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This article addresses the problem of monitoring the material removal regime 
(ductile versus brittle) that occurs during the grinding of brittle materials. Often 
a ductile grinding regime is desired, but currently there is no way to measure 
the grinding ductility "in process." A model is developed to describe the 
dependence of the specific grinding energy on the material removal regime. It 
is found that the specific grinding energy will remain relatively constant for 
ductile-regime grinding but will decrease in a power-law relationship with an 
increasing material removal rate for brittle-regime grinding. Experimental 
confirmation of the proposed model is presented. The potential for using 
measurements of specific grinding energy to control the grinding ductility is 
established, and the benefits of such a closed-loop feedback system in 
ductile-regime grinding are explained. 
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I n t r o d u c t i o n 
For many hard materials a transition from the brittle 
to the ductile grinding regime can be accomplished 
by precisely controlling the grinding in-feed rate.1,2 

Ductile-regime grinding is rapidly becoming an 
important machining process for the production of 
high-precision components from brittle materials.2-4 

Ductile material removal is a plastic deformation 
process, producing a smooth surface with no 
grinding-induced surface or subsurface fracture. 
Components produced using this process need little 
or no postpolishing. Alternatively, brittle-regime 
grinding is characterized by the removal of material 
through the formation and propagation of deep, 
irregular cracks in the workpiece surface. In general, 
components ground in the brittle regime require 
iterative polishing processes subsequent to grinding 
to remove this fracture damage. Therefore, the 
promise of ductile-regime grinding is that glasses, 
ceramics, and crystalline materials can be machined 
to precise tolerances using a deterministic process, 
without the need for extensive nondeterministic 
polishing. 

% Present address: NASA, Marshall Space Flight Center, AL, USA 
Address reprint requests to Thomas G. Bifano, Aerospace and 
Mechanical Engineering, Boston University, 110 Cummington St., 
Boston, MA 02215, USA. 

Backg round 
An analytic derivation has been developed for the 
transition from brittle-regime grinding to 
ductile-regime grinding. This model can predict the 
transition as a function of the material properties of 
the workpiece and the depth of cut made by an 
individual diamond abrasive grain of the grinding 
wheel.2-5 It was found that there was a critical grain 
depth of cut, dc, for the brittle-to-ductile transition. 
For grain depths of cut below the threshold value, 
the material removal process was largely-ductile. For 
grain depths of cut above the threshold value, the 
material removal process was mostly brittle. In a 
series of plunge-grinding experiments, the model 
was shown to be reasonably accurate for most 
brittle materials.1,2 

There are several difficulties in using this model 
to obtain ductile-regime grinding in an actual 
grinding operation. First, the model requires 
measurement of the abrasive grain depth of cut. If 
there is a single high diamond on the wheel, the 
grain depth of cut is equal to the plunge-grinding 
in-feed rate. Though unlikely to be physically 
accurate, the single-grain grinding wheel model has 
proved useful as a first-order approximation of 
actual grinding processes. If many diamonds 
protrude from the wheel at a given height, then the 
grain depth of cut is equal to the in-feed rate 
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divided by the number of active diamonds along a 
given cutting path of the wheel. This approximation 
is also inadequate to describe the geometry of the 
grinding wheel. It is more reasonable to assume that 
the trued grinding wheel consists of diamond grains 
protruding random distances beyond the grinding 
wheel bond, in which case the grain depth of cut 
can vary considerably in a single wheel revolution. 
On a well-controlled, stiff plunge-grinding system, 
the largest grain depth of cut made by diamonds 
randomly protruding from the bond is fixed by the 
in-feed rate per wheel revolution (i.e., it is some 
unknown but constant fraction of the in-feed rate). 
For all three diamond distribution geometries 
described previously, the maximum grain depth of 
cut is proportional to the in-feed rate per grinding 
wheel revolution. For contour grinding, the 
relationship between machine parameters and grain 
depth of cut is considerably more complicated, 
though recent research has successfully provided a 
mapping between machine parameters and grain 
depth of cut for some geometries of grinding by 
assuming a single "high spot" on the grinding 
wheel.6 Also absent in the ductile-regime grinding 
model are the influences of other machining 
variables (grinding wheel bond, grinding wheel grit 
size, coolant chemistry, number of active grinding 
grains, grain height distribution) and material 
properties (work-hardening, temperature 
dependence, microstructural features), many of 
which have been shown to influence the critical 
depth of cut significantly.1 Finally, there is a 
problem in that the model relates the critical depth 
of cut to the workpiece material properties K/c, H, 
ahd E. These properties are difficult to measure at 
the material surface. They can be evaluated for 
the near-surface ( ~ 1 fim) region using 
microindentation techniques,7 but property values 
can vary considerably with the depth at which they 
are measured. Since the.grinding processes 
described in this article often extend only several 
nanometers below the material surface, property 
values measured using micrometer-scale indentation 
are of questionable value. 

Because of these problems, it is unrealistic to 
depend on open-loop control of the grinding 
ductility using the critical depth of cut model. If 
ductile-regime grinding is to be ensured while 
maintaining high productivity (e.g., as larger 
material removal rate as possible), some indicator of 
grinding ductility must actually be measured in real 
time for use in an active closed-loop control of the 
machining parameters. 

A promising idea for real-time control of 
grinding ductility is the measurement of specific 
grinding energy (ju). The specific grinding energy is 
a direct measurement of the work required to 
remove material, and it will be demonstrated in this 
article that this quantity can theoretically be 
expected to provide a sensitive measure of the 
material removal regime. Actual measurements of ft 

during the grinding process corroborate this 
theoretical model, offering some hope for the 
development of feedback control systems that could 
be used to maintain a ductile material-removal 
regime. The specific grinding energy model and the 
experimentally obtained results are presented. 

The specific grinding energy 
In ultraprecision grinding of brittle materials, the 
transition from ductile-regime grinding to 
brittle-regime grinding that results from an 
increasing grinding grain depth of cut is 
accompanied by a reduction in the specific grinding 
energy. Furthermore, as the grain depth of cut is 
increased beyond the transition point into purely 
brittle grinding, the specific grinding energy 
continues to decrease. The following analysis of the 
physical process of material removal provides a 
foundation for the relationship between specific 
grinding energy and grinding grain depth of cut. 

Development of a specific grinding energy model 
Figure 1 is a schematic of an abrasive 
grain-removing material in a ductile regime from a 
brittle workpiece. If the grinding load is small, then 
the grain plows a trough via plastic deformation of 
the workpiece, leaving a ductile-ground groove and 
a subsurface region of plastically deformed material. 
This is the ductile material-removal regime. Just 
beneath the plastic deformation zone is a region of 
residual tensile elastic stress resulting from the 
plastic deformation. If the grinding load is increased, 
the groove depth, plastic deformation zone, and 
elastic tensile stresses are also increased. At some 
critical grinding load, a median crack forms beneath 
the abrasive grain, propagating to a depth cm. If the 

Grinding Direction 

Workpiece 
Figure 1 Schematic of an abrasive grain removing 
material from a brittle workpiece via ductile-regime 
grinding 
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load is increased above the threshold for median 
crack formation, the residual stresses left in the 
workpiece at the base of the plastic deformation 
zone will propagate cracks after the grinding grain 
has passed. These are called lateral cracks, and their 
formation and propagation to the workpiece surface 
leads to brittle material removal. The volume of 
material removed is determined by the lateral crack 
boundaries. A schematic of brittle-regime material 
removal is illustrated in Figure 2. 

While there is a continuous increase in grinding 
energy (£) necessary to progress from ductile 
cutting to the onset of median cracking and finally 
to brittle lateral cracking, the volume of material 
removed increases discontinuously when the 
material removal mechanism changes. Furthermore, 
the volume of material removal is not linearly related 
to the grain depth of cut in brittle grinding, as it is 
in ductile grinding. Rather, it is related to the lateral 
crack dimensions. Since the specific grinding energy 
(fi) is a function of both the grinding energy and 
the volume of material removed, it is expected that a 
change in the specific grinding energy will 
accompany a transition from ductile-regime grinding 
to brittle-regime grinding. An attempt to quantify 
the relationship between the specific grinding 
energy and the grain depth of cut follows. 

As a first-order approximation, it can be 
assumed that the tangential force generated by a 
single abrasive grain removing material through 
plastic flow is given by 

Fj ~ 3o~yAc d ) 
where FT is the tangential grinding force on the 
grain, <JY is the yield stress for the workpiece 
material, Ac is the cross-sectional area of the 
grinding groove in a plane normal to the direction of 

Grinding Direction 

Workplace 

Figure 2 Schematic of an abrasive grain removing 
material from a brittle workpiece via brittle-regime 
grinding 

grinding, and H is the material hardness. The 
equation represents the assumption that all of the 
material in the path of the rigid grain is removed by 
plastic deformation. This approximation has been 
used with reasonable results in predicting the 
tangential cutting forces in ultraprecision 
diamond turning.8 The energy, Ed, expended by the 
abrasive grain for this ductile cutting process is the 
product of the tangential force, FT, and the cutting 
length, L: 

Ed = FTL (2) 
For a grinding length of cut L, the volume of 
material removed by a ductile process is Vd — ACL. 
From Equations (1) and (2) the specific grinding 
energy can be estimated: 

UH = X 3o~y ~ H 
Vd 

(3) 

where the subscript d denotes a ductile process. 
The equation is presented to identify the critical 

parameters associated with ductile material removal. 
It is not intended to be a completely accurate 
measure of the specific grinding energy since the 
energies associated with the creation of new surface 
area and the subsurface plastic and elastic 
deformations are neglected. To the extent that the 
material hardness H is independent of the grain 
depth of cut, this analysis indicates that the specific 
grinding energy remains constant with respect to 
changes in the grinding grain depth of cut, d. That is 

Hd = Kd (4) 
The applicability of this model to ductile cutting 

has been described in previous analytic and 
experimental research on energy dissipation in 
ultraprecision diamond turning of ductile materials. 
In a recent study of ultraprecision machining of 
copper, for example, it was found that the specific 
machining energy remained constant when n reflects 
only chip formation energy (i.e., cutting) but was a 
decreasing function of depth of cut when rubbing 
and plowing energies became significant.9 Similar 
behavior might be expected for brittle materials 
when they are machined in a ductile regime. To the 
extent that rubbing and plowing forces can be 
neglected, the constant \i model of Equation (4) is 
an acceptable first-order model. 

When the grinding load increases to a value 
large enough to propagate lateral cracks, a different 
relationship between the specific grinding energy 
and the grain depth of cut emerges. 

It will be assumed that to the first order, the 
material removed through lateral cracking is a 
half-cylinder of radius C/ and length L. Therefore, the 
volume of material removed is 

V>-$c?L (5) 

where the subscript b refers to brittle-regime cutting. 
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For Vicker's indentation of brittle materials, it 
has been shown that the median crack length cm is 
related to the normal indentation load Fn by a power 
law7 

cmoc F2'* (6) 
Previous studies on abrasive machining of glass 

in the brittle regime permit the conclusion that in 
such processes the depth of subsurface damage is 
approximately seven times the peak-to-valley 
roughness}0A^ Referring to the schematic of brittle 
grinding depicted in Figure 2, it is reasonable to 
estimate the depth of subsurface damage as cm. 
Also, since the surface left after brittle grinding is 
predominantly formed by lateral cracks intersecting 
the material surface, it is reasonable to estimate the 
peak-to-valley roughness as C/, the radius of the 
lateral crack. For this analysis, then, it will be 
assumed that the median crack length is seven times 
the lateral crack radius, independent of the grinding 
grain depth of cut. This permits a scaling relation 

cmccc, (7) 
The Vicker's hardness relation (Fn = fiHd2) is 

strictly valid only for indentations without fracture. 
Nonetheless, it has been verified experimentally that 
the existence of median cracks up to 100 ^m in glass 
does not alter the hardness relation.12 Therefore, even 
in brittle indentation it is a reasonable assumption that 

Fnocd2 (8) 
where d is the depth of indentation. If these 
indentation results can be extended to grinding, 
then one can combine Equations (6), (7), and (8) 
to obtain 

c,ozd*/3 (9) 
The energy, Eb, necessary for brittle fracture of 

workpiece along the lateral crack is given by 
eb = Asys ' (10) 

where As is the area of new surface generated by 
fracture and ys is the surface energy of the material 
(usually a constant). The area of fracture surface 
generated by median and lateral cracks can be 
estimated as two half-cylindrical surfaces of radius 
C/ and length L (the lateral crack) combined with 
two planar surfaces of dimensions cm x L (the 
median crack). The energy for brittle fracture can 
now be found: 

£>= (2nc, + 2cm) Lys (11) 

where the subscript f denotes the energy 
corresponding to material removal processes 
involving fracture. 

The energy required to generate the plastic 
deformation zone depicted in Figure 2 might also be 
significant in brittle cutting. It has been established 
that lateral cracks nucleate at the bottom of the 
plastic deformation zone. This result is derived from 
Hill's classic plasticity solution for a point load on a 

semi-infinite elastic/plastic half-plane, which 
concludes that the maximum residual tensile stresses 
after indentation and unloading occur at the 
elastic/plastic boundary some distance beneath the 
point of indentation. Both theoretical plasticity 
models13 and observation14 have confirmed this 
result for diamond indentation and scratching of 
glass. Therefore, if the diameter of the plastic 
deformation zone (dp) is approximately equal to the 
radius of the lateral cracks (c/), one can conclude 
from Equation (9) that dp oc c/4/3. The energy 
required to generate the plastic deformation zone 
scales with the material's yield stress and the 
volume of material deformed. That is 

Ep = aoyVp (12) 
where a is a constant and Vp is the volume of the 
plastic deformation zone. If the plastic deformation 
zone diameter dp is approximately equal to ch then 
Vp x \c2L, and the total energy for brittle-regime 
grinding is 

Eb = Ef+ Ep = [ 2nc,ys + 2cmys + - aoYcf JL 

(13) 
The specific grinding energy for brittle grinding, 

fib, can be found by combining Equations (5), (7), 
and (13): 

fib = — = Ki + — Vb c, 
(14) 

whereK^ and K2 are geometric and material constants. 
The resulting relationship between the specific 

grinding energy and the grain depth of cut for 
brittle-regime grinding is found by combining 
Equations (9) and (14): 

Hb = Kbd-A/z + Kp (15) 
where Kb is a combination of geometric constants 
and the material properties K,c, E, H, and ys, and Kp 
is a constant proportional to H representing the 
relative energy expended to create the plastic 
deformation zone. Physically, Equation (15) 
predicts that the specific grinding energy will 
decrease with an increasing grain depth of cut, 
asymptotically approaching a constant value Kp for 
large values of d. While this analysis represents 
considerable simplification of the grinding process, it 
is a fairly accurate model of the relative dependence 
of specific grinding energy on the material removal 
regime, as shown in the following section. 

Experimental results 
The specific grinding energy for a plunge grinding 
operation is given by 

FTvw 
J« Ldw 

(16) 

PRECISION ENGINEERING 259 



Bifano and Fawcett: Ductile-regime grinding 

Table 1 Grinding conditions for plunge grinding 
experiments 

S o d a L i m e G l a s s 
2000 

Configuration 

Grinding wheels 
In-feed rate 

Workpiece 

Fixed conditions 

10-cm diameter, 6.3-mm 
cup wheel, plunge grind 
4-8/im diamond 
Controlled. Adjustable ra 
1-1,000nm/rev 
5 mm x 5 mm x 20 mm 
parallelepipeds 
vw = 0.314 m/ rev, 
w = 6.3 mm, L = 5 mm 

wide 

nge: 
CO 
E 
^ 1000 
CD 
=1 

where n is the specific grinding energy, FT is the 
tangential grinding force, vw is the normalized wheel 
speed (wheel peripheral speed divided by wheel 
rotational speed), L is the workpiece length in the 
cutting direction, d is the normalized workpiece 
in-feed rate (in-feed rate divided by wheel rotational 
speed), and w is the grinding wheel rim width. 

For plunge grinding, d is proportional to the 
grinding grain depth of cut for an individual abrasive 
grain. 

Soda-lime glass, BK-7 glass, fused silica glass, 
HIP silicon carbide, and CVD silicon carbide were 
ground at various controlled grinding in-feed rates 
under the conditions described in Table 1. For each 
of these experiments, the tangential grinding force 
was measured during grinding either by monitoring 
the grinding-spindle motor torque or by measuring 
the overall tangential grinding force directly using a 
piezoelectric force gauge mounted on the workpiece 
holding mechanism. All measurements included only 
forces between the wheel and the workpiece, 
excluding spindle resistance but including 
hydrodynamic and frictional forces between the 
workpiece and the grinding wheel. In relating 
measured specific grinding energy to the model, it 
was assumed that the measured grinding energy 
was dominated by cutting energy. The grinding 
wheel was re-trued before each cutting test. The 
average tangential grinding force was measured for 
the last 10 ^m of a 40-^m overall grinding depth. 
After grinding, each workpiece was analyzed using 
scanning electron microscopy or optical interference 
microscopy to determine the area percent of surface 
fracture that resulted from the grinding operation. 
Soda-lime glass, BK-7 glass, fused silica glass, and 
HIP SiC all exhibited significant ( ^ 5%) surface 
fracture when plunge ground under the conditions 
described. In Figure 3 are graphs of the measured n 
versus the grain depth of cut to the —§ power for 
soda-lime glass and BK-7 glass. In Figure 4 are 
graphs of the measured n versus the grain depth of 
cut to the —§ power for fused silica glass and HIP 
silicon carbide. If the proposed relation in Equation 
(15) is correct, then the data for each brittle-ground 
material should fall along a straight line on these 
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d-4/3 ( n m-4/3) 
0.100 

Figure 3 Specific grinding energy versus tf~4/3 for 
soda-lime glass (top) and BK-7 glass (bottom) 

axes. The slope and intercept of the line represent 
constants absorbed by Kb and Kp of Equation (15). 
The superimposed solid lines in Figures 3 and 4 are 
the best fits of the data to Equation (15). The 
proposed model accurately represents the 
experimentally measured relationship between nb 
and d for all four materials. Each of these materials 
exhibits a nominally linear relationship between fi 
and d~A/3. The average correlation coefficient for 
the four data sets is 0.99. An alternative way to 
interpret the data is to subtract the projected 
intercept {Kp in Equation [15] ) from the measured 
specific grinding energy. The relationship between 
the new term, ix — Kp, and d should follow a 
power-law relationship: i.e., on logarithmic axes, 
H — Kp should vary with the — § power of d. Figure 5 \s a 
composite graph of all of the data for brittle-regime 
grinding (including those data points available for 
brittle-regime grinding of CVD silicon carbide). The 
open data points represent samples ground using a 
bronze bond grinding wheel with concentration 50, 
while the filled data points represent samples 
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Figure 4 Specific grinding energy versus d~A'3 for 
fused silica glass (top) and HIP silicon carbide 
(bottom) 

Brittle Grinding Behavior 
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O 

Q. 
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• BK-7 Glass 
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° Fused Silica Glass 
° Soda Lime Glass 

d (nm) 
Figure 5 Modified specific grinding energy, 
H — Kp, versus grain depth of cut, d, for various 
materials ground in the brittle regime 

ground using a resin bond grinding wheel with 
concentration 75. The data from each of the five 
materials fit the model, with an average slope of 
— 1.30 compared with the theoretically predicted 
slope of -1.33. 

Within the range of grain depths of cut 
available on the ultraprecision grinder, CVD silicon 
carbide undergoes a transition from purely 
ductile-regime grinding to moderately brittle-regime 
grinding (e.g., from 0% surface fracture to 11 % 
surface fracture). From the theory described 
previously, it is expected that the n will remain 
relatively constant for grain depths of cut 

corresponding to ductile-regime grinding and will 
decrease according to Equation (15) for grain 
depths of cut corresponding to brittle-regime 
grinding. When plotted on the same axes as Figure 
3, it is expected that the brittle-regime data will fall 
along a straight line, and the ductile-regime data 
(n = Kd) will fall along a horizontal line. Figure 6 is 
a graph of the measured n and areal percent surface 
fracture versus the grain depth of cut to the —§ 
power for CVD silicon carbide. For the smaller grain 
depths of cut (right side of graph), which 
correspond to negligible ( ~ 0%) surface fracture, n 
remains relatively constant. For the largest grain 
depths of cut (left side of graph), which correspond 
to moderate ( ^ 1 1 % ) surface fracture, n decreases 
along a straight line. The best-fit theoretical 
asymptotes corresponding to ductile-regime and 
brittle-regime grinding are superimposed as solid 
lines on the graph. The ductile-brittle transition is 
clearly discernible from the data and fits the 
theoretical model proposed. While there is 
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« 4000 
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-5 
O 
H 2000 
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• Brittle-Regime 
u = 535 + 53776 d*3 (R2 . 0.974) 
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Figure 6 Specific grinding energy (top) and areal 
percent grinding-induced surface fracture (bottom) 
versus the grain depth of cut to the —§ power for 
CVD silicon carbide 
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insufficient data to conclusively support the 
proposed model for ductile-regime specific grinding 
energy, the existing data conform reasonably to the 
predicted relationship. 

Conclusions 
An analytic model has been developed to relate the 
grinding grain depth of cut to the specific grinding 
energy for ultraprecision machining of brittle 
materials. Experimental results corroborate the 
model, particularly in the brittle regime. From the 
model and experiments presented in this article, it is 
reasonable to conclude that the specific grinding 
energy is a useful process parameter for control of 
grinding ductility. Although specific grinding energy 
measurements reveal a quantitative measure of the 
ductile-brittle transition, there are difficulties with 
the measurement of n in a realistic grinding process. 
Extension of this technique to grinding geometries 
more complicated than plunge grinding requires 
measurement of two quantities: the grinding energy 
and the material removal rate. For plunge grinding, 
these quantities were easily established by the 
measurable parameters of Equation (16). For more 
complicated grinding geometries, measuring the 
material removal rate as an in-process variable may 
be difficult. In spite of these problems, the potential 
for real-time control of the grinding regime using /J, 
feedback in an actual grinding process has been 
established by the results presented in this article. 
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