, a]]

[a7,a7] | Jon(x10%) | Jopp(x10%) A
0.35 1.5074 1.4303 1.0539
0.70 1.4827 1.3737 1.0793
1.05 1.4574 1.3389 1.0885
1.40 1.4389 1.3153 1.0940

complexity of the CTDA increases linearly in N in the case
of n, = 100. In addition to the CTDA having a lower level
of complexity compared to the YDSA in [8], note that both
the offline and online versions have the same order of
complexity. Thus, the CTDA can fully take advantage of
an online implementation.

5.2 Online versus Offline
Consider the problem

N
’ minv{J = Z@i(m

i=1

Vi \?
ZMLCI <U, L CQ> }

///7C2 max .
s.t. Uim, Zzl,...,N; CE():O;
x; =max(zi_1, ;) tup <d;, i=1,...,N;
Gzé[a”%]y a <ag,, t=1,...,N,

where Vi =5, V, =1, C) = 1, and C; = 0.1. The parameter
values selected are motivated by CMOS microprocessor
power consumption data. We will assume that there is a
total of 50 tasks to be processed, ie., N =50. In the
simulated system operation, task arrivals are randomly
generated within intervals [a;,a;], i = 1,...,50, whose size
is varied (see Table 2).

In this subsection, we apply a competitive analysis for
the specific example above. We define ) as the ratio A = // e,
where J,, is the optimal cost derived by the online method
and J,ss is the optimal cost derived by the offline method;
the latter is the best that could have been achieved because
the optimal controls obtained by the offline method are
computed based on knowing all actual arrival times.

The effect of arrival uncertainty, i.e., the size of [a;,a]],
on ) is shown in Table 2. As seen in the table, ) is close to 1.
Moreover, ) increases as the size of [a;, a; | (the arrival time
uncertainty) increases.
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6 CONCLUSIONS

The problem formulated and solved in this paper is
motivated by low power systems with hard real-time
nonpreemptive and aperiodic tasks. We have developed a
DVS algorithm for both offline and online problems with
worst-case computational complexity of O(N?) by exploit-
ing the structure of optimal sample paths in terms of
identifying busy periods and “critical tasks” allowing us to
efficiently decompose the original optimization problem
into a set of smaller easy to solve problems.
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The development of such an efficient algorithm paves
the way for a variety of natural extensions. For example, we
are currently investigating the effect of making decisions at
task arrival times, as opposed to task departure times,
which should intuitively provide additional opportunities
for cost reduction in the online setting; in the offline setting,
we have recently shown [21] that the static controller
developed in this paper is in fact optimal even if one were
to include feasible policies in which the control (voltage)
may be varied while a task is executed; it turns out that such
dynamic control provides no extra benefit to power
management. Moreover, it is possible to relax the constraint
[a™,at] when applying online control, allowing arrivals to
occur at any time, as recently proposed in [22] using a
receding horizon approach which builds on the algorithm
developed in this paper.

Future work is aiming at incorporating additional
uncertainty factors such as uncertain deadlines and task
processing time, as well as systems that process tasks over
multiple stages.

APPENDIX

Proof of Proposition 1. First, we prove that

Iff Qj+1 < di, then Qi1 < xf (9)

Necessary condition: Assume on the contrary that
ait1 > x; under the optimal control 77. Then, there
must exist some 7/ > 7 such that z = a;;. It follows
from ;41 = max(z;,a;41) + w741 that this increase
from 77 to 7/ does not affect any other control.
Obviously, 6(r]) < 6(7}) since 6(r;) is monotonically
decreasing. This contradicts the optimality of 7. Thus,
a;+1 <z} must hold.

Sufficient condition: If a;,; <z} and z] < d; (from the
feasibility constraint), it immediately follows that
a1 < d;.

To complete the proof of (9), we use contrapositivity,
ie., iff ajy1 > d;, then a;y1 > 2. This implies that
1) i < ap iff a > djp—y and 2) z} < apy1 iff app1 > dy.
From the definition of a BP, the result immediately
follows.

Finally, z; = d,, easily follows from the fact that 6(7;)
is monotonically decreasing: Suppose 7 is such that
x¥ < d,. Then, there exists some 7/ > 7/ such that z = d,,
and 6(7}) < 6(7}), contradicting the optimality of 7/. O

Proof of Lemma 1. Let
L(mi, i, i, \) = Y, b(7)
+ Z::kl o (ai+1 —af — ZZ:k /Wj)
Y o Y- )
+ /\(ak + ijk 1T — dn)7

where we have introduced multipliers «; >0, §; > 0,
and X to adjoin the constraints in Problem Q(k,n) to the
cost function. We get

Vil (i, i B, 2) = i (0/(7) = s+ B
n—1 n—1
B Zj:i+1 aj + Zj:i+1 B+ )‘) =0
* n—1
VHIL(Th o, B, )\) = Mi+1 (0,(7'1+1) - Z].:Z,H Q;j
n—1
+ Zj:iJrl B+ )‘) =0,

which implies that ¢'(r) — ¢'(7/,) = oy — Gi. I 77 > 77,
then 6'(7f) > ¢'(7},,) since 6(-) is differentiable and
strictly convex. It follows that o; — ;> 0, ie, a; >0
for 8; > 0. Thus, the constraint a;;; < a), + Z;:k, Wy is
active, that is, x} = aj + > ) pj7j = a;y1. Similarly, if

T, > Tj,,, we obtain x} = d;. 0
Proof of Proposition 2. We will prove the first assertion
only, since the second one is similarly shown. Since the
proof is somewhat lengthy, we divide it into four parts.
Part 1: We first establish the following two inequalities:

Gj(p) < H(p) < Hj(p), j=p,...,Ri(p)—1, (10)
Gj(p) < Hi(p) < Hi(p), j=Ri(p)+1,....i—1. (11)
By the definition of R;(p),

Hi(p) < Hij(p), j=p,-..,Ri(p) -1, (12)
Hi(p) < Hj(p), j=Ri(p)+1,...,i—1, (13)
Hj(p) = Hi(p), j=Ri(p)+1,....i—-1 (14)
By assumption, G;(p) < H; (p) for all
= Rp)+1,...i—1.
Thus, using (14), we get
Gi(p) < H;(p), j=Ri(p)+1,....i—1 (15)

Combining (13) and (15) yields inequality (11). Next,
by the definition of G}, (p),

Gr»(P) = Gi(p), ,Ri(p) — 1.

For Ri(p) € {p,...,i—1}, Hp)(p) > G},d(p)(p) by as-
sumption; hence, (16) gives

Gi(p) < Hp,»)(p) = H; (p), , Ri(p) — 1.

Combining (12) and (17) yields inequality (10).
Part 2: We shall now prove the following two
inequalities:

J=p,-.. (16)

j=p,... (17)

TI*{/([)) < H;(p)v (18)

Using the equality constraint in problem C(p), we
have ngf) WiTi = TRp) — Sp < dry(p) — Sp- Combining
this with the definitions in (6)-(8), we have

Ri(p)
Zj:p

X Ri(p)
wrs < Hew(0) Y b

* Ri( )
= H; (p) Z ,p Hj-

J=p

(20)
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We can now proceed with a contradiction argument
to obtain (18). In particular, assume 75 > H;(p).
Then, (20) implies that there must exist some ¢ < R;(p)
such that

7> Hi(p) forj=t+1,...,Ri(p)and 7y < Hi(p). (21)

Based on the definition of H;(p) in (6), we have
d, — s, = Hi(p) Z;:p . From (21), we have 77 <7,
which implies that z; =d; by Lemma 1. Therefore,
recalling the first constraint in problem C(p), we have

t . . t
Zj:p KTy = Xy — Sp = Hy(p)

i=p HI-
Then, from (10), Zf/:p wiT; > H;(p) ijp uj. However,
from (21), we have Zf:’(t’fl wiT; > H;(p) Zf:’(t’fl p; and,
from (20), it follows that Y, u;mF < H;(p) >, wis
which contradicts the inequality above.

Proceeding along the same lines, we can establish (19).
From the definition of problem C(p),

Ri(p)
NJT; = TRy(p) — Sp 2 ARy(p) — Sp-

J=p

Combining this with the definitions in (6)-(8), we get

ST =G Y
R;(p) » R;i(p)
S Ut S Hppy) >

J=p Jj=p

“ Ri(p)
=H;(p)> .

j=p
which implies
Ri(p)

D e T 2 G0 Y = Hip) Y
By the assumption G;(p) > H} (p), we get
Gi(p) Zj:p w; > H(p) jep M
_ * R; (P) % i
=H(p)Y i+ HD)Y

which implies

i+ HP

i

" Ri(p) % i
Gip) Y = H )Y > H )Y
(23)

Combining (22) and (23), we have

Zj:R,,(p)H wity > Hi(p) ZJ‘=R, (n)+1 M (24)

As in proving (18) above, from (11) and (24), we can
similarly proceed with a contradiction argument to
obtain (19).

Part 3: We finally prove that task R;(p) is a right-
critical task, and also the first critical task in C(p), and
.., R;(p). From (18) and (19),
wehavery . > Tp ) thatis, task R; (p) is indeed right-

show that 7} = H;(p), j = p, .

critical. To obtain 7,,..., 75 () We need to minimize the
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additive cost function Zf;(pp) w;0(7;) subject to the two
constraints in problem C(p). By Lemma 1, we have

T () = AR (p)- Thus, the first constraint in problem C(p)

becomes Zf:’g’ ) 1i7; = dp,(») — $p and, using the defini-

tion of Hp, ;) (p) in (6), we can rewrite it as

Ri(p) X Ri(p) X Ri(p)
Zj:p wiT; = Hp,)(p) Zj:p w; = H;(p) Z]-:p 1. (25)

The remaining inequality constraints can similarly be
written as

G/(p) Zj  Hm < Zj » HmTm < H/(p) Zj Hm (26)

m=p m= m=p

for j=p,...,Ri(p) — 1. Ignoring the latter constraints
for the moment, set B = H}(p) Zf;if” p; and consider
the problem of minimizing Zf:’;p ) p;0(7;) subject to
Zfz’g’ ) uj7; = B. Adjoining Zf;(;f)) w;T; — B to the cost
function using a Lagrange multiplier ), the necessary
condition for optimality is

pit (75) + pix = 0, , Ri(p).

Therefore, ¢'(7;) = —\ must hold for all j=p,...

i=pie..
7Ri(p)'
Since 6(r;) is strictly convex and differentiable, this
implies that 77 =... =7, and it follows that
T =B/ ;= Hi(p), j=p....,Ri(p). Moreover,
,Ri(p), satisfies the
inequality constraints (26) by using (10), which gives,

Ri(p) — 1,
&S < p)Y

m=p m=p

observe that 7, =H;(p), j=p,...

for j=p,...

i < Hj(p) an:p o -
(27)

Thus, 7; = H;(p), j =p, ..., Ri(p) are indeed the optimal
controls. Finally, from above, we have 7 = H;(p),
j=mp,...,Ri(p). Therefore, task R;(p) is also the first

critical task in C(p). O

Proof of Proposition 3. First, we prove that, if there exist

some tasks ¢ such that the optimal solution of Problem J,
T/ < Tin, then Problem J is infeasible. Without loss of
q(k<p<
g<mn)in a BP {k,...,n} of an optimal sample path of
Problem J such that

generality, assume that there exist tasks p, ...

*
Th—1 > Tmin,

i i=p,...,q. (28)

Using (28) and Lemma 1, we know that the optimal
departure times of Problem J satisfy

* *
Tq+1 > Tmin, T < Tmin,

* J—
xpfl = Qp,

z, = d. (29)

Since x; =, , + >, w7/, combining this equation
with (28) and (29), we have

q X q
dy—a,=2"—x2' , = T < Tmi E 30
q D q p—1 i—p HiT; min i=p i ( )
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For all possible solutions 7, ...,7, of Problem .J, it must
hold that Zg:p wit; < dy — a,. Combining this inequality
with (30) gives

q q
E iTi < Tmi E i
Z:p uL 2 min Z:p M7«7

which implies that there always exists at least one
task i € [p,q] such that 7; < 7y, that is, Problem J is
infeasible.

Second, we prove that, if 77 > 7y for i=1,..., N,
then 77 = min(7}, Tiax). Since 77" > iy for ¢ =1,..., N,
Problem J is feasible and the removal of inequality
constraints 7; > 7, will not affect the optimal solution of
Problem J. Since the BPs in Problem J are decoupled
from each other, we only need to show that 7 =
min(7;, Tmax) holds in a single BP of an optimal sample
path of Problem J. Without loss of generality, a single BP
can be divided into several segments according to
whether optimal controls exceed the threshold 7. or
not. We define U as the set of segments with 7/ > Tyax
and define L as the set of segments with 7/ < Tax.

For any task ¢ in the segments belonging to U, in
order to satisfy the constraint 7; < 7., the monotoni-
city of 6(r;) implies that we must reduce 7, to Tyay, i-€.,
the optimal control is 7/ = 7. For tasks in the
segments belonging to L, we assume the contiguous
tasks {p,...,q} form a segment belonging to L without
loss of generality. Since the segments in L must be
separated by segments in U, that is, T]’;l > Tax > T; and
Ty < Tmax < 7,11, it must hold that task p starts at a, and
task ¢ ends at d, based on Lemma 1; that is, ;’:p 77 has
reached its maximum value d; —a,. So, 7/ for all i €
{p,...,q} can never increase no matter how 7" changes
for i & {p,...,q}. Thus, we have 7 = 7/ for all tasks ¢ in
the segments belonging to L. We conclude from the
above that 7/ = min(7}", Tmax) for i =1,..., N. O

31)

*
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