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The history of Perturbation Analysis (PA) is intimately related to that of Discrete Event Dynamic Systems
(DEDS), starting with a solution of a long-standing problem in the late 1970s and continuing today with
the control and optimization of Hybrid Systems and the emergence of event-driven control methods.
We review the origins of the PA theory and how it became part of a broader framework for modelling,
control and optimization of DEDS. We then discuss the theoretical underpinnings of Infinitesimal Pertur-
bation Analysis (IPA) as a data-driven stochastic gradient estimation method and how it has been applied
over the past few decades. We explain how IPA offers a basis for general-purpose stochastic optimization
of Markovian systems through the notion of the performance potential and how it has evolved beyond
DEDS and now provides a framework for control and optimization of Hybrid Systems and, more generally,
event-driven methodologies.
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1. The origin of perturbation analysis

In pioneering the field of Discrete Event Systems (DES) in the
early 1980s, Y.C. Ho and his research group at Harvard Univer-
sity discovered that event-driven dynamics give rise to state tra-
jectories (sample paths) from which one can very efficiently and
nonintrusively extract sensitivities of state variables (therefore, var-
ious performance metrics as well) with respect to at least cer-
tain types of design or control parameters. This eventually led to
the development of a theory for Perturbation Analysis (PA) in DES
(Cassandras & Lafortune, 2008; Glasserman, 1991; Ho & Cao, 1991),
the most successful branch of which is Infinitesimal Perturbation
Analysis (IPA) due to its simplicity and ease of implementation. In
fact, by the early 2000s, IPA was shown to apply to all virtually
arbitrary Hybrid Systems (HS) and continues to be today one of
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the most attractive tools for data-driven control and optimization,
especially in stochastic environments where modelling random as-
pects of a process is prohibitively hard.

The origin of the key concepts that form the cornerstones of
the PA theory are found in a long-standing problem in operations
research and industrial engineering known as the buffer allocation
problem. In its industrial engineering version, it was presented to
Ho’s research group by the FIAT automobile company in the late
1970s as follows. A typical serial transfer line consists of N work-
stations in tandem, each with different characteristics in terms
of its production rate, failure rate and repair time when failing.
In order to accommodate this inhomogeneous behavior, a buffer
is placed before the kth workstation, k=1,...,N, with B, dis-
crete slots where production parts can be queued. Since the space
within which this transfer line operates is limited, there is an up-
per bound B to the total number of buffer slots that can be allo-
cated over the N workstations so that Zf;’:l By = B. The problem is
to allocate these B buffer slots, i.e., determine a vector [By...By],
so as to maximize the throughput of the transfer line while also
maintaining a low overall average delay of the parts moving from
an entry point before the first workstation to an exit point follow-
ing the Nth workstation. Tackling this problem in a “brute force”
manner requires considering all possible buffer allocations, a num-
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B+N-—

ber given by ( B 1). For a reasonably small problem such as

B =24 and N =6, this gives 118,755 possible solutions. A direct
trial-and-error approach where one is allowed to test each alloca-
tion for about a week would require about 2300 years. If one were
to reduce the initial solution space to only 1000 “good guesses”
and use early 1980s simulation technology requiring about 3 min
per trial to estimate the resulting performance, the overall task
would take about 250 days of CPU time.

The approach taken by Ho’s group and first reported in
Ho, Eyler, and Chien (1979) was to study the serial transfer line
as a dynamic system whose state includes the integer-valued
buffer contents along with real-valued “clocks” associated with
each workstation as it processes a part. The question then posed
was: “what would happen if in a given allocation a specific value
B, were changed to B, +1?” The “brute force” way to answer
this question is to first simulate the system under the nominal
allocation with the value Bj, and estimate the system’s perfor-
mance over a (sufficiently long) time period T which may be de-
noted by Ly(By). Then, repeat the simulation under Bj, + 1 to obtain
Ly (B + 1). The difference ALr(By) = Ly (By+ 1) — Ly (By) provides
an estimate of the system’s performance sensitivity with respect
to B,. What the research team realized, however, is that this is un-
necessary: indeed, the initial simulation alone yielding L(B;) and a
simple thought experiment can deliver the value of ALy(B;). More-
over, the same thought experiment can deliver the entire vector
[AL7(By), ..., ALz (By)] with minimal extra effort.

The key observation that led to a formal procedure describing
this thought experiment is the following. When B, is replaced by
B + 1, no change in the state of the system can take place unless
one of two “events” is observed at time t: (i) The kth buffer con-
tent, say xi(t), reaches its upper limit, i.e., x.(t) = B, and a part
is ready to leave the (k — 1)th workstation. In this case, this up-
stream workstation is “blocked” since there is no place for the
departing part to go. However, in a perturbed system with B, re-
placed by By + 1 that would not happen and one can simply pre-
dict a buffer content perturbation Ax,(t) = 1. Moreover, one can
record when this blocking occurs at time t=t; 5 and the next time
that a part departs from the kth workstation, t; p. Then, t; p —ty g
is the amount of time that would be gained (i.e.,, no blocking
would have occurred) in a perturbed system realization. The im-
portant observation here is that t; p, t; p are directly observed
along the nominal system realization. (ii) The (k + 1)th buffer con-
tent reaches its lower limit, i.e., X, (t) =0 and a part is ready
to leave the kth workstation. In this case, if Ax,(t) =1, ie., the
kth workstation has already gained a part from an earlier blocking
event, then this gain can now propagate downstream and we can
set Axp,q () = Ax (t) = 1.

This simple observation leads to the conclusion that estimating
the effect of replacing B, by B, + 1 boils down to observing just a
few events along the nominal system realization: blocking events
(when x;(t) =B, and a part departure from k—1 takes place)
and idling events (when x,(t) =0 at any k=1,...,N). This can
be formalized into an “estimator” for buffer perturbations Ax(t)
and event timing perturbations for all part departures at work-
stations. More generally, this estimator transforms a given hypo-
thetical perturbation AB,(t) =1 (or —1) into state perturbations,
which can ultimately be used to estimate a performance perturba-
tion ALp(By). Most importantly, this is accomplished without ever
having to implement the perturbation AB(t), since the estimator
depends only on directly observable data from the nominal system
realization; in particular, it suffices to observe selected events and
associated event times and to perform extremely simple calcula-
tions.

This initial procedure pertaining to a very specific type of dy-
namic system and problem was given the name Perturbation Anal-
ysis (PA). It soon became clear that it could be extended to any sys-
tem with a structure similar to that of the serial transfer line and
to a perturbation in any system parameter. Thus, one could con-
sider, for instance, speeding up the operation of a workstation and
studying the effect of a perturbation Ary in the operation rate ry
of the kth workstation. The general procedure is one where some
parameter perturbation A6 generates a state perturbation Ax(t)
when a specific event occurs at time t. Subsequently, the system
dynamics dictate how Ax,(t) propagates through the system by af-
fecting Ax;(t) or Ax;(t) for j#k. Depending on a performance met-
ric of interest, this ultimately yields ALy(A#), the change in per-
formance due to A6. As for the system structure amenable to this
kind of efficient PA, it became obvious that it fits the general class
of queueing networks.

An obvious next question was: “Does PA hold for any value of
A6 or do we have to restrict it to “small” A6 when 6 is real-
valued?” There was ample empirical evidence collected over the
early 1980s that Af had to be small but not necessarily “very
small”. In other words, the values of AL’;A(AQ) obtained through
PA were identical to those obtained through the “brute force” finite
difference Ly (6 + A@) — Ly (0) for “sufficiently small” Af. This led
to the term Infinitesimal Perturbation Analysis (IPA) to capture the
fact that the methodology was applicable to perturbations which
were “infinitesimally” small, although a formal quantification char-
acterizing limits for A@ was lacking. Moreover, when A6 became
larger, it was still possible to satisfy AL‘T’A(AO) =L7(60 + AO) —
Lr(0) at the expense of observing more “interesting events” and
performing a few more calculations. For instance, in the case of the
integer-valued buffer size parameter By, the minimal feasible per-
turbation is obviously either +1 or —1. To differentiate these cases,
the term Finite Perturbation Analysis (FPA) was introduced. FPA re-
verts to IPA when parameters are real-valued and may be allowed
to take “sufficiently small” values A#.

To illustrate the distinction between IPA and FPA, we consider
the case of a simple First-In-First-Out (FIFO) queueing system with
a single server preceded by a queue. Let {A;} be the sequence of
(generally random) arrival times, i =1,2,..., and {D;} be the cor-
responding sequence of departure times from the system. If S; de-
notes the service time of the ith entity (customer) processed, then
the Lindley equation

D; = max(A;, Di_1) + S; (1)

describes the departure time dynamics with i=1,2,... Suppose
that all (or just some selected subset) of the service times are per-
turbed by AS;,i=1,2,.... Let ; = A; — D;_; and observe that when
;>0 it captures an idle period (since the server must wait until
A; > D;_; to become busy again) and when [; <0 it captures the
waiting time D;_; — A; of the ith arriving entity in the system. It is
easy to obtain from (1) the following departure time perturbation
equation:

AD,’,] if Ik < 0Y ADi—l > I,‘

o : 0 if I,' >0, AD,’,] < Ii
AD; = AS; + I if I, <0, AD; 4 <, (2)

AD,’,] — I,' if I,' >0, AD,‘,] > I,'

where AD; can be obtained from the generated perturbations AS;
and directly observed data in the form of ;. This is the FPA pro-
cedure for evaluating AD;, i =1, 2,... Observe, however, that if we
select AS; >0 to be sufficiently small so that AD;_; > 0 can never
exceed the finite value of [; > 0, then this reduces to

AD,‘,] if I < 0

AD; = AS; + { 0 otherwise
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which is the much simpler IPA version, requiring only the detec-
tion of an idling interval when [; > 0, at which time the departure
time perturbation is reset to AD; = AS;. Naturally, the question is:
“How small do perturbations need to be before the IPA equation
can be used?” In a stochastic system, the answer to this question
is generally dependent on the specific realization based on which
AD; is evaluated. Thus, it is logical to extend the question of esti-
mating AD;(A@),i=1,2,..., the departure time perturbations, to
estimating the derivative % by allowing Af — 0. This became one
of the two important questions facing PA researchers in the early
1980s:

Q1. When can IPA be used instead of FPA and is it possible to
transition the remarkably efficient PA methodology from one lim-
ited to sensitivity analysis for finite perturbations to one for gradi-
ent estimation of a large class of dynamic systems?

Q2. What is the class of dynamic systems for which the PA
methodology applies?

To address Q2, it soon became clear that using traditional mod-
els for system dynamics of the general form x = f(x, u,t) was ex-
teremely inefficient and ultimately pointless for systems such as
queueing networks. In such systems, at least some state variables
(i.e., queueing contents) are discrete and constant most of the time,
changing only when specific events occur (i.e., an entity enters
or leaves the queue). This led to the realization that traditional
dynamic systems described through x = f(x,u,t) are time-driven,
whereas this different class of systems is event-driven. The term
Discrete Event Dynamic System (DEDS) was coined in 1980 and first
appeared in the literature in Ho and Cassandras (1980, 1983), while
a first general IPA and FPA framework for queueing networks ap-
peared in Ho, Cao, and Cassandras (1983). However, the event-
driven nature of this class of systems was not formalized until an
“event domain formalism” was first proposed in Cassandras and
Ho (1985). Over the next several years, it became clear that the
class of DEDS is much broader than queueing networks and that
PA techniques could be extended to all such systems (Glasserman,
1991; Ho & Cao, 1991). In parallel, a novel control theory for such
systems, with the broader term Discrete Event System (DES) used,
was being developed by Ramadge and Wonham culminating with
what has become known as the supervisory control theory for DES
(Ramadge & Wonham, 1980). It took about a decade before the su-
pervisory control theory and PA were merged into complementary
approaches for studying DES and are now viewed as a staple of any
study of dynamic systems (Cassandras, 1993; Cassandras & Lafor-
tune, 2008).

Returning to the first question Q1 above, IPA in the form of
(3) was successfully used in the early 1980s for many applica-
tions that involved stochastic systems with event-driven behav-
iors, including routing, scheduling and general resource allocation
problems in complex manufacturing systems and computer and
communication networks (e.g., Cassandras, Abidi, & Towsley, 1990).
The generalization of (3) is to apply it to any performance metric
J(@) = E[L(0)] where L(0) is a sample function dependent on 6. IPA
is an efficient way to obtain the gradient VL(6) from observable
data on a nominal system realization. However, what is ultimately
of interest is VJ(0) = VE[L(0)]. and its estimation through VL(8)
can be used in a large class of gradient-based optimization prob-
lems. As IPA was applied to harder and harder problems (i.e., sys-
tems with event-driven dynamics) much more complex than Lind-
ley equations such as (1), it became clear that IPA estimates VL(0)
were not accurate compared to VJ(6) when this could be evaluated
through analytical methods in some simple cases or accurately ap-
proximated through exhaustive time-consuming simulation meth-
ods. Indeed, one could have situations where the signs of VJ(0)
and VL(0) were different, resulting in heavily biased IPA gradient
estimates. It took several years and occasionally controversial de-

bates to realize that the key issue was one of testing the validity
of unbiasedness for IPA gradient estimation, i.e., formal conditions
under which

VE[L(6)] = E[VL(6)]
holds, or in simpler scalar form:

d dL(®)
TG EILO)] :E[w}

The way this key issue was addressed is discussed in the next sec-
tion.

2. Infinitesimal perturbation analysis

By the mid 1980s, it was realized that IPA provided a general
framework for computing gradients of sample performance func-
tions defined on the state space of an extensive class of DEDS be-
yond queueing networks. Furthermore, it was shown to admit es-
pecially simple computations by data gathered directly from the
sample path of the system. Consequently IPA became the focal
point of research in PA, with an eye on potential applications
in performance optimization by stochastic gradient-descent algo-
rithms.!

IPA is predicated on a stochastic dynamical system underscored
by a common probability space (2, F,P).? A typical sample in £,
denoted by &, together with a particular value of the parameter
6, determine a realization of the state trajectory of the system at
6. It is called a sample path at 6, and the sample path is said to
be associated with the pair (6, &). The basic thinking about IPA,
based on its formulation in Cao (1985), was shaped by the view
that it essentially compares two sample paths, corresponding to
two respective, but close parameters and a common £ € Q.

Let Ly(0, &) be a performance function of the system in a given
finite period [0, T]. IPA consists of the sample gradient (derivative)
Vir(0,§) = 3%(LT(O,E)), called the sample derivative, or sample
gradient Cao (1985). Due to the DEDS structure of the system, it
was convenient to think of this derivative as the limit of finite dif-
ferences with the common & € 2, namely

aLr(0,8) lim Ly (0 + A0, &) - Lr(0.8)
a0 T A6—0 AO ’

However, one of the expressed objectives of IPA is to estimate
the derivative of the mean performance J(6):=E[L1(8, &)].> This
naturally raises the question “is the sample derivative given by IPA
an unbiased estimate of the derivative of the mean performance?”
ie.,

0 d
E|:89LT(9)] = @E[LT(Q)]'? (4)

The unbiasedness (4) explains why IPA gives accurate deriva-
tive estimates for some systems but not others. Roughly speaking,
when the sample function Ly(0) has a jump (discontinuity) at 6,
the interchangeability of expectation and differentiation inherent
in (4) would not hold. Intuitive conditions for this interchangeabil-
ity were given in Cao (1985); essentially, if a parameter change
at & may cause a change in the order of events in a DEDS, the
sample performance function may have a jump at €, and then the

! At the same time there was also an interest in another sensitivity analysis tech-
nique, based on distributional perturbations and likelihood ratios, called the like-
lihood ratios method, or score function method. Surveys thereof can be found in
Rubinstein and Shapiro (1993) and Reiman and Weiss (1989), and a comparison
with IPA, in Cao (1987).

2 The term “common”, in this context, means independent of the parameter 6.

3 To simplify the presentation we will drop the explicit notational dependence of
the sample performance functions on &.
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interchangeability in (4) may hold only if the probability of such
jumps in [0, 6 + Af] is of the order o(A8). This intuition evolved
from the consideration of many engineering problems defined on
DEDS. An alternative view of the issue of unbiasedness is through
the theory of multivariable calculus. After all, (4) amounts to an
interchangeability of differentiation with respect to # and integra-
tion (expectation) with respect to &, and this is roughly equivalent
to the continuity of the function L(6, £) in 6 with probability one
(in &). The former view is based on engineering intuition, whereas
the latter one, founded upon well-known results in mathematics,
often provides a practical way of discerning whether IPA is unbi-
ased.

These realizations stimulated subsequent research in two direc-
tions:

1. Identifying classes of systems and problems where IPA is un-
biased. Early works include (Suri & Zazanis, 1988), which proves
the unbiasedness for the GI/G/1 queue, and Cao (1988), which
proves it for closed Jackson networks. Glasserman (1991) presents
IPA in the framework of generalized semi-Markov processes, and
extends the results in Cao (1985, 1988) to a commuting condi-
tion (a simple to check structural condition) for the unbiased-
ness of the derivative estimates. For many other applications in
this direction, please see Cassandras and Lafortune (2008). The
question of unbiasedness of FPA has been addressed as well; see
Heidergott (2000) and references therein.

2. The development of alternative perturbation-analytic tech-
niques that provide unbiased derivative estimates, or reduce the
bias, for problems for which IPA estimates are biased. Several
such techniques have appeared in the literature; among them is
Smoothed Perturbation Analysis (SPA) (Fu & Hu, 1997; Gong & Ho,
1987). The main idea of this technique is to use the derivative of
a conditional mean of the sample function as the estimate of the
derivative of the mean performance. While a sample function may
have jumps and therefore its derivative is a biased estimate, a con-
ditional mean of the sample function may be smooth enough to
provide unbiased estimates. More precisely, suppose that there is a
random variable (or vector) denoted as Z such that
E 0 ElL:(®)|Z]| = E (5)

aot 1@l = 55

[ElLr 0)121] = - ElLr ()],

Then, we can use %E[LT (0)|Z], i.e., the derivative of the
conditional-mean sample function, as an unbiased estimate of the
performance derivative %E[LT(Q)E].. A potential difficulty with
this approach is that the conditional IPA estimator may require a
significantly higher computational effort than the basic IPA to the
point that it is rendered impractical. In other words, precision and
accuracy can be obtained at the expense of higher computational
complexity.

Around the same time, various other techniques were also de-
veloped based largely on so-called “cut-and-paste” operations on
the sample path in order to smooth out discontinuities resulting
from parameter perturbations. Surveys thereof can be found in
Ho and Cao (1991) and Cassandras and Lafortune (2008).

The main ideas described in the previous paragraphs will be
illustrated by simple examples in Section 2.1.

The preceding discussion pertains to finite-horizon sample per-
formance functions. Another important class of functions concern
long-run (infinite-horizon) averages. Denoted by J(@), they have the
form

J©) = lim 1L:(6),

where the system is assumed to be ergodic for the above limit to
exist and be independent of £ € 2 w.p.1. The time T can be either
continuous or discrete. IPA gives the sample derivative } 3gLlr(0).
The issue here is the strong consistency of the IPA derivative, i.e.,
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whether the following limit is in force (see Cao, 1985):

.19

lim 1-2106) = 2 0): (6)
in other words, “are the operators of limit “limr_, ,,” and derivative
“3" interchangeable?”

The study of this issue led to an important concept, the per-
turbation realization, later extended to the performance potential,
which has been applied to several research areas like Markov deci-
sion processes and stochastic control. The main idea is as follows.
In queueing networks, the effect of every single perturbation on
the performance is finite and can be precisely measured; the to-
tal effect of a parameter change on the performance can be de-
composed into the sum of the effects of every single perturbation
generated (realized) by this parameter change. The performance
derivative with respect to this parameter can then be calculated.
To illustrate this concept, consider a closed Jackson network con-
sisting of M servers with service rates u;, i=1,2,---, M, and let

T
Lr(0) = fo fln(®)dt,

where n(t) = (nq,ny,---,ny) is the system state at time t with n;
denoting the number of customers at server i, and f[n(t)] is a per-
formance function of the state. Now, suppose at t = 0 with initial
state n, server i is subjected to a perturbation A, meaning, e.g., its
completion time is delayed by the amount of A. Define the pertur-
bation realization factor (Cao, 1994; Ho & Cao, 1993),

1 T , T
Jim lim E{A[/O f(n (t))dt—/o f(n(t))dt]}. 7

The perturbed realization of the sample path n/(t) can be simply
obtained by the propagation rule on a single sample path. With
the help of the realization factors, we can prove that the strong
consistency (6) indeed holds, and we can further derive (take 6 =
/i as the perturbed parameter)

- 1oLr(ui) | dJ(ui)
711~>H:>lo |:M1T Bul i| - ! dpl,l
(8)

where 7 (n) is the steady-state probability of state n. c(n, i) can be
computed by a set of linear equations.

In this approach, the interchangeability of “limy_, ., and
is buried in TancL and 11210 in (7) because in a strongly connected

c(n,i) =

w.p.1

= > m(mc(n,i),

all n

A.a.,

network, a perturbation can only affect a system in a finite pe-
riod, and the difference of the two terms in (7) will be almost
zero when T is large enough. The interchangeability can be proved
along these lines. Many other examples with perturbation realiza-
tions can be found in Cao (1994).

The notions of perturbation realization and performance poten-
tial continue to underscore subsequent applications to large-scale
systems. For non-Markovian queueing networks and other DEDS,
the unbiasedness of IPA and the computational complexity inher-
ent in alternative PA methods designed to circumvent it, led to a
partial shift of IPA research from DEDS to stochastic hybrid sys-
tems. These developments, which have been taking place over the
past fifteen years, are the subject of the next section.

2.1. IPA and SPA examples

To further explain the basic ideas of IPA and its extension to
SPA, we provide a few simple examples which illustrate the salient
features underscoring the concept of unbiasedness. A practical
way of ascertaining unbiasedness is based on the determination
of whether the sample performance function Ly(6, &) is contin-
uous w.p.1. The connection between unbiasedness and continuity
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is founded on the following result. Suppose that 6 is constrained
to a closed, bounded interval ® c R. Assuming that (i) for every
6 € ©, the derivative %LT (0) exists w.p.1; and (ii) w.p.1, the func-
tion Ly(-) is Lipschitz continuous throughout ®, and its Lipschitz
constant, K = K(¢), has a finite first moment, namely E[K] < oc;
then the IPA derivative %LT () is unbiased. This follows directly
from the Lebesgue dominated convergence theorem (Rudin, 1974),
and the fact that the inequality

‘ Lr(6 + AG) — L(B)
A6

is satisfied w.p.1 for every 8 ¢ ® and A8 #0 such that 8 + Af € ©.

This simple result explains the importance of the continuity

condition of the sample performance functions to the unbiased-
ness of their sample derivatives.

<K 9)

Remark 1. We call attention to the fact that assumption (i) per-
tains to a given 6 € ® while assumption (ii) concerns the function
L1(-) as defined throughout ®. Thus, assumption (i) does not imply
that the derivative %LT (0) exists for every 8 € ® w.p.1. In fact, this
is generally not true, but the function Ly( -) typically is only piece-
wise differentiable due to the discrete nature of the system. Practi-
cally, the key condition for unbiasedness is continuity of the sam-
ple performance function Lp(6#) w.p.1. The lack of differentiablity
at a given 6 is not necessarily problematic if one-sided derivatives
exist, in which case unbiasedness can be established for the one-
sided derivatives. All of this will be illustrated by the following ex-
amples.

Example 1. Consider a FIFO GI/G/1 queue where 6 R is a pa-
rameter of the distribution of the service times while the arrival
process is independent of 6. Denote the arrival time of job (cus-
tomer) i=1,2,..., by A;, and denote the service time of job i
by S;(6). The processes {A;} and {S;(f)} can be viewed as realiza-
tions of & € Q2; typically A; depends on the distribution of inter-
arrival times, whereas S;(6) depends on the service-time distribu-
tion which depends on 6. In the present discussion we stipulate a
sample path of the queue at a fixed parameter 6 where, at time
A;, a sample-realization of the service time S;(f) can be measured
or computed, it is differentiable with respect to @, and its deriva-
tive %Si(é) can be computed. Regarding this sample derivative,
common examples include the case of deterministic service times
where S;(0) =6, and the case where S;(0) is exponentially dis-
tributed with mean 6. In the deterministic case, %S,—(@) =1.In
the exponentially-distributed case, S;(0) = —0In(1 — w) for a unit-
variate w, hence 2 5;(0) = —In(1 - w) = %G).

Fix N>0, and consider the sample performance function de-
fined as the mean delay (sojourn time) of the first N jobs that
arrive at the queue, denoted by Ly(@). Further denoting the delay
(sojourn time) of job i by d;(f), the sample performance function
is defined by

N
@) = & 3 di®). (10)
i=1

It is natural to define the state variable as the departure time of
job i, i=1,2,.... The state equation is provided by the Lindley
equation , Eq. (1), where A; is independent of 6, and S;, D;_; and
D; are functions of 6, hence denoted by S;(0), D;_{(6), and D;(6).
The delay is expressed in terms of the state variable as

di(0) =D;(0) - A (11)

This state-space formulation plays a dual role: it gives a simple
formula for the IPA derivative %LN(G), and provides a straight-
forward argument for the continuity of the sample performance
function Ly(@) and hence the unbiasedness of IPA. Eq. (3) and the
discussion in the ensuing paragraph imply the following formula

for %Di(e): Define k;(0) to be the index of the job that started
the busy period containing job i. Then,

0 ! 0
@Di(Q) = 'Z @sj(e). (12)
Jj=ki(0)
By Egs. (10)-(12), the IPA derivative is
3 TS &9
G @ =52 3 55810, (13)
i=1 j=k;(0)

Note the role of macro-events like the start of busy periods in this
formula on the IPA derivative, which was alluded to in the intro-
duction.

As for the continuity of the function Ly(6), assume that realiza-
tions of the service times, S;(#), are monotone increasing in 6 in
addition to being differentiable. Furthermore, let & be constrained
to an interval ®:=[04, 0,] where 0<6; <6, <o, and suppose
that the queue is stable at 8 = 6,. The special recursive structure of
the state Eq. (1) preserves continuity and monotonicity, and since
by assumption S;(0), i=1,..., are continuous and monotone in-
creasing in 6, so are D;(#) and hence d;(f) as well. The assumed
monotonicity of {S;(6)}, together with the stability of the queue at
6,, imply the existence of a random variable Ky having a finite
first moment, and providing an upper bound on the IPA derivative
%LN(Q) over 6 € ®. Ky acts as a Lipschitz constant for Ly(-) over
® thereby implying the unbiasedness of the IPA derivative.

We mention the special case of deterministic service times, or
its extension where S;(6) = 6 + v;, for a random variable v; which
is independent of . In these cases %s,w) =1, and Eq. (13) is
reduced to the following expression,

DO = L3 (- k®) (14)
99" T N &V T

This is a simple formula which is independent of the probability
distribution of the interarrival times. Therefore it has the poten-
tial for implementation in real-time, control-based optimization in
addition to off-line simulation.

The critical role played by the state Eq. (1) in proving the con-
tinuity of Ly(@) and deriving the formula for its IPA derivative
(13) suggests its extensions to DEDS whose state equations con-
sist of the operators of max and plus. Such systems, classified as
max-plus algebras, arise as models in various engineering disci-
plines beyond queueing networks; see Baccelli, Cohen, Olsder, and
Quadrat (1992). For example, a class of decision-free Petri nets,
event graphs, acting as models in production control, have had IPA
applied to them for parameter optimization in Proth, Sauer, Wardi,
and Xie (1996).

The next example concerns a situation where the sample
performance functions are discontinuous and hence their IPA
derivatives are biased, and how an alternative sample represen-
tation based on SPA results in unbiased derivatives. Further de-
tails and analysis can be found in Wardi, Gong, Cassandras, and
Kallmes (1992).

Example 2. The system is the same as in Example 1 including the
state equation Eq. (1), and is subjected to the same assumptions. In
addition, we assume that the service-time distribution at a given
0 €® has a density function. We denote by F(t, 0):=P(S(0)<t)
the distribution function, and its derivative, %F(t, 0) = f(t,0), its
corresponding density function.

Let Jy(@) denote the a-priori probability that a job’s delay from
among the first N jobs exceeds a given threshold-value r > 0. Note
that Jy(0) is an expected-value function, and a sample representa-
tion of it can be obtained by simulating the system (queue), com-
puting the number (m) of jobs whose delays exceed r, and taking
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the term . Formally, define Q;(0):=1(D;(#)>r) where 1(-) de-
notes the indicator function, and define the sample performance

function Ly(6) as
1N
) 1= 7 3 06), (15)

Now for a given £ €2, Q;(0)e{0, 1}. Furthermore, since d;(6) is
monotone increasing in 6, there are only three possibilities con-
cerning the graph of Q;(0), as follows: (i) Q;(8) = 0 for every 6 € ®,
(if) Q;(6) =1 for every 6 € ©, and (iii) the graph of Q;(f) switched
from 0 to 1 at a single point 6; € ®. By Eq. (15), Ly(0) is a
step function and hence can be discontinuous. At a given & € 2,
%LN(O) =0 unless 0 is a jump point. However, due to the as-
sumed density function of the service times, the probability that a
given 6 would be a jump point of Ly(-) is zero. Thus, in the course
of a sample path at a given 6, the IPA derivative %LN(Q) =0wp.l
Clearly this IPA derivative is biased since Jy(@) is monotone in-
creasing in @ and hence %]N(G) > 0.

To get around this problem one can use SPA by conditioning
Q;(0) on the waiting time of job i before its service time is drawn.
In other words, the term Z in Eq. (5) is the waiting time, denoted
by W;(0). Thus, we have that

N
Jn(8) = 3 > E[ELQ@)IWi@)]] (16)
i=1

By the facts that d;(0) =W;(0) +S;(0) and Q;(0) = 1(5;(0) > 1),
we have that

E[Q:(0)IW;(0)] = P(d;i(0) > r|W;i(0)) =1 - P(d;(0) < r|W;(0))
=1-PW;(0) +S;(0) <r|W;(6))
=1-F(r—-w).0). (17)

We have seen in the previous example that d;(f) is continuous
throughout 6 € ® w.p.1, and hence W;(0) :=d;(0) — S;(0) is con-
tinuous as well. Therefore, by (17) and the assumed density func-
tion for the distribution of service times, E[Q;(8)|W;(0)] is a con-
tinuous function of 6. By Eq. (15), %Zflﬂ E[Q;(0)|W;(8)] is con-
tinuous as well. By (16), the latter term is a representative sample
of Jy(0), and its continuity implies that its sample derivative pro-
vides an unbiased estimate of %LN(G). This is the SPA derivative.
By Eq. (17) it has the following form,

19
DR ()
N 230
1Y 3 5
_ N;(f(r—Wi(Q),@)afGWi(@)—a—eF(r—Wi(g),g)) a8)

As for the derivative %w,-(e), it is zero if job i starts a busy period
at the queue, and given by

3 UL
GO = X 555,6) (19)
Jj=ki(@)

if job i does not start a busy period; see (3).

This example points out that SPA can smooth out discontinu-
ities inherent in the sample performance functions, thereby pro-
viding unbiased derivative estimators in situations where IPA is
biased. However, this comes at the expense of more complicated
calculations and, moreover, their reliance on the underlying distri-
butions of the system. The last point is apparent in Eq. (18) which
explicitly depends on the distribution function of the service times.
Generally, the explicit reliance on such data can make the dif-
ference between the use of a derivative estimator in off-line
simulation-based optimization, vs. real-time optimization where

the sample paths are observed directly from the system. For in-
stance, in the present example, if the distribution function of the
service times is not known then the SPA estimator cannot be used
in real time. In contrast, Ly(8), as given by (15), is model free, and
so is its IPA derivative. Of course in this case the IPA derivative is
zero w.p.1, hence useless in optimization, be it off line or in real
time.

The next example shows that, in contrast to Example 2,
practically-computable SPA estimators cannot always be found.

Example 3. Consider the same system as in Example 1 except that
the queue has a finite buffer, and jobs arriving at a full queue are
being discarded. Let the expected-value performance function, de-
noted by Jy(0), be the job-loss probability from among the first
N jobs that arrive at the queue. Jy(6) can be represented by the
sample performance function, Ly(6), defined as the fraction of dis-
carded jobs from among the first N to arrive. Clearly Ly(6) is dis-
continuous in 6 and its IPA derivative is biased. Furthermore, an
SPA procedure similar to the one used in Example 2 would give
biased derivatives as well.

The reason for the failure of SPA to give unbiased derivative es-
timators is that the discontinuity of the sample performance func-
tion is inherent in the state trajectory. To explain this point we
draw a comparison between the present system and the one dis-
cussed in Example 2. In both systems the state trajectory consists
of the process {d;(#)}, or alternatively, by the related processes {A;}
and {D;}. In Example 2, the discontinuity is not in d;(6) or D;(0),
but rather in the way the sample performance function Ly(6) is
computed from the state trajectory. Therefore we say that the dis-
continuity is in the terminal reward, or output function, but not in
the state trajectory. Thus, W;(0) :=d;(6) — S;(0) is continuous in 6,
and therefore, the conditioning of Ly(6) on W;(f) can smooth out
the discontinuities in the terminal reward. In contrast, in the cur-
rent example, W;(@) or alternative state-related processes are dis-
continuous, and hence the conditioning on them will not smooth
out the discontinuities of Ly(6). We say that the discontinuities are
inherent in the state trajectory.

In summary, the discontinuities in Example 2 are only in the
terminal reward, while in Example 3, they are inherent in the state
trajectory. This difference is the reason that the SPA works well for
the former system but not for the current one.

3. Stochastic hybrid systems

In 2002 a new approach to IPA emerged, based on Stochas-
tic Flow Models (SFM) (Cassandras, Wardi, Melamed, Sun, &
Panayiotou, 2002).# Unlike SPA it does not consist of alternative
sample-path representations of J(8), but rather on an alternative
modelling framework that yields approximate estimates for J(6),
and, more importantly, whose gradients are unbiased and pro-
vide approximations to VJ(@). The SFM concept formulated in
Cassandras et al. (2002) grew out of the concept of the fluid queue,
and subsequently extended to flow networks and, more gener-
ally, to a general setting of Stochastic Hybrid Systems (SHS); see
Cassandras, Wardi, Panayiotou, and Yao (2010).

Consider Fig. 1 for an illustration of the SHS concept. The sys-
tem in question is the DEDS shown in the figure, and the control
parameter assigned to it is € e R". The system with the particu-
lar control variable 6 generates a sample path which is fed to two
places: (i) an algorithm which computes L(6) and its IPA gradient
VL(0), and (ii) a continuous-flow modelling artifact, indicated by
SHS in the figure. An algorithm which is based on SHS computes

4 To simplify the exposition in the forthcoming discussion, we omit the notational
dependence of the sample function Ly(6) and its mean J(6) on T.
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DEDS [ L(9)
algorithm

- L.(0)
SHS SHS

algorithm

DEDS Sample path

Fig. 1. Relationship between a DEDS and its SHS approximation.

a(t)

B(t)
v(t)f/b X (t)

Fig. 2. Elemental fluid-queue model.

the value of another sample performance function, Ls(@), and its
IPA gradient VLg(0). It is pointed out that the same sample path,
associated with the underlying DEDS is used to compute the sam-
ple performance functions associated with both the discrete sys-
tem and the hybrid system, as well as their respective IPA gradi-
ents.

Suppose that VL(#) is a biased estimator of VJ(#), and hence
it does not provide a good approximation to it. The SHS frame-
work is useful as long as VLs(8) provides a close approximation to
V]J(0), which often is the case when the IPA derivative VLs(8) is
unbiased. It must be pointed out that approximating J(6) usually is
a major concern in performance evaluation or estimation, whereas
approximations of VJ(@) are a concern in optimization and con-
trol. Since our interest is in the latter but not the former, we have
no intrinsic interest in the quality of approximations provided by
Ls(0) to J(0). In fact, extensive testing by simulation has shown that
such approximations can be inadequate for the purpose of perfor-
mance evaluation, whereas the approximation of VJ(8) provided
by VL(0) suffices to achieve optimization and control objectives.
Examples of this point can be found in Cassandras et al. (2002,
2010).

The first example analyzed in this context concerns a
continuous-flow single-server queue with a finite buffer, where
fluid arriving at a full queue is being discarded as a matter of over-
flow. The basic stochastic-flow modelling construct, depicted in
Fig. 2, is defined as follows: Given a time-horizon [0, T], let {c(¢)}
and {B(t)} be the instantaneous fluid-arrival rate to the queue,
and the instantaneous fluid service rate at the queue, respectively.
These are assumed to be exogenous stochastic processes defined
on a common probability space (2, 7, P). Let b > 0 denote the size
of the buffer. Denote by X(t) and y(t) the instantaneous buffer-
contents (amount of fluid in the buffer) and instantaneous spillover
rate from the queue due to overflow. Then the processes {X(t)} and
{y(t)} are defined as follows (see Cassandras et al., 2002):

dX (1) 0, if X(t) =0, and «(t) < B(t)
o 1% if X(t) =b and a(t) > B(t), (20)
t a(t) — B(t), otherwise,
and
o= [50-FO X0,

A typical control variable consists of a parameter of the arrival-rate
process, the service-rate process, or the buffer size. For example,
B(6:t) =0B(t), where 6 represents a controlled flow parameter
and {B(t)} is an exogenous process depending on time t but not on
6. This can arise in communication networks where 6 represents
the total transmission rate of a channel and B(t) is the fraction
of it which is allocated to a particular session. Observe the nota-
tion B(0; t), indicating that the instantaneous service rate depends
on 6. As a result, the buffer-occupancy and spillover-rate processes

N
EAAW=>V:A\

Fig. 3. Typical state trajectory {X(6; t)}.

depend on € as well via (20) and (21), and hence denoted by {X(6;
t)} and {y(0; t)}. In Cassandras et al. (2002) various sample perfor-
mance functions of such control variables are considered. We next
present the first SFM analyzed from the standpoint of IPA, which
exhibits the salient features of an extensive suite of fluid queueing
networks.

Consider the case where the control parameter is the buffer ca-
pacity, and the performance function is the amount of fluid which
is discarded during a given horizon interval [0, T]. Thus, 8 = b, and
the performance function, denoted by L, (), is

T
L,6) = /O Vv (0: D). (22)

Note that L,(0) is related to the fraction of discarded fluid
from the total arrival volume during the time te< [0, T], which is
Ly (0)/ [y a(t)dt.

Regarding the IPA derivative d , We note that it is unbiased
since the function L, (0) is continuous. The following formula for
it was obtained in Cassandras et al. (2002): Define N7 as the num-
ber of lossy busy periods in the horizon interval [0, T], namely the
number of busy periods during which the buffer becomes full at
some time. Then,

dL, (6)
do

As an example, consider the realization of the state trajectory {X(6;
t)} shown in Fig. 3. It is evident that the first and third busy peri-
ods are lossy while the second in not, therefore dly ©) _ 5

As another example, consider the cumulative workload as a
function of the buffer capacity. Thus, 6 = b as in the previous ex-
ample, and let the performance function, denoted by Lx(6), be de-
fined as

Ly ()

— _Np. (23)

T
L,(6) = /0 X(6: t)dt. (24)

Note that the term Ly(6)/ fOT o(t)dt serves to approximate the av-
erage delay of fluid “molecules” by Little’s law. As for the IPA
derivative, fix 6 >0, and let By, m=1,...,M denote the lossy
busy periods in the interval [0, T] in increasing order. For every
m=1,..., M, let un € By denote the first time the buffer becomes
full in By, and let vy, be the end-time of By,. Then ‘ﬂg—g)) has the
following form,

M
A 9) = 30—t (25)

For example, in Fig. 3, 429 — 522\ (v — up).

We point out that Eqgs. (23) and (25) were derived (in
Cassandras et al., 2002) under minimal assumptions on the sys-
tem. In fact, the only assumption made is that the processes {c(t)}
and {B(t)} be piecewise continuous and of bounded variation in t €
[0, T] w.p.1. Therefore, for the purpose of computing Egs. (23) and
(25), these processes can be generated not only from an SFM but
also from a DEDS. Such DEDS can be a modelling artifact of the
system or the system itself. Furthermore, the formulas (23) and
(25) do not depend on observations of the detailed dynamics asso-
ciated with arrivals or departures of each customer at the queue,
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nor on the instantaneous values of «(t) or S(t). Instead, they re-
quire only the observations of macro events like the beginning and
end of busy periods and full-buffer periods. Thus, comparing and
contrasting these formulas with the analogous equations derived
for IPA in the traditional, discrete-queueing setting (e.g., Cassandras
& Lafortune, 2008), we see that the SFM-based formulas are un-
biased, simpler, and do not require any details of the probability
laws underscoring the arrival and service processes. Due to the
last property we say that the IPA derivative is nonparametric. Fur-
thermore, as mentioned above, the IPA derivatives can be com-
puted from data generated from DEDS as well as SFM. In fact,
Cassandras et al. (2002) and subsequent papers on IPA in the SFM
setting (e.g., Cassandras et al., 2010; Sun, Cassandras, & Panayiotou,
2004; Zhang & Cassandras, 2002 and references therein) report
on successful solutions of DEDS optimization problems where the
IPA gradients are computed from SFM-derived formulas. All of this
suggests that the SFM setting provides an alternative framework to
DEDS for the application of IPA, which holds out promise of real-
time optimization via closed-loop control.

As we mentioned earlier, following the basic formulation of
the SFM and derivation of the aforementioned IPA gradients, there
were several efforts to extend the model and results to fluid
queueing systems and other multiflow networks. The main results
concern the development of IPA gradients for prototypical prob-
lems, and their implementation in optimization environments. By
and large the simplicity and unbiasedness of the IPA gradients are
maintained. The nonparametric property and reliance only on ob-
servations of macro events has been almost maintained, but held
ground for close approximations where, practically, the errors can
be neglected. Moreover, the key structure of perturbation propaga-
tion, which has rendered IPA attractive from its onset, applies to
the general framework of Stochastic Hybrid Systems (SHS) based on
a formal calculus (referred to as the IPA Calculus) of event-driven
propagations as described in Cassandras et al. (2010). We review
this general setting in what follows.

3.1. The IPA calculus for hybrid systems

We begin by adopting a standard hybrid automaton formal-
ism to model the operation of a (generally stochastic) hybrid sys-
tem as in Cassandras et al. (2010). Let g€ Q (a countable set) de-
note the discrete state (or mode) and x € X € R" denote the con-
tinuous state. Let v € Y (a countable set) denote a discrete con-
trol input and u e U C R™ a continuous control input. Similarly,
let € A (a countable set) denote a discrete disturbance input
and d € D € R? a continuous disturbance input. The state evolution
is determined by means of (i) a vector field f: QxXxUxD— X,
(ii) an invariant (or domain) set Inv: QxYx A—2X (iii) a
guard set Guard: QxQxYx A—2X and (iv) a reset function r:
QxQxXxYxA—=X

A sample path of such a system consists of a sequence of in-
tervals of continuous evolution followed by a discrete transition.
The system remains at a discrete state q as long as the contin-
uous (time-driven) state x does not leave the set Inv(q, v, d). If
x reaches a set Guard(q,q’,v,8) for some q'€Q, a discrete tran-
sition can take place. If this transition does take place, the state
instantaneously resets to (q’, ') where x' is determined by the
reset map r(q,q’,x, v,8). Changes in v and § are discrete events
that either enable a transition from q to ¢’ by making sure x
Guard(q,q’,v,8) or force a transition out of g by making sure
x ¢ Inv(q, v, 5). We will also use £ to denote the set of all events
that cause discrete state transitions and will classify events in a
manner that suits the purposes of perturbation analysis.

Let 9 ¢ ® c R! be a controllable parameter vector, where © is a
given compact, convex set. This may contain system design param-
eters or parameters that characterize a policy used in controlling

this system. The disturbance input d e D encompasses various ran-
dom processes that affect the evolution of the state (g, x) so that,
in general, we can deal with an SHS. We will assume that all such
processes are defined over a common probability space, (€2, F, P).
Let us fix a particular value of the parameter 0 € ® and study a re-
sulting sample path of the SHS. Over such a sample path, let t,(9),
k=1,2,..., denote the occurrence times of the discrete events in
increasing order, and define 7¢(6) = 0 for convenience. We will use
the notation 7, instead of t,(f) when no confusion arises. The
continuous state is also generally a function of 6, as well as of ¢,
and is thus denoted by x(6, t). Over an interval [7,(0), T4, 1(6)),
the system is at some mode during which the time-driven state
satisfies:

X = fr(x,0,t) (26)

where x denotes g—’t‘ Note that we suppress the dependence of fj
on the inputs ue U and d €D and stress instead its dependence on
the parameter 6 which may generally affect either u or d or both.
The purpose of perturbation analysis is to study how changes in
0 influence the state x(6, t) and the event times t,(0) and, ulti-
mately, how they influence interesting performance metrics which
are generally expressed in terms of these variables. Note that un-
der standard technical conditions (see Cassandras et al., 2010), Eq.
(26) has a unique solution w.p.1 for a given initial boundary con-
dition x(0, 7;) at time 7, (0).

An event occurring at time 7;,1(0) triggers a change in the
mode of the system, which may also result in new dynamics rep-
resented by fi, 1, although this may not always be the case; for
example, two modes may be distinct because the state x(6, t) en-
ters a new region where the system’s performance is measured dif-
ferently without altering its time-driven dynamics (i.e., f, 1 = f).
The event times {7, (6)} play an important role in defining the in-
teractions between the time-driven and event-driven dynamics of
the system.

We now classify events that define the set £ as follows:

1. Exogenous events. An event is exogenous if it causes a dis-
crete state transition at time 7, independent of the controllable

vector @ and satisfies %% — 0. Exogenous events typically corre-
spond to uncontrolled random changes in input processes.

2. Endogenous events. An event occurring at time t is en-
dogenous if there exists a continuously differentiable function g :
R" x ® — R such that

T, = min{t > 7,1 : gx(0,t),0) =0} (27)

The function g, normally corresponds to a guard condition in a hy-
brid automaton model.

3. Induced events. An event at time 7 is induced if it is trig-
gered by the occurrence of another event at time 7, < 7. The trig-
gering event may be exogenous, endogenous, or itself an induced
event. The events that trigger induced events are identified by a
subset of the event set, & C €.

Next, consider a performance function of the control parameter
0:

J(0:x(6,0),T) =E[£(6:x(6,0),T)]

where £(0;x(6,0),T) is a sample function of interest evaluated
in the interval [0, T] with initial conditions x(6, 0). For simplicity,
we write J(8) and £(0). Suppose that there are N events (gener-
ally dependent on ) occurring during the time interval [0, T] and
define 79 =0 and ty,q =T. For functions L, : R" x ® x RT™ — R,
k=1,...,N, set

N Tit1
L) = Z/ L(x. 0, t)dt (28)
k=0 Tk

where we reiterate that x = x(6,t) is a function of # and t. Given
that we do not wish to impose any limitations (other than mild
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technical conditions) on the random processes that characterize
the discrete or continuous disturbance inputs in our hybrid au-
tomaton model, it is infeasible to obtain closed-form expressions
for J(0). Therefore, for the purpose of optimization, we resort
to iterative methods such as stochastic approximation algorithms
which are driven by estimates of the cost function gradient with
respect to the parameter vector of interest. Thus, we are interested
in estimating dJ/d0 based on sample path data, where a sample
path of the system may be directly observed or it may be ob-
tained through simulation. We then seek to obtain 6* minimizing
J(8) through an iterative scheme of the form

Ony1 = 6n — MuHa(6n;x(0,0), T, 0,), n=0,1,... (29)

where Hp(6;,; x(0), T, wy,) is an estimate of dJ/dO evaluated at 6 and
based on information obtained from a sample path denoted by wp,
and {nn} is an appropriately selected step size sequence. In order
to execute an algorithm such as (29), we need the estimate Hp(6;)
of dJ/df. As already discussed, the IPA approach is based on using
the sample derivative d£/d6 as an estimate of dJ/dO capitalizing
on the fact that d£/df can be obtained from observable sample
path data alone and, usually, in a very simple manner that can be
readily implemented on line. Moreover, it is often the case that
dc/df is an unbiased estimate of dJ/df, a property that allows us
to use (29) in obtaining 8* (we will return to this issue later).

Let us now fix 6 € ©, consider a particular sample path, and as-
sume for the time being that all derivatives mentioned in the se-
quel do exist. To simplify notation, we define the following for all
state and event time sample derivatives:

ax(0,t) , 0Ty
YO="75" %=755"

In addition, we will write fi(t) instead of fi(x, 6, t) whenever no
ambiguity arises. By taking derivatives with respect to 6 in (26) on
the interval [7,(0), 74,1 (0)) we get

8fk(t) / 3fk(f)

k=0,....N (30)

d

X (O = X0+ (31
The boundary (1n1t1al) condltlon of this linear equation is specified
at time t = 13, and by writing (26) in an integral form and taking
derivatives with respect to 6 when x(6, t) is continuous in t at t =
7, we obtain for k=1,..., N:

X (@) = X @)+ [fir(t) - i(@m)]5 (32)

We note that whereas x(6, t) is often continuous in t, x’(t) may be
discontinuous in t at the event times 7, hence the left and right
limits above are generally different. If x(6, t) is not continuous in
t at t = 13, the value of x(rk*) is determined by the reset function
r(q,q,x, v, 8) discussed earlier and

dr(q.q',x,v,6)
do

Furthermore, once the initial condition x’(t,:r ) is given, the lin-
earized state trajectory {x'(t)} can be computed in the interval
t € [1,(0), 74,1(0)) by solving (31) to obtain:

¢ 8f<(u) t ¢ af(m)
X (t) = eln U 0 W) - 1, d“dv+ck} (34)

X/(T]:r) = (33)

00

with the constant ¢, determined from x’(rk*) in (32), since
X (ty) is the final-time boundary condition in the interval
[tk_1(0), 7 (8)), or it is obtained from (33).

Clearly, to complete the description of the trajectory of the
linearized system (31)-(32) we have to specify the derivative
7, which appears in (32). Since 7, k=1,2,..., are the mode-
switching times, these derivatives explicitly depend on the interac-
tion between the time-driven dynamics and the event-driven dy-
namics, and specifically on the type of event occurring at time 7.
Using the event classification given earlier, we have the following.

1. Exogenous events. By definition, such events are indepen-
dent of ¢, therefore 7, = 0.

2. Endogenous events. In this case, (27) holds and taking
derivatives with respect to 6 we get:

8gk [ 08k

X (t) + fi(t)] + 5 =0 (35)

which, assuming - kfk(tk ) # 0, can be rewritten as

T = [8gkfk(rk } (%ge"+ag"x (t, )) (36)

3. Induced events. If an induced event occurs at t = 7, the
value of 7; depends on the derivative 7, where Tty <7 is the
time when the associated triggering event takes place. The event
induced at t,,; will occur at some time T, + @ (Tm), where w(Tm)
is a random variable which is generally dependent on the contin-
uous and discrete states x(t,) and q(t ) respectively. This implies
the need for additional state variables, denoted by yn(6, t), m =
1,2,..., associated with events occurring at times T, m=1,2...
The role of each such state variable is to provide a “timer” ac-
tivated when a triggering event occurs. Recalling that triggering
events are identified as belonging to a set & C &, let e, denote
the event occurring at 7, and define f, ={m:epn €&, m<k} to
be the set of all indices with corresponding triggering events up to
7). Omitting the dependence on 6 for simplicity, the dynamics of
ym(t) are then given by

—C(t) tm=<t<tp+w(ty), Mefn
ym(t) = { otherwise (37)
+ Yo Ym(T) =0, mern
Ym(Tn) = { otherwise

where yo is an initial value for the timer yn,(t) which decreases
at a “clock rate” C(t)>0 until Y, (tm + @(Tm)) =0 and the asso-
ciated induced event takes place. Clearly, these state variables are
only used for induced events, so that y;,;(t) = 0 unless me f ;. The
value of y, may depend on 6 or on the continuous and discrete
states x(Tm) and q(tm), while the clock rate ((t) may depend on
x(t) and q(t) in general, and possibly 6. However, in most simple
cases where we are interested in modelling an induced event to
occur at time T, + w(ty), we have yg = w(ty) and C(t) =1, i.e
the timer simply counts down for a total of w(t;) time units until
the induced event takes place. Henceforth, we will consider y;(t),

m=1,2,..., as part of the continuous state of the SHS and, simi-
lar to (30), we set
8y (t)
Yo = =222 m=1,...,N. (38)

For the common case where y, is independent of 6 and ((t) is a
constant ¢ >0 in (37), it is shown in Cassandras et al. (2010) that
T, =Th-

With the inclusion of the state variables yn(t), m=1,... N,
the derivatives x/(t), 7;, and yp, (t) can be evaluated through (31)-
(36) along with (38). This very general set of equations represents
the “IPA calculus”. In general, the derivative evaluation is recursive
over the event (mode switching) index k=0, 1,... In some cases,
however, it can be reduced to simple expressions, as seen in the
analysis of many SFMs discussed earlier in this section. Observe
that if a SHS does not involve induced events and if the state does
not experience discontinuities when a mode-switching event oc-
curs, then the full extent of the IPA calculus reduces to three equa-
tions: (i) Eq. (34), which describes how the state derivative x'(t)
evolves over [1,(0), 7.1 (0)), (ii) Eq. (32), which specifies the ini-
tial condition & in (34), and (iii) Either 7, = 0 or (36) is satisfied,
depending on the event type at 7,(f), which specifies the event
time derivative present in (32).
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Now the IPA derivative d£/df can be obtained by taking deriva-
tives in (28) with respect to 6:

de@) g~ d e
LA g@/rk L(x, 6, t)dt. (39)

Applying the Leibnitz rule we obtain, for every k=0, ..., N,

d Tkt1 0 d
@/Tk L(x. 6. 0)dt

_ Tl 8Lk / 8Lk
_/n [ax(x,e,t)x (O + 55 (x.6,0) |de

+ LeX(Ti1), 0, Tp) Ty — Le(x (), 0, 1) 7 (40)

where X/(t) and 7, are determined through (31)-(36). What makes
IPA appealing is the simple form the right-hand-side above often
assumes.

The IPA calculus formalism derived in this subsection via
Egs. (26)-(40) appears to be quite complicated. However, this is
due to its wide scope in stochastic hybrid systems. In fact, for
a particular system, or a class of systems with a specific struc-
ture, the resulting IPA derivative can be quite simple and elegant.
For a simple example, consider the fluid queue depicted in Fig. 2,
where the control variable 6 is the buffer size, and the sample
performance function is the total loss volume, L,(6), as defined
by Eq. (22). The functions fi(x, 0, t), k=1,2,..., are given by
the right-hand side of Eq. (20), namely, fi(x,60,t) =0 if t lies in
the interior of an empty-buffer period or a full-buffer period, and
fr(x,0,t) = a(t) — B(t) otherwise. There are exogenous events and
endogenous events but no induced events. Exogenous events are
discontinuities in realizations of the random functions «(-) or S(-)
as well as the end of an empty-buffer period or a full-buffer pe-
riod. Endogenous events are the starting times of full-buffer peri-
ods or empty-buffer periods. The functions g,(x, 8) (see Eq. (27))
have the respective forms g, (x,0) = x — 0 if 7} is the starting time
of a full-buffer period, and g (x, 0) = x if t) is the starting time of
an empty-buffer period. The analysis of the IPA derivative dngg),
carried out in Cassandras et al. (2002), essentially follows the for-
malism developed in this subsection albeit for a simple example,
and yielded the result expressed in Eq. (23).

We conclude this overview of the IPA calculus with a comment
on the unbiasedness of the IPA derivative d£/df. This IPA deriva-
tive is indeed unbiased under very mild technical conditions, as
shown in Cassandras et al. (2010). The most crucial condition is
the continuity of the sample performance function £(6), which in
many SHS is readily guaranteed. An additional condition is the Lip-
schitz continuity of £(6) which follows from upper boundedness
of |dfi—(99)| by an absolutely integrable random variable, generally a
weak assumption.

k

4. Recent and current trends

This section presents some of the main research directions in
IPA which emerged during the past decade. In particular we dis-
cuss applications to large-scale Markov processes and stochastic
hybrid systems, performance regulation of systems, and the use of
event-driven (as opposed to time-driven) methods for control and
optimization.

4.1. IPA of Markov systems and stochastic optimization

Until the mid 1990s, IPA was largely limited to “infinitesimal”
perturbations, and could not be applied to perturbations with fi-
nite size. Around this time, however, it was realized that the per-
turbation realization principle applies to finite jumps of states as

well. This made it possible to develop IPA algorithms for Markov

processes.
Consider an irreducible and aperiodic Markov chain X = {X; :
n>0} on a finite state space S={1,2,---,M} with transition

probability matrix P =[p(jli)] € [0, 1]™M, Let 7 = (71,...,7Ty)
be the vector representing its steady-state probabilities, and f =
(fi, fa, -+, fu)T be the performance vector, where “T” represents
its transpose. We have Pe =e, where e= (1,1,---,1)T is an M-
dimensional vector whose all components equal 1, and 7 = 7 P.
The performance measure is the long term average defined as

M L-1
1 .
"‘E”iﬁ_”f_fir?oigf(x’)_LILTJ’ w.p.1, (41)

where F := Y75 f(X)).

Let P’ be another irreducible transition probability matrix on
the same state space. Suppose P changes to P(§) =P+ 38Q =8P’ +
(1—6)P, with § >0, Q =P — P =[q(jli)]. and the reward function
f keeps the same. We have Qe = 0. The performance measure will
change to 1(8) = n + An(8). The derivative of 1 in the direction of
Q is defined as

dn(d) .. An(d)
T

In this system, a perturbation means that the system is per-
turbed from one state i to another state j. Following the same idea
as in (7), we study two independent Markov chains X = {X;; n > 0}
and X' = {X}:n >0} with Xo =i and X/ = j; both of them have
the same transition matrix P. The realization factor is defined as
in (Cao, 2007):

(42)

-1
d(i j) = lim E [IZ(;(f(X,) - f))
i,j=1,....M. (43)
Thus, d(i, j) represents the average effect of a jump from i to j on
F; in (41). From (43), it is easy to see that d(i, j) satisfies the con-
servation law as in physics:
g(i, k) = g(i, j) +8(j. k),

Thus, we can define a vector g= (g(1),g(2), --,gM))T, called
performance potential, such that

dd, j) = g() — ga),
and we can verify that it satisfies the Poisson equation
(I-P+em)g=f, (44)

where I is the M x M identity matrix. Multiplying both sides of the
Poisson equation with 7 on the left, we get

ng=mnf=1. (45)
Multiplying both sides of the Poisson equation with 7/ on the left
yields

n'Qg=n'(P -P)g=n'(I-P)g=n'f-ng=n'f—n.

That is,

n'-n=n'Qg (46)
Setting P(§) =P +48Q and n’ = n(§) and letting § — 0 in (46), we
get the desired performance derivative along the direction Q:

dn(d) _
5 =" (47)

This equation is consistent with the well known results in the
area of matrix-algebra Markov chain perturbation analysis, which

dates back to Schweitzer's work in 1968 (Schweitzer, 1968).
Caswell (2013) contains many interesting results on this topic;

Xo =1, X(’,:jj|,

i,jkeS,

i,jes,
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also see Abbas, Berkhout, and Heidergott (2016) and the refer-
ence therein for more discussion. However, the goal of perturba-
tion analysis of Markov chains, in the context of this paper, is not
to derive the formula per se, but rather to offer a dynamic point
of view for these sensitivity formulas, hence leading naturally to
many applications to dynamic systems, including the sample path
based learning and optimization algorithms, and a new approach
to Markov decision problems and event-based optimization, as de-
scribed below.

The derivative in Eq. (47) can be used in performance optimiza-
tion (Marbach & Tsitsiklis, 2001). Efficient algorithms can be de-
rived for estimating g and estimating the derivative d’zj—%‘s) directly
(Cao, 2007; 2009). We have

=YY wadie) = X X whpuln[ 2D e0) ]
ieS jeS ieS jeS pU
2[4k 1X0)
- oo sen ] (48)

where “E” denotes the steady-state probability, and g(i) can be esti-
mated from a sample path. Based on this equation, various efficient
on-line algorithms can be developed to estimate the performance
derivatives Cao (2005). Now, there is a new area in reinforcement
learning, called policy gradients, devoted to this subject, see e.g.,
Baxter and Bartlett (2001), Baxter, Bartlett, and Weaver (2001) and
Sutton, McAllester, Singh, and Mansour (2000), etc.

If the reward function also changes from f to f, let h := f' — f.
It is easy to check that

n—-n=n'"Qg+h)=n"{(Pg+f)-Pg+ N} (49)

This is the Performance Difference Formula (PDF); it initiates a
new direction in performance optimization, the direct-comparison
based approach. In fact, it is observed that the PDF contains all the
information in comparing the performance of any two policies, and
an optimality condition can be simply derived from this equation
without dynamic programming or discounting for long-run average
performance. For example, because 7’ > 0, from (49), we conclude

If Pg+ f' < Pg+ f, then n’ <. (50)

This leads to the optimality condition: a policy (P*, f*) with poten-
tial g* is optimal if and only if Pg* + f < P*g* + f* for all policies
P. Policy iteration algorithms can also be developed from (49).

The Direct-Comparison (DC) based approach is an alternative
to dynamic programming (DP) to performance optimization of dy-
namic systems. As illustrated above, this approach is very simple
and intuitive for long-run average performance; in fact, a complete
theory based on nth bias optimality for long-run average perfor-
mance can be developed with no discounting (Cao, 2007; 2009).
Next, the PDF provides global information to performance com-
parison in the entire period; while dynamic programming works
backwards in time at a particular time instant (continuous or dis-
crete), and hence it only provides local information. Therefore, the
DC-based approach opens a new horizon for problems requiring
global considerations.

For example, the approach naturally solves a long existing is-
sue in time non-homogenous Markov systems, the under selectiv-
ity, which means that in performance optimization of time non-
homogenous systems, where the transition probabilities and re-
ward functions are different at different time k=1,2,.-., the
long-run average performance, and for that matter its optimal pol-
icy, does not depend the actions (transition probabilities and re-
wards) in any finite periods (Cao, 2015). The approach has also
been applied to stochastic control problems with diffusion pro-
cesses (continuous time and continuous states); it solves the con-
trol problem with non-smooth value functions without resorting to
viscosity solutions (Cao, 2017).

Egs. (47) and (49) provide a sensitivity-based view to perfor-
mance optimization. For problems where the performance is not
additive, (47) may be used. The DC-based approach links both to-
gether naturally, Research in this direction is ongoing and the in-
fluence of the sensitivity-based view extends beyond the area of
DEDS.

Last but not the least, combined with the aggregation tech-
nique, the DC-based approach leads to the theory of event-based
optimization (control), in which control actions depend on events
rather than the states. This may dramatically reduce the compu-
tation since the number of events (event space) is much smaller
than that of states (state space). Conditions have been derived un-
der which Hamilton-Jacobi-Bellman (HJB) type of optimality equa-
tion holds for event-based control; because the sequence of events
is not Markov and aggregation is used, approximation is usually
involved, see Cao (2007) and Xia, Xia, and Cao (2014).

More precisely, let e denote an event, which can be understood
as a statistics based on the past history, e.g., an estimate of the
state in a partially observable Markov decision process (POMDP),
or simply a short period of the history, or a physical event such as
a customer arrival or departure in a queueing network; and let V
be the space of events. The advantage of using such events instead
of states is that event is observable, while state may not, and the
number of events may be much less than that of states. Let (e|i)
be the conditional steady state probability of event e given the cur-
rent state is i, and p(j|i, e) be the conditional transition probability
from i to j given the event e. Then from the PDF (49), we have

n-n
=n'[(P"-P)g+ (f - )]
- Zn/(i){ S el Gl e) - pGili e)lg() + [F () — f(i)]}

ieS ieS eeV

=Y T X dolplie) - plli.e)ls() + 7 DL G) - F1}

ieS ieS eV
=Y 7'() Zﬂ'(ile){ D Ip'Gli.e) = p(ili. e)lg() + [ () — f(i)]}
ecV ieS jes (51)
If we further assume that
7'(ile) = m (ile), (52)
then the above PDF becomes
n'-n

=) '@ n(ile) {Z[P’(jli, e)—p(Jli. e)]g(j)+[f’(i)—f(i)]}.

ecV ieS jes
(53)
Therefore, if
Zn(ue){ S0 (li, e)g(j) + f’(i)}
ieS jes
> Y wile)] X pili. () + £}, (54)

ieS jes

then n’ > 7. Define
Q(e,a) = Zn(ile){ > p°Gli e)g(i) + f"(i)},

ieS jes
in which a is the action taken at event e, and the superscript “a”
denote quantities associated with action a. Q(e, a) is called Q factor
associated with event e and action a. Then policy iteration and the
optimal policy can be determined according to (54). When condi-
tion (52) does not hold, approximate results can be developed, see
Xia et al. (2014) and Cao (2007).
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4.2. Performance regulation

Fig. 4. Control system.

Emerging applications of IPA concern the tracking of a refer-
encee input to a dynamical system by its output process. An ab-
stract, discrete-time single-input-single-output system is depicted
in Fig. 4, where k denotes time, reR is the reference input, yj
is the system’s output, u, is the control input to the plant, and
ey :=T1 — Yy is the error signal. The plant generally is a time-varying
dynamical system lacking an accurate model and subjected to un-
predictable variations.

As an example of interest, it is desirable to regulate the instruc-
tions’ throughput in a computer processor by adjusting its clock
rate, or frequency. More specifically, the time axis is divided into
contiguous periods called control cycles, during each of which the
frequency is set (fixed) and the average throughput is measured.
At the end of the control cycle the frequency is changed by the
controller according to the difference between the given target-
throughput (setpoint) and the average throughput. In this setting
the time counter k indicates the index of the control cycle denoted
henceforth by G, uy is the value of the clock frequency during C,
and y, is the average instruction-throughput computed during ;.

The plant in Fig. 4 is the processor, and any model thereof
would describe the frequency-to-throughput relationship. Since we
enact a real-time control, there is no need for a model to close the
loop since the output y, is measured. However, we shall see that a
model is needed in order to implement the controller that we have
in mind. An established model of an out-of-order architecture is
provided by a queueing system (see Hennessey & Patterson, 2012,
or a simplified exposition in Wardi, Seatzu, Chen, & Yalamanchili,
2016) which defies analysis. We use it nonetheless in an effective
way, as described below.

Returning to the abstract system in Fig. 4, the objective is to de-
sign a controller which can deliver the desired tracking without a
detailed knowledge of the plant-model while facing wide-ranging
variations in the system'’s input-output relationships. Moreover, the
controller has to achieve that in very short time-frames and hence
by simple computations. Tracking typically involves an integrator
in the loop, and to have the controller be as simple as possible we
first considered a standalone integrator. Now it is well known that
a standalone integrator may destabilize the closed-loop system and
otherwise have poor stability margins. Furthermore, to be effec-
tive its gain may have to be determined by data, gathered off line,
concerning the system’s response. However, we cannot obtain such
meaningful data due to the unpredictable variability in a proces-
sor’s workload during program executions. Therefore we adopted a
variable-gain integrator, whose gain is recomputed at the beginning
of each control cycle as a part of the control loop, hence based
only on measurements, in a way that extends the stability mar-
gins and provides the desirable tracking. In fact, simulation testing
showed that this obviates the addition of a proportional element
to the controller.

The controller has the following form,

Up = Ug_q + Arer_1,

where uy, is the control variable set at the start of Cj, A, is com-
puted from measurements made during C,_; and hence available
at the start of C, e,_; =r—Yy,_1, and y,_; is computed from
measurements during C,_;. When the gain A is independent of
k=1,2,... we recognize this as an adder, a discrete-time equiv-

alent of an integrator. The gain A, is computed by the following
formula,

€k—1- (55)

The output y,_; depends not only on uj,_; but possibly also on
noise and other exogenous processes as well as past output like

Yk, etc. These variables are not factored in the term 3&*‘1 which
hence literally stands for the partial derivative.

The term gﬁ"ﬁ has to be estimated in real time during Cj_;

as a part of the control loop. However, in the computer applica-
tion described above, and in other DEDS and SHS, we were un-
able to compute it due to the absence of analytical models for the
plant. Therefore, in Eq. (55), we allow for an additive error, n;_1,
in its computation. Convergence results of the resulting tracking
algorithm, derived in Wardi et al. (2016), account for the presence
of such error terms. Simulation tests verify these results with sub-
stantial relative erros, which can be 30% or higher. In other words,
the performance of the regulation technique is robust with respect
to computational errors in the loop. Leveraging this robustness,

we have estimated gﬁﬁ by IPA. But unlike unbiasedness and ex-
-

act computation, which have been principal concerns in the use
of IPA throughout much its development, we were primarily con-
cerned with fast computations while allowing for substantial bias
and computational errors.

Results of simulation experiments can be found in
Wardi et al. (2016) and references therein. These include queueing
networks, Petri nets, transportation models, and other DEDS. Of
a particular interest is the case where the plant is a queueing
system with biased IPA. For the original problem of interest,
namely instruction-throughput regulation in computer processors,
we used a detailed system-level simulation platform for computer
architectures, called Manifold (Yalamancili, Riley, & Conte, 2016).
IPA is biased, and we also induced further errors deliberately in
order to simplify the computations of its derivative. Lately we
implemented the regulation technique on Haswell, Intel’s fourth-
generation microarchitecture, Hammarlund et al. (2014), and
tested it on industry-benchmark programs. In this implementation

we actually adopted a simpler computation of gﬁﬁ than IPA can
provide, one that is based on linear approximation. Various results
can be found in Chen, Wardi, and Yalamanchili (2016).

To summarize, the technique described in this subsection ex-
tends the research area in IPA in two directions. First, it explores
applications to systems’ performance regulation rather than opti-
mization. Second, it does not pursue the objectives of unbiased
gradient estimates and their precise computations, but rather seeks
simple control laws with fast computations in the loop.

4.3. Event-driven control and optimization

The emergence of DEDS in the 1980s brought to the forefront
an alternative viewpoint to the traditional time-driven paradigm in
which time is an independent variable and, as it evolves, so does
the state of a dynamic system. The event-driven paradigm offers an
alternative, complementary look at modelling, control, communi-
cation, and optimization (Cassandras, 2014; Miskowicz, 2015). The
key idea is that a clock should not be assumed to dictate ac-
tions simply because a time step is taken; rather, an action should
be triggered by an “event” specified as a well-defined condition
on the system state or as a consequence of environmental un-
certainties that result in random state transitions. Observing that
such an event could actually be defined to be the occurrence of
a “clock tick”, it follows that this framework may in fact incorpo-
rate time-driven methods as well. On the other hand, defining the
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proper “events” requires more sophisticated techniques compared
to simply reacting to time steps. In the development of DEDS, such
events were seen as the natural means to drive the dynamics of
a large class of systems including computer networks, manufactur-
ing systems, and supply chains among many. By the early 1990s,
however, it became evident that many interesting dynamic sys-
tems are in fact “hybrid” in nature, i.e., at least some of their state
transitions are caused by (possibly controllable) events. This has
been reinforced by technological advances through which sensing
and actuating devices are embedded into systems allowing physi-
cal processes to interface with such devices which are inherently
event-driven. More recently, the term Cyber-Physical System (CPS)
has emerged to describe the hybrid structure of systems where
some components operate as physical processes modeled through
time-driven dynamics, while other components (mostly digital de-
vices empowered by software) operate in event-driven mode.

Moreover, many systems of interest are now networked and
spatially distributed. In such settings, especially when energy-
constrained wireless devices are involved, frequent communica-
tion among system components can be inefficient, unnecessary,
and sometimes infeasible. Thus, rather than imposing a rigid time-
driven communication mechanism, it is reasonable to seek instead
to define specific events which dictate when a particular node in a
network needs to exchange information with one or more other
nodes. When, in addition, the environment is stochastic, signifi-
cant changes in the operation of a system are the result of ran-
dom event occurrences, so that, once again, understanding the im-
plications of such events and reacting to them is crucial. In dis-
tributed systems, event-driven mechanisms have the advantage of
significantly reducing communication among networked compo-
nents without affecting desired performance objectives. In multi-
agent systems where the goal is for networked components to co-
operatively maximize (or minimize) a given objective, it is shown
in Zhong and Cassandras (2010) that an event-driven scheme can
still achieve the optimization objective while drastically reduc-
ing communication (hence, prolong the lifetime of a wireless net-
work), even when delays are present (as long as they are bounded).
Event-driven approaches are also attractive in receding horizon
control, where it is computationally inefficient to re-evaluate a
control value over small time increments as opposed to event oc-
currences defining appropriate planning horizons for the controller.
Finally, as already pointed out in Section 4.1, the use of event-
driven optimization methods has the benefit of scaling with the
size of the event-space and not the (generally much larger) state
space of a system.

In Section 3, we discussed how IPA is used in the control and
optimization of SHS based on the general-purpose IPA Calculus.
However, even when a hybrid system is studied in a determinis-
tic setting, IPA proves extremely useful in evaluating performance
gradients on line that can be used for the purpose of optimiz-
ing the operation of complex multi-agent systems. These are com-
monly modeled as hybrid systems with time-driven dynamics de-
scribing the motion of the agents or the evolution of physical pro-
cesses in a given environment, while event-driven behavior char-
acterizes events that may occur randomly (e.g., an agent failure)
or in accordance with control policies (e.g., an agent stopping to
sense the environment or to change direction). As such, a multi-
agent system can be studied in the context of the IPA Calculus with
parameterized controllers aiming to meet certain specifications or
to optimize a given performance metric. In some cases, the solu-
tion of a multi-agent dynamic optimization problem is reduced to
a policy which is naturally parametric. Therefore, IPA may be used
to evaluate on line performance gradients through which one can
drive the system towards optimal (at least locally) points; recent
examples of this approach may be found in Cassandras, Lin, and
Ding (2013) and Zhou, Yu, Andersson, and Cassandras (2016).

5. Conclusions

This paper provides a narrative of the evolution of PA from an
algorithm for a specific buffer allocation problem in a production
line to a general framework for sensitivity analysis of stochastic
hybrid dynamical systems. Central to PA is Infinitesimal Perturba-
tion Analysis, a data-driven technique for computing realizations of
stochastic gradients of performance metrics with respect to finite-
dimensional system-parameters. Such gradients can be used in per-
formance optimization, be it off line via simulation or on-line by
observing data from a real system in operation.

One of the key features of IPA is the simplicity of its gradient-
formulas in a great number of systems of interest. This, coupled
with its reliance on observed data, suggests its use in control via
real-time optimization. However, shortly after the inception of IPA
in the DEDS setting, it was discovered that its gradient estimators
often are statistically biased, thereby raising questions about the
viability of the technique. Its subsequent development has had to
wrestle with this issue; various alternative sample-based (hence
data-based) algorithms were developed which, though unbiased,
were more complicated than the basic IPA.

An approach that gained traction, initially based on continuous-
flow queues, subsequently has been developed into a modelling
framework of stochastic hybrid systems. In its setting, the IPA gra-
dients are unbiased in a far-larger class of systems than in equiva-
lent DEDS models, while preserving their simplicity of computa-
tions and reliance on observed data. This approach recently has
been used in various applications.

Another approach of current interest concerns the sensitivity of
quantiles of any random variable (Hong, 2009). It has a potential
in many large-scale systems, and recently has been applied to per-
formance sensitivities in financial engineering (Cao & Wan, 2017).

Future developments of IPA likely will focus on large-scale,
complex systems and problems, with emphasis on control via real-
time parameter optimization. In this, it naturally can be used
in conjunction with big-data techniques which provide finite-
dimensional parametrization of a system’s behavior. Its scalabil-
ity with systems’ dimensions can be attained by leveraging the
fact that it essentially is event-driven and hence suitable in event-
driven control, thereby circumventing computational complexities
associated with state-space explosions. Another potential research
problem concerns decentralized real-time optimization in complex,
multi-agent systems. In all of these problems the role of IPA can be
summarized as providing gradient estimates for sensitivity analy-
sis and on-line system optimization while managing computational
complexity.
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