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each user optimizes its own performance metric. We derive explicit solutions for a specific
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is provided on a First Come First Serve (FCFS) basis. The unbiasedness of the IPA estimators
is established in this case and it is shown that under certain conditions the system-centric
and user-centric optimization solutions coincide.

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction

The study of hybrid systems is based on a combination of modeling frameworks originating in both time-driven and
event-driven dynamic systems and resulting in hybrid automata. In a stochastic setting, such frameworks are augmented
with models for random processes that affect either the time-driven dynamics or the events causing discrete state transitions
or both. A general-purpose stochastic hybrid automaton model may be found in [1] along with various classes of Stochastic
Hybrid Systems (SHS) which exhibit different properties or suit different types of applications. Stochastic Flow Models
(SFMs) are examples of SHS obtained through an abstraction process applied to a large class of Discrete Event Systems
(DES). They are especially useful in analyzing settings where users compete over different sharable resources, particularly
communication networks with large traffic volumes (e.g., [2,3]). It should be stressed that such models may not always
provide accurate representations for the purpose of analyzing the performance of the underlying system. What we are
interested in, however, is control and optimization, in which case the value of a SFM lies in capturing only those system
features needed to design an effective controller that can potentially optimize performance without any attempt at
estimating the corresponding optimal performance value with accuracy. In particular, as explained next and explicitly
seen in the analysis of subsequent sections, a SFM serves to provide only functional expressions for performance gradient
estimators which are then used as surrogates of gradient estimates for the original DES. The values of these estimates,
however, are still obtained based on information directly observed on the DES sample path, not the SFM whose sample
paths are never used and never have to be realized.

While in most traditional fluid models the flow rates involved are treated as deterministic parameters, a SFM, as
introduced in [4], treats flow rates as stochastic processes. With only minor technical assumptions imposed on the properties
of such processes, a new approach for sensitivity analysis and optimization was recently proposed, based on Infinitesimal
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Perturbation Analysis (IPA) [5]. The essence of this approach is the on-line estimation of gradients (sensitivities) of
certain performance measures with respect to various controllable parameters. These estimates may be incorporated in
standard gradient-based algorithms to optimize system parameter settings. IPA was originally developed as a technique for
evaluating gradients of sample performance functions in queueing systems and using them as unbiased gradient estimates
of performance metrics expressed as expectations of these sample functions. However, IPA estimates become biased (hence
unreliable for control purposes) when dealing with aspects of queueing systems such as multiple user classes, blocking due
to limited resource capacities, and various forms of feedback control. The emergence of SFMs has rekindled the interest in IPA
because SFMs allow us to circumvent these limitations, yielding simple unbiased gradient estimates of useful metrics even
in the presence of blocking and a variety of feedback control mechanisms [6,7]. It is also possible to show [8] that for simple
systems (e.g., G/G/1 queues with or without blocking) the IPA gradient estimators obtained through the SFM counterparts
of those systems are the same as, or can asymptotically approximate, the gradient estimators obtained through IPA applied
to the original DES.

When it comes to multiple user classes possibly competing for limited resources, IPA has been applied to problems where
flows are differentiated in terms of admission to a system, but once admitted all flows are treated alike [9]. IPA for SFMs that
can differentiate flow classes by associating different performance metrics to them has been a challenge and developing IPA
estimates for gradients of class-dependent metrics has been elusive. Recently, [10] studied a multiclass SFM to analyze a
dynamic priority call center. This model breaks new ground by differentiating among flow classes even after they enter the
system; however, the analysis is very specific to the call center application and hard to extend to a general multiclass SFM.
In addition, it is limited to state perturbations but not general performance metrics, and unbiasedness for the estimators
derived was not established.

In [11], we developed a general multiclass SFM, where we introduced the class of “induced events” in addition to
the two common event types (exogenous and endogenous) in previous SFMs. This new class of events greatly enriches
the modeling power, but also considerably complicates IPA. Nonetheless, we developed IPA algorithms for estimating
performance derivatives that subsequently allow us to optimize the underlying system. In [12], we extended our results
and proposed a general IPA framework for stochastic hybrid systems with arbitrary structures. In the proposed multiclass
SFM, each class is associated with its own performance metrics, such as workload, throughput, or loss rate due to overflow.
This is an important new element in the analysis of SFMs, allowing us to study the difference between user-centric and
system-centric optimization, something that was not previously possible, and to place resource contention problems in a
resource contention game framework.

Resource contention games form a class of non-cooperative games in which two or more “users” compete for one or more
sharable resources by submitting requests for their use over time. In problems studied thus far using SFMs, a purely “system-
centric” point of view is adopted: the system defines an objective function and seeks to optimize it through appropriate
control actions. In a resource contention game, however, there are multiple user types (referred to as user “classes”) and
each user defines its own objective function and seeks to optimize it. This gives rise to a game setting with a “user-centric”
perspective. The contribution of this paper is to provide a general setting for resource contention games modeled through
SFMs and then study a specific class of such games using IPA techniques to estimate user-specific performance derivatives
and obtain both system-centric and user-centric solutions through gradient-based algorithms.

In Section 2 of the paper we present the general resource contention game setting using SFMs. We also describe how IPA
can be used to estimate general-purpose performance metric derivatives with respect to parameters that the users control.
In Section 3, we consider a specific class of games and present a detailed SFM which includes induced events to capture the
user-dependent behavior of flows. We show how IPA is used to estimate performance metric derivatives for the specific
problem and establish the unbiasedness of these estimates. We then compare user-centric to system-centric optimization
for this problem and provide a condition under which the two solutions coincide. In Section 4, we include some numerical
examples to illustrate the difference between the two solutions.

2. SFM framework for resource contention games

We consider a setting where N “players” corresponding to N user classes compete at time t for a resource with total
service capacity C(t), where C(t) may be a random process. The ith user class submits requests at a rate «;(t), generally
time-varying and random. The ith user class is also allocated a portion of the service capacity C(t) at time t, denoted by
ci(x(t, 9), 6, C(t)), which satisfies foralli =1, ..., N:

N
ZCi(X(t, 0),0,C(t)) =C(), 0=cx(t,0),0,Ct) =<C) (1)

i=1
where x(t, 0) = [x1(t,0),...,xn(t, 0)], x;(t, ) > 0 is the number of ith user class requests waiting to be processed at
time t,and @ = [0, ..., O] is a vector of control parameters used to determine how the resource capacity is allocated to

different classes. Note that 6; may itself be a vector of parameters all under the control of user class i. Also note that we use
the notation x(t, ) to stress the dependence of the state on the parameter vector 6.
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Adopting a SFM for this process, we let x;(t, §) € R* (where R' denotes the set of non-negative real numbers) and
observe that the system dynamics are given by

dx;(t, 6)

o =)0
0 xi(t,0) = 0and o;(t) — Bi(x(t, 0),0) <0
= {ai(t) _ Bi(x(t,0),0) otherwise (2)
where B;(x(t, 8), 0) is a control policy determining the actual service rate of classi = 1, ..., N and satisfying for all t:
Bi(x(t, 0),0) < ci(x(t, 0), 0, C(t)). 3)

The random processes {C(t)}, {x(t, #)}, and {«;(t)}, {Bi(x(t, @), 8)} foralli = 1, ..., N are defined on a common probability
space (£2, #, P). In addition, we will assume that C(t) is independent of 6. The process {«;(t)}, on the other hand, may
generally be dependent on 6.

Let .£;(@) be an objective function specified by the ith user class which, in general, may be defined over a finite interval
[0, T] or over an infinite horizon. The goal of the ith user class is to minimize

Ji(0) = E[Li(O)]. (4)

Clearly, the objective of user class i may conflict with that of another class j # i, giving rise to a non-cooperative resource
contention game. On the other hand, from the system’s perspective, we define an optimization problem which involves a
weighted sum of all J;(6):

N

JO) =" wii(6) (5)

i=1

where w; € RT. The latter problem is termed “system-centric”, while the former involves N separate optimization
problems defining the “user-centric” approach. Under appropriate conditions, one can generally determine a solution
6 = [67, ..., 6] to the system-centric optimization problem. The same is not always true for the user-centric approach
if, for instance, 6; and 6;, j # i, are subject to some constraint of the form g(6;, 6;) < 0 that induces an interdependence
between them. Even if the user-centric approach leads to a solution 8 = [6Y, ..., 6y ], this, in general, differs from the
system-centric solution @°. It is then interesting to compare, for each user class, J;(#°) and J;(#") and seek ways to ensure
that J;(6°) = J;(6") since we generally expect that J;(#°) < J;(8"). The gap J;(6°) — J;(8") < 0 is a measure of inefficiency of a
user-centric approach and sometimes referred to as the “price of anarchy”.

The dynamics in (2) reflect the hybrid nature of this system with each user class operating in at least two “modes”
depending on the value of x;(t) and the sign of «;(t) — B;(x(t), #). Additional modes are possible depending on the precise
nature of the control policy 8;(x(t), #) as we will see in the next section. Using the notation established in [12] for general
SHS, let us classify the events that may occur in the SFM defined by (1)-(3) as follows, where we shall use 7, to denote the
kth event time:

1. Exogenous events. An event is exogenous if its occurrence time tj is independent of the controllable vector 0, i.e., dd% =0.
Exogenous events typically correspond to uncontrolled random changes in input processes. In our particular setting, the
capacity {C(t)} is a process independent of 6. Thus, if {C(t)} is modeled as a piecewise constant process, then any event
associated with a jumpin C(t) is, by definition, an exogenous event. The processes {«;(t)} or {8;(t)} may also be independent
of @ for some oralli = 1, ..., N; if any such process is independent of 6, then additional exogenous events may similarly

be defined.

2. Endogenous events. Using the definition in [12], an event occurring at time Tt is endogenous if there exists a continuously
differentiable function g, such that

7y = minf{t > 71 : & (X(t, 6), 6) = 0}. (6)
Based on this definition, the event “x;(t, #) becomes 0” is an endogenous event with corresponding switching function
g(x(t, 0), 0) = x;. (7)

Additional endogenous events may be present depending on the specific nature of the control policies B;(x(t, 8), 8). If, for
example, there is a discontinuity in g;(x(t, ), ) for x;(t) > 0 that causes a switch in the time-driven dynamics f;(x(t, 9), 9),
then an endogenous event is defined with some associated switching function, as we will see in the next section.

3. Induced events. An event at time 7, is induced if it is triggered by the occurrence of another event at time t,, < 7. The
triggering event may be exogenous, endogenous, or itself an induced event. Induced events arise, for example, when it is
necessary to model user requests on a First Come First Served (FCFS) basis as in[11], a case that we will revisit for the specific
resource contention game defined in the next section.

In what follows, we study the processes through which event time and state derivatives (sensitivities) with respect to
0 evolve over time in a particular sample path without attempting to select any explicit control policies §;(x(t, 8), #) or
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ci(x(t, 9), 6, C(t)). Using the IPA framework presented in [12], we define the following notation for all state and event time
sample derivatives:

0x;(t) , 0Tk
) Ti = ’
809]' ki 89]

To simplify notation, we will write x(t) instead of x(t, #) when no ambiguity arises. Similarly, we write f;(t) instead of

fi(x(t, 0),0).

Since x(t) is continuous at event times 7y, i.e., xi,j(r,:r ) = x;j(t,, ), taking derivatives on both sides with respect to 6; gives

X;(0) = ij=1,...,N.

le(‘l,'k ) = X;’j(‘rki) + [fz(fl:) _fz(fk )] T]é,j- (8)
For any exogenous event at i, by definition, r,ﬁyj = g—g‘ = 0, therefore )cl’J(t,:r ) = xb(rk_). On the other hand, for an
endogenous event that satisfies gx(x(t, 8), ) = 0 in (6), taking derivatives with respect to 6; gives

agk ox dx / agk

— | =)+ =)y |+—==0

ax [aej( )+ g (BT 36;

which implies that

gk E o,
r,:,,:—[z B ) } (g"+Z Sy (o ) (9)

i=1 Xi

For the endogenous event “x;(t) becomes 0”, we have g, (X, #) = x; and (9) reduces to

, Xz{j(Tk_)
= — : . 10
s ai(t, ) — Bi(x(r,), 0) o)

Using this result in (8) and observing that f,-(r,:“) = 0, we get

X, (1) = 0. (11)

For any other endogenous event defined based on the specific form of ,6, (x(t), 0) when x;(t) > 0, the event time derivatives
‘Ck can be evaluated from (9), and then (8) can be used to obtain x; (rk ).

If induced events are present, then, as shown in [12], the SFM must include additional state variables whose derivatives
with respect to # must also be evaluated. The precise way in which induced events occur depends on the specific process
we are interested in. We will return to this issue when analyzing the class of resource contention games considered in the
next section.

We now return to the ith user class objective function J;(#) = E [£;(#)]. We are interested in the IPA derivative d.£;/90;
which obviously depends on the specific form of £;(#) defined by user class i. Here, for illustrative purposes, we limit
ourselves to a common case where £;() is defined as the average workload of class i over a given time interval [0, T]:

1 (T
661(0) = —/ X,’(f)dt
T Jo
which can be re-written as
Tk+1
Li(0) = / x;(t)dt (12)

where Ny is the number of events contained in [0, T]. In this case, the IPA derivative d.£;/96; can be obtained as

AL 1 Wit
8—01 = — Z |:X,'('L'k+1) . Tl£+1,j — X,'(‘L’k) . ‘[,2,]» + / Xi,j(t)dt] (13)
) T k=0 Tk
where ‘L',iyj, k=1,..., Nr,are obtained as described above and xg,j(t), i,j=1,...,N,are obtained by solving
ﬁ y ofi
t t — 14

N0 = 5 KO+ 9 (14)

which is the result of taking derivatives on both sides of (2) with respect to ¢;. The solution of this equation is given by
¢ Bﬂ(X(u) 0) L af(x(v), O v af,(x(u) 0
X6 = el « U Uix®), 0) o= 1 . dv+l] (15)
,k a6;
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Fig. 1. A two-class stochastic flow model (SFM).

fort € [, Tkt1), where [ is an initial condition obtained through (8) or similarly, depending on whether an additional
endogenous or induced event is involved in the SFM. In addition, recalling the system dynamics in (2), fi(t) = 0 during

periods [t, Tr+1) When x;(t) = 0; therefore, g—f, = g—g = 0, then using (15), x;’j(t) = x,f’j(r,:r) = 0 according to (11) for all
t € [t, Tk+1) and (13) reduces to
a°Ci 1 , , Tk+1 ,
=5 =7 | X)) Ty —xi(m) T+ Y X ;()dt (16)
J ke2; Y Tk

where §2; is the set of all periods during which x;(t) > 0, defined as
Qi ={k:xi(t) >0forallt € [ty_1, 7e]l, k=1, ..., Nr}.

Observe that the evaluation of d.£;/d6; above only depends on information related to the event times 7, and their derivatives
and on xlf’j(t).

3. A class of resource contention games

In this section, we study a specific class of resource contention games where multiple users compete for access to a
single sharable resource using threshold-based admission control and a FCFS processing policy. Each user defines a “class”
of tasks that are randomly generated, placed in a common queue, and processed on a FCFS basis across all such classes.
We first describe the SFM abstraction of such a system, limiting ourselves to two user classes (our analysis directly applies
to three or more classes at the expense of added notation) and provide a formal stochastic hybrid automaton framework.
Then, using IPA-based user-specific performance derivative estimates, we formulate a resource contention game and show
that with the proper adjustment mechanism this user-centric approach can converge to the same optimal solution as that
obtained through system-centric optimization.

3.1. SEM for the resource contention game

A two-class SFM is shown in Fig. 1. Similar to the general setting in the last section, we define several real-valued and
non-negative random processes on a common probability space (£2, F, P).In particular, the process {x;(t)},i = 1, 2, defines
the (real-valued) fluid content of class i in the system, {C(t)} is the total service capacity at time t, and {c;(t)},i = 1, 2,
characterizes the service capacities of both classes where, clearly, C(t) = c¢;(t) + c,(t), consistent with (1). The external
arrival flow processes {r;(t)},i = 1, 2, characterize the task arrival rates at time t. The parameter 6; in this case is a threshold
controlled by user class i to limit the inflow; alternatively, it may be viewed as a buffer capacity assigned to class i: When
x;(t) > 6;, some of the class i incoming flow is dropped, giving rise to the overflow or loss process {l;(t)} and the actual input
flow process {«;(t)},i = 1, 2, which are defined as follows:

()  xi(t) = 6;and ri(t) > ci(t)
ai(t) = {r,-(t) otherwise (17)
L) = 1i(0) — a(t) = { (r)i(t) —ai(t) g,t(lszrjwi tand ri(t) = cit) (18)

Observe that both ¢;(t) and [;(t) depend on 6;. Similar to prior work on SFMs (e.g., [6,7]), the class i queue content can be
either empty, full, or neither. Accordingly, an interval [y, 7;], k < [, over which x;(t) = O for all t € [t, 7;] corresponds to
an empty period (EP) for this class, while an interval [z, 7;], k < I, over which x;(t) = 6; for all t € [z}, 7;] corresponds to a
full period(FP). A boundary period (BP) is either an EP or FP; a nonboundary period (NBP) is a supremal interval during which
0 < x;(t) < 6;. Finally, the output flow processes {8;(t)},i = 1, 2, characterize departing flow rates, which in this case are
specifically defined as

ri(t)  x(t) = 0and r;(t) < c(t)

Bi(t) = {Ci(t) otherwise. "
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It is obvious from this definition that 8;(t) satisfies condition (3). As illustrated in Fig. 1, the part of the content representing
flow class i is generally time-varying, depending on 6; or changes in r;(t) or ¢;(t); in the figure, the class 1 portion of
the content decreases at some time instant, coinciding with some event which might, for instance, be a downward jump
inrq(t).

We are interested in the behavior of this SFM over a finite time interval [0, T]. Regarding the arrival and service processes,
we will impose no restrictions on their probabilistic characterizations, but will make the following assumption:

Assumption 3.1. W.p. 1, the arrival r;(t) > 0,i = 1, 2, and service capacity C(t) > 0 are piecewise constant functions in
the interval [0, T].

We define a vector x(t) = [x1(t), x(t)] as in the last section, and the system dynamics in (2) become:

dxi(t) 0 xi(t) = 0and ri(t) < c(t)
— = xi(t) = 6 and r;(t) > ci(t) (20)
dt ai(t) — Bi(t) otherwise.
Thus, when 0 < x;(t) < 6; we simply have c‘% = r1i(t) — ci(t). When x;(t) = 0 and r;(t) < c;(t), the outflow rate is limited

by the external arrival flow rate; similarly, when x;(t) = 6; and r;(t) > c;(t), the inflow rate is limited by the service flow
rate, leading to the loss rate [;(t) in (18). We will use x(t) = Zle x;(t) to denote the total system content at t.

The crucial difference between a single class SFM, as in [ 13], and the two-class SFM in Fig. 1 is the behavior of the service
capacity ¢;(t). Whereas in the single-class model the service capacity allocation is independent of the system state, ¢;(t) in
the two-class SFM depends on the queue contents and the inflow processes so as to satisfy the FCFS nature of the underlying
DES as explained next. Initially, the service capacity is allocated proportional to the inflow rates, i.e.,

6(0) = cO10_ (21)
>_;(0)
J
This allocation is maintained until there is a change in «;(t)/ Zj «;(t) at some time t > 0. When that happens, the total
content x(t) is the unprocessed workload under the initial service flow allocation. Let w(t) denote the amount of time
required to process this workload, at which point the new service rate allocation can take effect. Thus, the formal definition
of w(t) is through the relationship:

t+w(t)
/ C(r)dt =x(t) x(t) >0
t

(22)
wt)y=0 x(@t)=0.
Finally, at time t 4+ w(t) the new allocation takes effect:
Gt + () = C(t + () i (23)
>_a5(D)

J

Therefore, in this SFM any event at t that causes a change in «;(t)/ Zj «;(t) is critical in that it “induces” another event at
t+w(t) which results in a service rate allocation change. Similarly to the general setting in Section 2, we use 7y, k = 1, 2. . .,
to denote event occurrence times in increasing order of k. Using this notation, we define the set of inflow change events in
the interval [0, 7;]:

Fr={m:3ie{1,2}star,) #a(r,}), m <k} (24)

To avoid degenerate cases where C(t) = O for all T > t, we will assume, whenever (22) is used, that C(t) > 0 for a
sufficiently long time interval to ensure that w(t) < oo.

The following lemma establishes the fact that the service flow allocation mechanism in (21)-(23) captures the FCFS
nature of the underlying system modeled as a SFM (the proof of the lemma is given in [ 14]).

Lemma 3.1. For w(t) defined in (22),

t+ow(t) t+ao(t)
/ ci(s)ds = x1(t), / C2(s)ds = x,(t).
t t

This result asserts that any class i flow entering the SEM at t leaves at the same time t + w(t) for both classes i = 1, 2. This is
consistent with the defining property of a FCFS policy in a queueing system, i.e., the waiting time of a customer arriving at t in a
FCFS queue is the same regardless of its class.
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The presence of a delay w(t) in (21)-(23) introduces induced events into this system. Based on the definition of induced
events given in Section 2 (see also [12] and analysis therein), we need to augment our state description through state
variables y,,(t),m = 1, 2, ..., associated with inflow change events occurring at times 7,,, m = 1, 2. . ., to provide “timers”
triggered when such an inflow change event occurs and then measure the amount of time until the queue content x(t;) is
depleted, i.e.,

dym(t)  [—C(t) Tn<t<tm+o(tm), MEFp
— = - (25)
dt 0 otherwise
i _ Jx(tw) Ym(t,) =0, mefn
Ym(Ty) = {O othe?wise.
Clearly, these state variables are only used for inflow change events, so that y,,(t) = 0 unless m € F . Intuitively,

Ym(t) decreases from x(t,) at the rate of the service capacity C(t) until this queue content is depleted, at which time
Ym(tm + ©(77)) = 0 and the associated induced event takes place.

This SFM includes all exogenous and endogenous events defined in the general setting of Section 2. In addition, there
are: (i) endogenous events that initiate a FP for either user class with an associated switching function g(x(t), ) = x; — 6;,
i = 1, 2, and (ii) induced events as described above caused by the service flow allocation mechanism in (21)-(23). We will
refer to the latter as w-events, because they are all related to the definition of w(t) in (22). An event of this type occurring at
time 7, is “induced” by an inflow change event at some time 7, < T, that is, any event (exogenous, endogenous, or itself
an w-event) such that some «;(t),i = 1, 2, changes value at t = t,;,, m € F , as defined in (24). Thus, an event at time 7y is
an w-event if there exists an event at t,,, m € [ ,, such that

(@) =t + o(th) > Ty

Tm+o(tm)
and / C(t)dt = x(tyy) > 0.
Tm

It should be clear that an w-event occurs at time t,, + w(t,) when the workflow x(t,;) present at the time the event was
induced becomes depleted and a service flow reallocation must result. If, however, x(t;) = 0, by (22) we get w(t;) = 0
and the event has no further effect on the SFM.

We stress again that an w-event can occur in the following three ways: (i) Induced by an exogenous event at t,,, such
that a;(z,,) # ai(z;}). (ii) Induced by an endogenous event at 7. If x;(6, 7,,) = 0, then by (17) and (20) this is not an
inflow change event. If, on the other hand, x;(6, ) = 6;, from (17) and (20), we see that «;(r,;) = ri(t,) > 0 and
ai(t,)) = ci(tr,}) < ri(tm), i.e. this is an inflow change event. (iii) Induced by another w-event at t,, which takes place while
xi(t) = 6;,i = 1, 2. When this happens, (23) in conjunction with (17), causes a new inflow change at 7, = t, + w(7y,). In
particular, (23) and (17) imply that:

oty ai(fnf)
Bi(t,) = C(Tk)—Z (i)
j
ai(th)
ai(t)) = Bi(rh) = C(Tk)m-

j
Thus, a chain of w-events is generated. If we index the events forming this chain by s, these indices are a subset of {1, 2, ...},
and we get {¢;5},s = 1,2, ..., with

C(ts41)

Ujs41 = Uis.
D s
j

The convergence properties of {«; s} depend on the ratio C(7s11)/ Zj ajs. In contrast to a single-class SFM where no events
occur during a FP, this sequence is potentially infinite if x;(t) = 6; for all t > t,;;, which dramatically affects performance
sensitivity in such resource contention settings. A complete analysis of {«;} is provided in [14], but it is worth mentioning
that if C(tsy1)/ Zj ajs < 1, which typically occurs when r;(t) > C(t) for some i, then {«;} is monotonically decreasing
with «; s — 0. Thus, class i may ultimately be denied access to service unless its FP ends before this limit is reached.

3.2. Stochastic hybrid automaton model

In this section, we develop a stochastic hybrid automaton model for the SFM in Fig. 1, which provides a formal setting
facilitating its analysis. We begin by considering a typical sample path of the SFM in terms of the values x;(t) can take. We
define discrete aggregate states by decomposing the sample path into intervals (7, '], # < 7/, that fall into one of three
types: (i) x;(t) = Oforallt € (7, '], (ii)) 0 < x;(t) < O; forall t € (v, '], and (iii) x;(t) = 6; for allt € (7, 7']. Denote
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(81!82)

Fig. 2. Aggregate state transition diagram.

the associated aggregate state by s;(t) and the corresponding three values by 0, 07, and 6; respectively. This defines a set
®; = {0, 0%, 6;}. It follows that for the two-class SFM we have an aggregate state s(t) = (s;(t), sy (t)) taking values in the
set

@ = {(Oa 0)7 (0’ O+)7 (07 02)7 (O+s 0)» (0+a O+)a (0+7 92)7 (913 O)s (017 0+)a (917 92)}

Thus, an aggregate state value of 0 corresponds to an EP for this class, a value of 6; corresponds to a FP, and aggregate state
0™ corresponds to a NBP. The aggregate state transition diagram is shown in Fig. 2. Within each aggregate state, the system
follows the dynamics (20) and all transitions are caused by events defined in the previous section. A distinctive feature in
the diagram is the diagonal transition from (0", 07) to (0, 0), whose existence follows from Lemma 3.1 where we saw that
any class i flow entering the SFM at t leaves at the same time t + w(t) for both classesi = 1, 2. If r{(t) = r,(t) = 0 and
xi(t) > 0 for bothi = 1, 2, then the lemma implies that the time to deplete the current content of each class is the same,
i.e., both class contents become zero simultaneously, which corresponds to the transition from (0, 0%) to (0, 0). In fact, this
represents the most common form of queue depletion; the transitions from (0™, 0%) to (0, 0%) or to (0%, 0) only occur by
certain w-events, as asserted by the following corollary (its proof is embedded in the proof of Lemma 3.1).

Corollary 3.1. The transition from (0", 0%) to (0, 07) must be caused by an w-event triggered by an inflow change event that
reducesr; > 0 to 0. Similarly, the transition from (0%, 07) to (0T, 0) must be caused by an w-event triggered by an inflow change
event that reduces r, > 0 to 0.

Note that the hybrid automaton model in Fig. 2 is incomplete because it does not include the information captured by
the state variables y,,(t), m = 1, 2, ...,in (25). Suppose at time t € (ty, T¢+1] the system is in the aggregate state (s1, S2)
and transitions to (s, s,) at 1. If the event at 7j is an inflow change event, then from (25), yx+1 will become positive
from O; if the event at 7;, ¢ is an induced event, i.e., Ty+1 = Ty + @ (Ty,) for some m, then also based on (25), y,, will decrease
to 0. In order to keep track of these “timers”, we augment the aggregate state to (s (t), s, (t), n(t)), wheren(t) =0, 1, ...,
is the number of strictly positive yj at t. From (25), n(t) actually indicates the number of w-events which have been induced
by some inflow change event but have not yet occurred at time t. Clearly a complete transition diagram now becomes much
more complicated. We limit ourselves to Fig. 3 showing all possible outgoing transitions from a typical state (0%, 0%, n)
with n > 0. For example, when the state is (0", 07, n) and an inflow change event occurs, a new event is induced and the
number of such events is increased by 1. Note that since 0 < x;(t) < 6; fori = 1,2 at (0", 0", n), only an exogenous event
(a jump in some r;(t)) could induce a new future event. Similar diagrams can be obtained for other aggregate states. It is
noteworthy in Fig. 3 that transitions from (0%, 0", -) to (0, 0™, -) or (0%, 0, -) are caused by w-events, consistent with the
Corollary above.

3.3. Resource contention optimization

An optimization problem for the resource contention setting above is defined by treating # = [0,, 6,] as a controllable
parameter vector. Whereas in [ 11] we assumed that 6; > 0,i = 1, 2, are not otherwise constrained, in this paper we consider
the case where

01 +6, =06 (26)

i.e., a fixed amount of total queueing capacity is to be allocated to the two user classes. We seek to optimize performance
metrics of the form J(0; x(0), T) = E[.L(0; x(0), T)] where £(8; x(0), T) is a sample function of interest evaluated in the
interval [0, T] with initial conditions x(0). Typical performance metrics of interest are the loss volume (due to overflow
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Fig. 3. Outgoing transitions from a state (0", 0%, n), n > 0, in the set (0T, 0T, -).

processes), the loss probability, the average workload (i.e., the queue contents), and the system throughput. In addition,
delay metrics can be incorporated through fluid versions of Little’s law. We shall limit ourselves to the class-dependent loss
volumes, L;(#; x(0), T), and average workloads, Q;(@; x(0), T),i = 1, 2, and write for notational simplicity L;(#) and Q;(@). Let
Ny be the total number of events observed in a sample path over [0, T]. The average workload of flow classi,i = 1, 2, is

1 T 1 Tk
Qi(6) = 7/0 x(t, 0)dt = - Z/M x(t, 0)dt (27)

ke2;
with tg = 0, and £2; is the set of all non-empty periods (NEPs) for class i, defined as
2; ={k:xi(t) >0forallt € [ty_q1, 7], k=1, ..., Nr}.

The average loss rate of flow classi,i = 1, 2, is

1 7 1 Tk
o =7 [neoa=1y [ [0 — o) (28)

kew;
where we have used the fact that [;(t) = r;(t) — «;(t) and [;(t) > 0 only in FPs of class i, with the definition:
¥, ={k:x(t) =6;forallt € [ty_1, el, k=1, ..., Nr}.
In the user-centric approach, class 1 and class 2 individually optimize their own performance metric defined as
Ji(0) = y1,E[Qi(0)16; + y2.iE [Li(9)] (29)

where y;; are user-based weights reflecting the relative importance of workload and loss rate. We point out that although
Ji(0) is a function of both 6; and 6,, class i is limited to controlling its own threshold parameter 6; only. A game theoretic
approach is a natural one in the context of the resource contention setting we have described, since users are generally not
cooperative: rather, they compete for a limited resource (in our case, the queuing capacity ® ). Moreover, it is often the case
that there is no centralized coordination and it is necessary to attain an equilibrium based on actions taken by the individual
users without any central resource allocation control.
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In the system-centric approach, we assume that there exists a central controller responsible for determining an optimal
resource allocation based on a weighted sum of all classes’ objective functions, as defined in (5), i.e.

J(0) = w1]1(0) + w22(0). (30)

Ideally, one would like to guarantee that the optimal solution obtained by the system-centric optimization process coincides
with that of the user-centric approach, assuming that one even exists in this case. Thus, our goal will be to seek solutions
for both optimization problems (if they exist) and study their difference.

Given that we do not wish to impose any limitations on the processes {r;(t)} and {C(t)} (other than mild technical
conditions), it is infeasible to obtain closed-form expressions for J;(#). Therefore, similar to our previous work in [11], we
seek iterative gradient-based methods such as stochastic approximation algorithms (e.g., [ 15]) of the form

Oi k1 = Ok — MicHi 1 (Ok; X(0), 1), k=0,1,... (31)

where, in the case of (30), H; x(0y; x(0), &r) is an estimate of 9J(0)/06;,i = 1, 2, evaluated at @ = (0, 6, ) over a sample
path of length [0, T] denoted by &r. In the case of (29), H; (0y; x(0), &r) is an estimate of 9J;(0)/06;,i = 1, 2, evaluated at
0 = (01.x, 62.1). We make use of IPA to obtain estimates of 9/(6)/96; or dJ;(8)/96;, which implies the need for evaluating
the sample derivatives of Q;(6) and L;(0). It is clear from (27) and (28) that this requires the sample derivatives of the states
xi(t, #) and of the event times 7,(#) where the explicit dependence on the parameter @ is included for emphasis.

3.4. IPA derivatives

Similar to the general setting in Section 2, we define the following for all state and event time sample derivatives:

9x;(t) _ dym(t) _ 0
MO= T IO=T0= =g (32)
fori,j = 1,2,and k,m = 1, 2, .... We will make use of the general expressions in (8), (9) and (15) to obtain xﬁﬁj(t) and

‘(,;j for the specific SFM in Fig. 1. In addition, using the definition in (25), we can derive state and event time derivatives at

induced events. Since an induced event at T, is triggered by an inflow change event at t,,,, such that 7, = t,, + w(ty), then,
based on (25), we must have y,;(t, ) = 0, and taking derivatives on both sides with respect to 6; we get:

Wym(ty )
T . rk,j =0

which gives y;n’j(t,:) — C(‘L’kf)‘[,é’j = 0 or (noting that C(t, ) # 0, otherwise depletion at 7, is not possible):

.V;n,j(fki) +

, J’;nyj(fk_)
Tk,j = —.
C(r,)

Along the same lines as the state derivatives xlf_j(t), we can also obtain y{n’ j(t) as follows. First, between any two consecutive
events,

(33)

YO = V(@) t € [Ty Tugr), ME F.

Since yn,,(t) is continuous as long as y,,(t) > 0in (25), for any event that occurs while y,,(t) > 0,

Ym(T) =ym(z), MEFi g, (34)
Taking derivatives with respect to 6;,
, 0ym(T, OYm T ) ) 8)’m(7:]_)
.Vm,j(tlj) + T tk] mJ( W)t PY: : tli,j
where y'"a# = —C(t)), dym(r" = —C(t, ) so that
Vi@ =Y i) + [C(5) — C(x)Iny (35)

If ym(7, ) = 0and m € F_, then, by definition, an induced event occurs at 7y, and 7, = T, + w(7,). Recalling (25),
Ym(t) = 0 thereafter, so we also reset:

Vi (@) = 0 i 1 = T + (). (36)

Finally, if an inflow change event occurs at 7y, recall from (25) that at 7, we initialize y,(t) by setting

2
n(rh) =xxh) =x(x)) =Y xi(m)
i=1
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Therefore, taking derivatives with respect to 6;,

Aykj(t) 2 &)
Vi (@) + —<z)t . Tj = in,j(fk )+ Z latk Tij
i=1 i=1

dxl(rk

. Yk (T
and since 26 _ = —C(t)),

ot = ﬁ,l((rl:)v we get

2 2
Y @) =D xij(m) + [Zﬁw,:) + cmﬂ] T (37)
i=1 i=1

We can now derive the state derivatives x; (), Ve SO, and event time derivative r,i,j as evaluated at every event in the
system. In between any two consecutive events, using (15) and noting that ‘)ﬁ' =0fori,j=1,2,forallt € [y, Tpy1) We
have

K0 =X, YO = Y (@, (38)
At event time 7, depending on the event type, we have:
1. Exogenous events. As already seen in Section 2, r,;,j = 0 in this case, and using (8) and (34), we have

1, =0,  x;(t)) =x;(zr;) (39)

.V;n,j(t/j) =ym,j(fk ) me [y

2. Endogenous events. If an endogenous event initiates a FP for flow class i, then the switching function in (6) is g(x(t), §) =
Xx; — 6;. Applying (9) and (8) gives, forj = i,

1—x.(t,)
h ri(fk ) — Ci(fk )
and forj # i,
—x,(t,)
Ty = ok xz/',j(rkJr) =x;(%)- (41)

T,‘(‘L’k ) — Ci(fk )
In addition, based on (36), ym(tk ) =Yn(t ), me Fi
If the event initiates an EP, we have already obtamed in(11)and (10):
’ _X;J(Tk_) ’
= ————  —»
T',-(l'k ) — Ci(fk )
and based on (36), ym(rk ) =Y (T ), me Fi.

3. w-events. Suppose an w-event occurs at 7, induced by an inflow change event at t,,, so that ty = 1, + (). In this case,
fi(@e) = ai(ty) — ci(m), fikra () = ai(ry) — ci(r"), and based on (33) and (8),

() =0 (42)

, _Y;n.j('ﬁ:)
T = —C(r,:) (43)
X () = x,(t0) + [ai(ry) — ailrd) + ailmd) — ()] = Yms (M) 2 (44)
ij ij\“k [ANAg3 (AN ¢ 1 ilTy C( k)

In addition, using (35) and (36), we have

0 T = Tm + &(Tm)
Ym(m) = {y;n(rk) otherwise ’

Finally, if any event at 7y is also an inflow change event, then we use (37) for the state variable y,, where 1:,2’]- is given by (39),
(40), (41), (42), or (43) depending on the type of event that caused the inflow change.

Based on (39) through (44), we can evaluate all x,f’j(t) and ‘L’,é!j along a given sample path. We can then return to (27) and
(28) and evaluate the performance metric derivatives:

mEka‘l

0Q;(0) 1 /
a0; T 1;91. X i{(Tke—1) - (T — Th—1) (43)
oLi(0
O _ _Z [ri(rl ) — ai(m DI — woa )] - o
891 key;



312 C. Yao, C. Cassandras / Nonlinear Analysis: Hybrid Systems 5 (2011) 301-319

It is worth pointing out that a state derivative x’ i) is always reset to zero when an EP for class i occurs as indicated in

(42). This derivative can only become non-zero When a FP occurs at time 7, in which case X"(t ) = 1 as seen in (40).
Subsequently, the value of x; y (t) may be modified through (41) and (44) until the next EP when it is reset to zero once again.
It is also important to observe that the entire process of evaluating 9Q;(6)/ 06; and dL;(#)/06; depends only on event time
information and on flow rate values at certain event times. The behavior of the SFM in between events does not affect the IPA
process. Thus, the optimization process is robust with respect to potential modeling errors in the time-driven dynamics.

The unbiasedness of the IPA derivatives 0Q;(#)/06; and dL;(#)/06; can be ensured by Assumption 3.1 and the following
additional assumption.

Assumption 3.2. (a) For every # € @, w.p. 1, two events cannot occur at exactly the same time, unless one event induces
the other, (b) W.p. 1, no two processes {r;(t)}, {8i(t)},i = 1, 2, have identical values during any open subinterval of [0, T].

We point out that even if the conditions of Assumption 3.2 do not hold, it is possible to use one-sided derivatives and
still carry out IPA, as in [4]. Consequently, establishing the unbiasedness of 9Q;()/96; and 9Q;(6)/96; reduces to verifying
the Lipschitz continuity of the sample functions Q;(#) and L;(#) with appropriate Lipschitz constants. To begin with, we will
need the following additional assumptions.

Assumption 3.3. W.p. 1, all external processes are bounded, i.e., 0 < Cpin < C(t) < Cpax < 00, 1i(t) < R < 00,i =1, 2,
and feasible threshold parameters are also bounded from below, i.e., there exists some € > O suchthat9; > ¢ > 0,i =1, 2.

Assumption 3.4. Let N; denote the number of exogenous events during interval [0, T]. Then, E[N] < oc.

The proof of unbiasedness relies on two lemmas. First, Lemma 3.2 provides a bound for the expected number of events
in the interval [0, T]. This is necessary because, as we have already seen, there may be potentially infinite w-event chains in
a sample path of this SFM.

Lemma 3.2. Let Ny be the number of events occurring during interval [0, T]. Then, E[N7] < oo.
Proof. See Appendix. O

Using Lemma 3.2, we can further bound all state and event time derivatives, as shown in the next lemma.

Lemma 3.3. Forallt € [0, T], |x{(0, t)| is bounded w.p. 1, and forallk = 1, 2, ..., Nr, |t;| is also bounded w.p. 1.
Proof. See Appendix. O

Now, with the above two Lemmas, we are able to verify the Lipschitz continuity and finally establish the unbiasedness
of IPA estimators.

Theorem 3.1. Under Assumptions 3.1-3.3, the IPA estimators 0Q;(0)/06; and dL;(0)/96}, i, j = 1, 2, are unbiased estimates of
dE[Q;(8)]/d6; and dE[L;(8)]/d6;, respectively.

Proof. See Appendix. O

3.5. User-centric and system-centric optimization

Recall that in the user-centric optimization approach, class i aims at minimizing the performance metric defined in (29),
whereas in the system-centric approach the objective is to minimize a weighted sum of all classes’ performance metrics as
shown in (30). For the latter case, we use the IPA estimators (45) and (46) and the iterative scheme (31) with a constant time

between iterations during which the system collects all observed data for evaluating =52= BQ‘“’) and == aL (9) and hence djdg’) J=1,2.

This leads to a solution of the system-centric optimization problem under well- known approprlate technical condltlons [15]
on the step size sequence {n,}.

In the case of user-centric optimization, however, each user has no information on the other’s performance and no control
over the other user’s threshold. The resulting game is carried out by having users take turns, so that user i executes (31)

with 8]‘(0) evaluated after a time interval over which this user collects observed data for evaluating aQ(o) and a“w) and

hence a{;—?. At the (k + 1)th iteration, suppose it is class 1's turn to make a move: it executes (31) using the result of the

previous step, denoted by (61 k, 62 k), to evaluate 6 x;. Since the controllable thresholds are subject to (26), it follows that
0241 = © — 0, 1. It is easy to see that such a process does not generally converge. For example, when © is small and cannot
satisfy the individual needs of either class, the game consists of oscillations between (0, @) and (®, 0). This is in contrast
to the game considered in our earlier work [11] where the constraint (26) is not present and the user-centric optimization
process does converge to a point 8" = (67, 65). This, however, differs from the system-centric optimal 8° = (67, 65). In fact,
Ji(6°) < Ji(6") for bothi = 1,2 and the gap J;(6°) — J;(6") < 0 reflects the inefficiency of “selfish play”, sometimes also
referred to as the “price of anarchy”.
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In order to enforce convergence in the resource contention game where (26) applies, we introduce a “negotiation scheme”
as follows. At the kth iteration, suppose the current resource allocation is (61 k, 62 k). Class 1 evaluates its next “candidate”

control, denoted by 911’ « through (31) using the IPA estimate of a{;fo(f) from (45) and (46), and hence the control for class 2 as

well, denoted by 6, , = @ — 6] ,. Similarly, class 2 evaluates 67 , and 63 .. Then, the new allocation for the next iteration is
obtained from

2 2
O k1 = Z Gb1 Gk = Z Gi0) 1 (47)
i=1 i=1

where 2?21 ¢ = 1and ¢; is the negotiation weight for class i (agreed upon in advance); this represents the class’s relative
“power” or, alternatively, a “price” that class i is willing to pay to influence the ultimate allocation. It is obvious that as
£y varies from 0 to 1, the user-centric optimization result will range from the J;(#) optimum to the J,(#) optimum, and
the following result gives a simple sufficient condition under which the user-centric optimization will also converge to
the system-centric optimal point #°. However, it should be pointed out that this condition is quite restrictive. Generally,
even when the negotiation scheme is used, there is still no guarantee that user-centric optimization will converge to 6°*. We
also point out that this optimization scheme imposes synchronized updates of the competing users’ gradient estimates and
controls.

Theorem 3.2. Let {n;}, k = 1,2, ..., be the step size sequence used by classi = 1, 2. If {-ym1x = Lo forallk = 1,2, ...,
then, if the system-centric optimization process converges to 6°, the user centric optimization processes converge to (6%, 6') =
0" = ¢

Proof. See Appendix. O

This discussion has been based on the premise that sample paths of the SFM are available to the system optimizer and
to the individual users. While this is possible in a simulated environment, in actuality the resource contention game takes
place in a DES and what is available to the system and to the players is a DES sample path over [0, T] denoted by ETDES 6).
The system-centric objective function is denoted by ]?ES(O) and the user-centric objective functions by ]P}ES @),i =1,2.
Therefore, we rewrite the iterative scheme (31) as ’

Oikr1 = ik — NkHi k(B x(0), EP5), k=0,1,...

to emphasize the fact that the sample path from which data are obtainable is the one actually observed that involves discrete
resource requests. Clearly, H; x(fi; x(0), £P%) is an estimate of dJP*(8)/d6; when the control is set at 6, for the system-
centric optimization and of d]P}?S(O) /d6;, i = 1,2, for the user-centric optimization. None of these derivative estimates
is in fact available, since the IPA estimators (45) and (46) are based on the SFM, an abstraction of the underlying DES.
Therefore, (45) and (46) provide approximations of the performance derivative estimates obtained from the expressions
derived through the SFM, but using data available from the actual DES. What facilitates this process is the fact that (45) and
(46) are evaluated on an event by event basis; thus, we need to identify each SFM event with a DES event, as explained next.

An exogenous SFM event corresponds to a jump in the process {C(t)} or {r;(t)},i = 1, 2.Inthe DES, a simple rate estimator
is used to measure r;(t), periodically updated over t; if |r;(t) — ri(t — A)| > € for some adjustable A, €, then we identify this
as an exogenous SFM event. From (39), however, there is no effect from such events on the actual estimators (45) and (46).
The same applies to |C(t) — C(t — A)| > €.

For any endogenous event “x;(t) becomes 0 ", observe that there is no difference between DES and SFM: when this event
occurs in a DES sample path, we identify it with a SFM event that empties a queue. We then simply apply (42).

On the other hand, for an endogenous event “x;(t) becomes 6;” in the SFM, we have to recognize that in a DES the queue
content may “chatter” near 6;. For example, suppose at time ¢, the class i queue becomes full in the DES, i.e., x;(t) = [6;]
(where [6;] is the ceiling function). If r;(t) > c;(t), then it follows from (20) that the SFM enters a FP for class i. However, in
the DES sample path it is still possible that a “resource service completion” event takes place next at time t; > t, resulting
inx;(t;) = [6;] — 1 < 6;, whereas in the SFM we would have x;(t;) = 6;. Moreover, suppose that at t; > ty, a “request
arrival” event occurs in the DES, therefore x;(t;) = [6;] once again. Since in the SFM we still have x;(t;) = 6;, this event
should be ignored. In other words, during the interval [t, t,], the queue length of the actual DES system “chatters” between
[6;] and [6;] — 1, while in the SFM a FP is taking place. This raises the issue of properly identifying the start and end of a FP
in the SFM. We resolve this by calculating c; through (23) and (22) and measurements of r;(t) and C(t) from the DES using
simple rate estimators as mentioned above. Then, we can identify an event at 7; as initiating a FP for class i if the following
condition holds:

Xi(te—1) < 0, xi(w) =6;,  ci(w) < ri(w)
at which point we can use (40) and (41). Similarly, we detect the end of a FP at 7 if
Xi(tk—1) = 0, xi(w) <6,  ci(w) > ri(z).

Finally, w-events are easy to detect since they involve a simple timer initiated at the associated inflow change event which
is also easy to detect once its type (exogenous, endogenous, or another w-event) is identified.
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4. Resource contention game simulation examples

We present numerical results obtained from simulating a two-class FCFS queueing system subject to (26) with ® = 60.
In this system, requests of both classes arrive according to Markov Modulated Poisson Processes (MMPP), with mean
interarrival times uniformly distributed over [0.6 s, 1.2 s] and [0.6 s, 1 s ] respectively. The overall service capacity C(t)
is a piecewise constant random process with mean 0.9 s and times between changes in the capacity value are exponentially
distributed with mean 500 s. In what follows, we will use the same negotiation weights and step sizes for both classes when
applying user-centric optimization, therefore, based on Theorem 3.2, we expect the user-centric and system-centric optima
to coincide.

Fig. 4 shows simulation results of both system-centric and user-centric optimization (three different sample paths shown
for each). In this case, the weights in the system-centric objective (30) are set to w; = w, = 1. In the user-centric
optimization, the two classes have the same relative weights for workload and loss rate, i.e. % = % in (29). The “actual”

system-centric objective function, which was obtained by exhaustive simulation of the undérlying DES averaged over 50
sample paths, is symmetric with an actual system-centric optimal point (30, 30) as seen in the figure.
Fig. 5 shows another example for the same system (two different sample paths shown), except that classes now have

different relative weights, 11 = 0.8, 2,1 = 2500 for class 1 and y;, = 0.6, y»., = 2750 for class 2, so that % > %

(class 1 puts more emphasis on reducing workload) and the objective function is asymmetric with a system—centrié optimal
point (20, 40), shifting to a smaller 6,.

In both cases, the user-centric and system-centric optimization processes converge to a point close to the “true” optimum
(obtained by exhaustive brute-force simulation), illustrating the effectiveness of our method. Moreover, in contrast to the
result in [11], under the sufficient condition given in Theorem 3.2, there is no gap between the corresponding optimal
points.

5. Conclusions

We have presented a general resource contention game setting using SFMs, where multiple user classes with different
class-dependent objectives compete for a sharable resource. In this setting, IPA estimators were obtained for the derivatives
of various class-dependent objectives through which gradient-based optimization can be carried out, either system-centric
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for a system-wide objective or user-centric where each user class optimizes its own performance metric. We derived explicit
solutions for a specific game in which the competing user classes employ threshold control policies and service is provided
on a First Come First Serve (FCFS) basis. The unbiasedness of the IPA estimators was established in this case and it was shown
that under certain conditions the system-centric and user-centric optimization solutions coincide. We also discussed how to
use the SFM-based IPA estimators evaluated with data obtained from the actual observed DES sample paths and illustrated
the effectiveness of our approach through simulation examples in which we contrasted system-centric and user-centric
optimization.

Ongoing research is directed at modifying the iterative scheme followed by the game so that it becomes asynchronous. In
other words, users may be allowed to take control actions (changing their respective threshold parameters) whenever they
feel their IPA estimates are sufficiently accurate rather than the synchronized fashion we have adopted thus far. Moreover,
we are exploring different games where system-centric and user-centric optima can be guaranteed to coincide.
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Appendix

Proof of Lemma 3.2. Let N;, N, and N; denote the number of exogenous events, endogenous events and w-events
respectively. First, by Assumption 3.4,

E[N{] <my (48)

for some positive number n;.

For endogenous events, they can be further classified into (i) events that initiate FPs, which we will call “p events”, and
(ii) events that initiate EPs, which we will call “o events”. Let N, and N,, denote the number of p events and o events
respectively, so that N, = N, + N,. By definition, each p event corresponds to one FP, hence, the number of p events is the
same as the number of FPs. For any FP, based on the system dynamics (20), it is either ended by an exogenous event that
increases C(t) or decreases ri(t) or by an w-event that increases c;(t) through (23). The number of FPs that are ended by
exogenous events is obviously bounded by the total number of exogenous events N;. Next, consider a FP that is ended by an
w-event and let t be its starting time. There are two cases regarding the w-event that ends the FP.

Case 1: The w-event that ends the FP is induced by an inflow change event before 7. In this case, because the system is in a
NBP before 7, i.e., «;(t) = r;(t), the inflow change event must be an exogenous event that increases r;. Therefore, the number
of FPs in this case is bounded by the total number of exogenous events Nj.

Case 2: The w-event that ends the FP is induced by an inflow change event at or after t. Suppose this inflow change event
occurs at t, > 7. Then, based on Lemma 1in[11], 7, +(7,) > 7+ () and the duration of the FP is 7, + w(1p) — 7 > w(7).

By the definition of w(t) in (22), since x;(t) = 6;, we have w(t) = Ci?{r)' By Assumption 3.2, 6; > € > 0, and
Ci(t) < C(t) < Cnax, therefore, the length of any FP is such that

pto(y) —1>
max
which implies that the number of such FPs over an interval [0, T] is bounded by T /(€/Cnax) = TCiax/€-
Combing the two cases above, the number of FPs that are ended by w-events is bounded by N; + TC?*‘X .Recalling that the
remaining FPs are ended by exogenous events and that the number of FPs is given by N,,, we have

TC
N, <2N; + —/=,

(49)

Similarly, the number of o events, N, is equal to the number of EPs in [0, T]. Since EPs can only be ended by exogenous
events, the number of EPs is bounded by the total number of exogenous events, i.e.,

Na =< N]- (50)
Combining (49), (50) and (48), we have
TG
E[No] < 3E[Mi]+ —2=
TG
<3m + —= =p,. (51)
€

Therefore, the expected number of endogenous events is also bounded.
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Finally, for w-events, as shown in Section 3.1, they can be induced in three ways:

(i) Induced by an exogenous event. Obviously the number of such w-events is bounded by Nj.

(ii) Induced by an endogenous event. Obviously the number of such w-events is bounded by N,.

(iii) Induced by another w-event which takes place while x;(t) = 6;,i = 1, 2. For w-events in this category, as discussed
in Section 3.1, they will form multiple sequences of w-events, referred to as “w-event chains”. All such chains are initiated
by either an exogenous or an endogenous event, and exist only in FPs. Within any one of these chains, from the system
dynamics (22), the time between any w-event at T’ and the one that immediately precedes it is, by the definition of w(t)

in (22), is given by 0

.Since 6; > € > Oand ¢i(t) < C(1) < Cmélx by Assumption 3.2, we have s 2 C:l

time between two consecutlve events in the chain is bounded by C —

bounded by T, the number of w-events in any one chain is bounded by T/(€/Cnax) = TCmax /€. In addition, since all chains

are initiated by either an exogenous or an endogenous event, it follows that the number of w-event chains is bounded by

N1 + N,. We conclude from this analysis that the number of w-events in this category is bounded by (N1 + N5) - TCGM
Combining all types of w-events above, we have

TG,
N3 < (N1 +Ny) - ( = +1>

Together with (48) and (51), this implies

E[Ns] = E [(M N ( Tomax 1)}
Cmax
(E[N1]+E[Nz])-( . +1>

TC
(n1 + n2) . ( :ax + 1) = Ns.

IA

IA

Thus,
E[Nr] = E[N1] + E [N2] + E [n3]
<n4+n-+n<oo
and the result of the Lemma is established. O

Proof of Lemma 3.3. First, using Lemma 3.2, we know that E[N7] is bounded, i.e., Ny is finite w.p. 1. Since, from (38), we
know that x (t) is fixed between any two consecutive events, we only have to prove the boundedness of {x; ](‘[ )} and {rk]}

forallk € {O 1,2,..., Nr}. We proceed to prove this by induction on k. When k = 0, x ,j(r )=0,i=1,2,and To] =0,

which are obviously bounded Assume that for some integern,0 < n < Nr,and forallk < n, ] J(rk )| and |‘ij| are bounded.
At 7, 1, there are four possible event types that can occur:
Case 1: An exogenous event occurs at 7, 1. Then, from (39), we know that

T:;+1,j =0
X () =X (T ) = x(t) ij=1,2.
Since, by the induction hypothesis, |xu(r+)| is bounded, it follows that |XU(‘L' +1)| and Tn+1 jare also bounded.
Case 2: A p event (defined in the proof of Lemma 3.2) occurs at t,,1. From (40) to (41), ifj = i,
1=x(t00) 1—x;(t))
1i(Ty) — Ci(Tpq) B ri(T,1) — Ci(Ty )

Xp(th) =1 i,j=1,2

I
tn+1,j -

where x; (r 1) is obviously bounded. Regarding 7, , ; I

T/ ) 1+ |x;5(r0)]

" r(r) — Gty

where |x’ (z,;7)| is bounded by the induction hypothesis, and ri(t,1.1) —Ci(T,4.1)| > O,otherwise (i.e., if [ri(7, ) —ci(T, )| =

0), we cannot have x;(7,. ;) < 6; and xl(rn +1) = 0;. Therefore, there exists a strictly positive number »x, such that
I1i(t11) — Ci(T,01)| > 2 and we get

e IR )

‘ = it — )| T x

n+1j

which implies that |r | is also bounded.

n+1,j
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On the other hand, if j # i, then
—xgj(rn;])
ri(fn_+1) - Ci(Tn_.:,.1)

/ + o — _ +
X j(Ta1) = X;j(Ty9) = X;;(7,")

/
Tn+1,j -

where x; }(rn ,1) is obviously bounded by the induction hypothesis. Regarding T

()|

‘  ni(ta) = alt)]

1o with a similar argument we have

n+1]

where |ri(z,} ;) — ¢i(t,,)| is lower bounded, and together with the induction hypothesis, we can prove the boundedness

of |rnJr1 | once again.
We conclude from the above analysis, that |x; ](rn 1) and 7, , ; are bounded in Case 2.
Case 3: A o event (defined in the proof of Lemma 3.2) occurs at 7, 1. Then, according to (42)
‘[/ ;= _xl{j(ti’likl)
T () — a(ty)
x,](rnH) =0 i=1,2.
Obviously [x;; (rn+1)| is bounded, and using a similar argument as in Case 2, it is easy to prove the boundedness of |rnJrl Jl-
Case 4: An w-event occurs at 7, 1. Suppose that the inflow change event that induces this w-event occurs at time t,,, where
n € {70, ..., Ty}, and 7, + w(Ty) = Ty441. Based on (44), (43) and (37), we have
2 2
in,j(fn:) + |:Zfi,m(fm) + C(Tr:zr)i| 77,;1
’ i=1 i=1
Tht1j — C(‘L’;)
X;j(rr;:-l) = X;j(frj) + [@i(Ty) — @it ) + () —cilh )] - Tt -
By (17) and Assumption 3.3,
2 2
D fim(Ty) =) dimlty) — C(z,)
i=1 i=1
< n(ty,) + (7)) + C(7)
= R1 + R2 + Cmax-
Also by Assumption 3.3, C(t,j) > Cpin, therefore,
2 !
3 xiyj(r,;)) + (R + Ry + 2Cpnax) - |r,;”|
i=1
T < (52)
| n+l]| Cmin
Similarly,
|i(r) — it — ailryy) + g )] < Jei@)] + [a@)] + el )| + e
= Ri + Cmax + Ri + Cmax
and we get:
ARV AP P RN R SO RY LAHIR (53)
Since 1, € {70, ..., Ty}, the induction hypothesis applies to |x;’j(rnj)| and |1:,;J| in (52), which implies the boundedness of
ITht1 ]| Then, |X,j(fn+1)| is also bounded from (53).

This concludes the inductive step and completes the proof of the lemma. O

ILi(0)

0, relies on the

Proof of Theorem 3.1. Invoking Lemma A2 in [16], the unbiasedness of the IPA estimators and

Lipschitz continuity of L;(#) and Q;(#). From (46), and together with Assumption 3.3, we have

LS 0 () — e ()] (e — o)

key;

aQ:(b‘)
90

36,
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< _Z [R +R](|Tk]| + |TI< 1]|)]
key;
1
=7 N - [2Ri (7] + [mag))] -

Using Lemmas 3.2 and 3.3, it follows that

oLi(0)
26,

< By <

for some finite B; with % - Ny - [2Ri(|r,;’j| + Ir,;_u|)] < Bj. Therefore,

<Bi|ag)]. (54)

aLi(0
|AL(0)|_‘ ()‘\Ae\

In other words, L;(#) is Lipschitz Continuous with finite Lipschitz constant B;.
For Q;(0), by definition

1 T
Q(0)=—/ xi(Hde, i=1,2
T Jo
hence,

‘aq,w) '/ X, (0t <_/ ()] .

Based on Lemma 3.3, we know that |x (t)] is bounded, therefore, the above equation guarantees the boundedness of

10Q:(0)/06j]. i.e.,

0Q:(0)
a6

< By <00
. T
where B, is such that % fo |xl’.j(t)|dt < B,, and we get

aQ’(())' |A6;| < B, |AG]. (55)

|AQi(0)] = ‘

Thus, Q;(#) is also Lipschitz continuous with finite Lipschitz constant B,. O
Proof of Theorem 3.2. Based on (47), for any iteration k,
Orket = 5101 + 5207,

3/1(0)
= (610 =11
&1 ( Lk — Nk 20,

aJ;(6 a, (6
=0 (91,k — N1k~ ]8]0(1 )> + & (@ - <92,k — Mok ]829(2)>>

(0 (6
= <01,k e M) + 4 (el,k + Do - )J2( ))

> +5(0 —63))

004 06,
aJ1(9) 0)2(0)
= Oy — oY)
1+ &) 01k —&imig 20, + &amok 30,
aJ1(0) 9/2(0)
— 0, — R A
1.k — $1M1.k 20, + $anak 3 — 61
O —¢ . 91(0) . 9)2(0)
= U1,k 1M1,k —891 212,k —801 .

Then if £1m1.xk = &2m2.x, which we denote as 7y, the above equation is further reduced to

) k)
30, ™ a0,

O1k+1 = O1k — Mk -
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— Oy — <8J1(9) n 3]2(9)>

004 2064
aJ(0)
= Ok — M- YRR (56)
1
Similarly,
3/ (0)
Or k41 =02k — Nk - YR (57)
)

From (56)and (57), one can see that under the given condition the user-centric optimization is equivalent to a system-centric
optimization using a step size sequence {7y}, therefore both will converge to the same point. O
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